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PREFACE 

THIS book aims at introducing the reader to more 
advanced treatises and original papers on Groups 
of finite order. The subject requires for its study 
only an elementary knowledge of Algebra (especially 
Theory of Numbers), but the average student may 
nevertheless find the many excellent existing treatises 
rather stiff reading(l')I have tried to lighten for him 
the initial difSculties, and to show that even the most 
recent developments of pure Mathematics are not 
necessarily beyond the reach of the ordinary mathe- 
matical reader. 

I have omitted as &r as possible lengthy and 
difficult investigations ; their place is taken by an 
unusually numerous selection of examples. Students 
who have had no previous acquaintance with the 
subject should work a few of these examples after 
reading each section. Many of them can be solved 
at sight, and are inserted merely to make the reader 
familiar with the definitions and theorems of the text 
Hints for the solution of the rest will be found at the 
end of the book. 

In an elementary treatise references would be out 
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of place ; for complete lists the reader may consult 
Easton's Constructive Development of Growp-Themf 
(Philadelphia University, 1902), and Miller's * Eeports 
on Group-Theory* in Bulletin Amer. Math. 8oc.j v 
(1899), p. 227 ; vii (1900), p. 121 ; ix (1902), p. 106 ; 
xiv (1907), pp. 78, 124. 

I have derived much help from Burnside's Theory 
of Groups (Cambridge Univ. Press, 1897), Weber's 
Algebra (Vieweg und Sohn, 1898), Siguier's Groupes 
Abstraits (Gauthiei>yillars, 1904), Bianchi's Gruppi 
di Sostitujsioni (Spoerri, 1900), Dickson's Linear 
Groups (Teubner, 1901), &c. : to these treatises I hope 
to introduce the reader. In addition I have consulted 
a very large number of papers in Proc. London Math. 
Soc.j Berliner Sitzungsherichte^ Bulletin Amer. Math. 
Soc.j Amer. Journal Math.j Math. Annalen, Grelle's 
Journal J Messenger of Math.j and other periodicals. 
Most of the examples are taken from these books 
and papers, but I have added others of my own when 
I could not otherwise find a suitable illustration of 
any theorem. 

The theory of Group-characteristics seemed to be 
too advanced for an introductory treatise, but I have 
devoted one short chapter to the subject to assist 
the reader in understanding Frobenius' and Burnside's 
recent contributions to group-theory. 

I have omitted the theory of Algebraic equations ; 
partly from considerations of space, and partly because 
the necessary information is already accessible to 
English readers, e. g. in Dickson's Theory of Algebraic 
Equaluyns (Chapman, 1903) and in Mathews' Alger 
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hraic EqucUians (Cambridge Math. Tracts, No. 6, 
1907). 

The nomenclature of the subject is by no means 
settled. I have tried to select definitions which have 
the advantage of being either self-explanatory (e.g. 
^greatest common subgroup') or concise (^normal'); 
but the task was not at all easy. 

I have treated the pure group-theory with greater 
thoroughness than the applications. The aim of 
chapters H, HI, IV, VI, VII, Vm is to stimulate 
interest, rather than to give a complete or rigid 
investigation of the subjects there dealt with. On 
a first reading the student may omit, if he chooses, 
chapters m, IV, VII, VIII, XIV, XV, and the last 
section of Chapter V. 

The following conventions are adopted :^1) p 
denotes a positive prime integer throughout; (2) a 
reference such as VIO means ^the tenth section of 
the fifth chapter', while VIO, means ^the third 
example in the tenth section of the fifth chapter'. 

Lastly, it is my pleasant duty to express my 
warmest thanks to three mathematicians who have 
given me most valuable assistance. Prof. E. B. Elliott, 
F.RS., at whose suggestion the book was undertaken, 
kindly read through the MS. of the earlier chapters 
and indicated several improvements; Mr. J. E. 
Campbell, F.RS., generously devoted much time to 
the reading of the proofs, and pointed out many 
obscurities; Prof. W. Bumside, F.RS., kindly helped 
me throughout with much useful advice on questions 
of nomenclaturoi &c., and has supplied me with 
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material for the Appendix. My best thanks are also 
due to the Delegates of the Oxford University Press 
for undertaking the publication of the book, and to 
the staff of the Press for the care and skill with which 
the printing has been done. 

H. H. 



April, 1908. 
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ELEMENTS 



§ 1. Things represented by the symbols a, b, c, . . . (which 
may be quantities, operations, &c.) will be called dements 
or operations if they satisfy the following conditions : — 

(1) Elements possess a la/w of combination; i.e. any 
element b can be combined in one way only with any element 
a to form a third element 9, which is caUed the product or 
restdtarU of a and b and is denoted by a&, a. 6, or ax 6. 
The equivalence of ab and g is denoted by the equation 

The result of combining b with a is not in general the 
same as the result of combining a with & ; L e. ao is not in 
general the same as &a. If ^ = 6a, a and b are called 
pemiutahle or com/mutative elements. 

§i) Elements obey the associative law ; i. e. if db ^ g 
be ^ h, gc ::^ an; or, as it may be otherwise expressed, 
(ab}c = a(bc). 

We write abc for {ab}c = a{bc) ; abed for {abc)d = (ab) (cd) 
= a{bcd) = a{bc)dy and so on. 

(8) A fixed element e exists such that o^ = ea = a, what- 
ever element a may be. We call e the identical elenieiU or 
identity. It is denoted by the symbol 1, if no confusion can 
be caused thereby. 

(4) An element a always exists such that aa = e, 
whatever element a may be. Wo call a the inverse of a or 
' the element inverse to a '. It follows that if ag =^ah^ 
acur = aah ; and hence eg = eh or g = h. 

We denote for convenience aa by a\ a^a by a', a^a by a*, 
and so on. The inverses of a, a\a\ ... are denoted by a~^a"'^ 
a""', ... . We define a*, a® by the equations a^ = a, a^ = 1. 

Ex. 1. If is any fixed point, it is shown in lY 2 that the 
result of rotating any body first through an angle 6 about a line 
OA and then through 4> about OB is the same as that of rotating 
the body about a certain line OC. Hence any rotation about 
a line through may be considered as an ' element ' according to 
the definition given above. The ' identical element ' is the act of 
t c BUAmi 9. •• B 
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leaving the body unmoved. The element ' inverse ' to the rotation 
about OA is a rotation about OA through the same angle but in 
the opposite direction. In general the result of first rotating the 
body through $ about OA and then through ^ about OB is not 
the same as that of first rotating through ^ about OB and then 
through 6 about OA ; i. e. the two rotations are not in general 
permutable. 

Ex. 2. (i) Prove aa = e ; (ii) deduce that g^hit ga:^ha. 

Ex. 8. The inverse of a5 ... A;Z is I'^k^^ ... 6""^a""^. 

Ex. 4. (a"*)** = a"**, n being a positive or negative integer. 

Ex. 6. a'^.a'* = a^.i**" = a'»*'*^and(a'*)'* = (a'*)^ = a^^, mand n 
being any positive or negative integers. 

Ex. 6. If ab = ha, a'^V = Va"^. 

Ex. 7. If each pair of the elements a, 2), c, ... is permutable, (i) 
(a6c...)*» = a'*6**c'*... ; (ii) €^iby^(fi ... xaP^lfliH?'^ ... x ...=:a*i+^+- 

Ex. 8. If ha =1»4«, (i) 5a« = a^(ha^V^, (ii) lAi» = a^(Vkfl) 
(6«a)2*», (iii) haV^a = (a%f''(hah^a)V^'', pv) (M^ = («*«>)•* (haf(ah^)\ 

Ex. 9. If 5a = a^6«, (i) ft^a^ = (a''6«-^«)"(62aO (a»^-*-i6»a'-i)*», (ii) 
6<a« = (}f''^a^hr^''^Y(Va^)(a'''^h^)\ 

Ex. 10. When the law of combination is ordinary addition, (i) 
all positive and negative integers (including zeh>), (ii) all rational 
quantities (including and oo), (iii) all real quantities, (iv) all 
complex quantities, may be considered as elements any two of 
which are permutable. 

Ex. 11. When the law of combination is ordinary multiplication, 
(i) all rational quantities, (ii) all real quantities, (iii) all complek 
quantities, may be considered as elements any two of which are 
permutable. 

§ 2. It may happen that the powers a, a^ a*, ... are nqt all 
distinct. Suppose a** = a* (r > «). Then a'"* = a**, a^* = a*', a** 
= 1. Let a** be the first of the powers a, a*, a\ ... whicbf.^ 1. 
Then n is called the order of a. 

Ex. 1. A rotation of a body through 2ir-rn about any line may 
be considered as an element of order fi. For the body is brought 
back to its original position when the rotation is performed n times. 

Ex. 2. The identical element is the only element of order 1. 

Ex.cS? If an element is equivalent to its inverse, its order is 2 ; 
and conversely. 

Ex. 4. If a is of order «, (i) a*** = 1 and a"*"*"** = a**, Ic being a 
positive or negative integer ; (ii) conversely if a* s 1, a; = Am. 

Ex. 5. If fi = qfy the order of a^ is r. 

Ex. 6. If d is the H.C.F. of n and x, the order of a" is H«?-d. 

Ex. 7. If each pair of the elements a, ft, c, ... is permutable, the 
order of ahc ... is a factor of the L.C.M. of the orders of Hi ft, (^ ... . 
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Ex. 8. If Oy 6 tre ekments of orders n, m, prove that (i) if a^ is 
the lowest power of a which is permutable with b, n-f-o; is integral ; 
(ii) if a' is the lowest power of a which is also a power of b, n^x 
is integral ; (iii) if a^b' = b^a^, where r is prime to n and ^ to t»i, 
ab:=^ba» 

Ex. 9. If a' s=: &' = 1, ab is the inverse of ba. 

Ex. 10. Ifa«= 6« = (afc)« = l, a5 = 6a. 

Ex. 11. The order of a is gr, where q is prime to r. Prove that 
(i) integers a and fi can be chosen so that a = a° . o^, where the 
order of cfl laq and of o^ is r ; (ii) conversely if a = l^e, where 
h and e are permutable elements of orders q and r, 6 = a° and 

Ex. 12. If a, & are elements of orders n, m and ba := a^h^j prove 
that(i)(m-fi)(m-2fi)(2m-fi) = 0; (ii) a^b and db^ are of the 
same order. 

Ex. 18. ^ fra = a^b^i a*V~' and a^^"^ are of the same order. 

§ 3. The element b'^ab is called the transform of a by 6 or 
the result of transforming a by 6. 

The t'th power of the transform of a hyh^the transform 
of the t-th power of a by b, t being a positive or negative 
tnteger. 

For since 6"'a'"*6 . 6"^a6=6"W6, it follows at once by 
induction that {b'^aiy = b~^a% when t is positive. Again, 
since 6-%'6 . b'^a'% = l,(6-»a<6)-^ = b'^a'^b = (6-ia6)-«when 
t is negative ; and therefore (b'^ahf = b'^a^b as before. 

A case of frequent occurrence is that in which the transform 
of a by 6 is a power of a. Suppose b'^ab = a^ then b'Va^b^ 

-= a'^i y being a positive integer. For this is evidentiy true 

when y = 1 : and since b^^a^^b = (a**^)* = a***''*"^ by induction 
the result is true in general. 

Again, (bSfa^Y = fcy'a*^*^-^)^**^-*), y and t being positive 
integers. For this is evidentiy true when t ^ I: and since 

tfo^. 6fa*<***-*>^^-^>= 6X^+1) . b'f^a^bif^. a^***-i)"^**'-i)= 
by induction the result is true in general 

Ex. 1. b'^ab and a have the same order. 

Ex. 2. If b'^hib zs(i^ a and b are permutable. 

ExC^ (nh and ba have the same order. 

Ex. 4. The transform of oft by c is the product of the transforms 
of a and 6 by e. 

Ex. 5. If the transforms of c by a and b are the same, ba"^ and 
ab'^ are permutable with c. 

B2 
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Ex. 6. If b'-^db = a* (i) {a'b^ = 6Wa»*'(*"-»)-5-(*'-t), (ii) the 
transform of fc^a* by 6*a'' is ftya**'^^^*'. 

Ex. 7. If in Ex. 6 a and b are of orders n and m, Xf^ = 1 
(mod. n). 

Ex. 8. If &^ = 1 and b'^^ab = a^ find the order of a. 

Ex. 9. If a, ft are of orders p, p-^l {p prime*), the relation 
ab = ba^ is possible for all values of k not divisible by p. 

Ex. 10. If b trainsforms a into its inverse and a transforms b into 
its inverse, a* = ft* = 1. 

Ex. 11. If a and ft both transform c into one of its powers, aft 
and fta transform c into the same power of c. 

§ 4. The element c = a'^ft'^oft is called the commutator of 
a and ft. 

Of course c is not in general permutable with either a or 6. 
If c is permutable with a, c° is the commutator of a" and 6. 
For since 6~^a6 = ac, 6'"^a"6 = (ac)° = a°c^ when oo = ca» 
Hence a~^6"%"6 = c^. Similarly if 6c = cb, c^ is the commu- 
tator of a and ft^. 

If c is permutabl^r T^th both a and 6, c"^ = (c°)^ is the 
commutator of a^and ft^,si£iLce c° is the commutator of a^ and 
6. Moreover from ab^ = b^ac^ we deduce (6a)* = 6a6a = 
6 . bac , a = 6^a^c, (6a)* = 6a6*a*c = 6 . 6*ac^ . d^c = b^a^c\ and 

by induction in general (6ay = 6'a'ci*^'~^). Similarly (a6)' 

ss 6*a'ci*<''*'*>. Again, since c*y is the commutator of a* and 6^, 

(6ya*)* = 6J^a^ d^ ^^-*>, and so on, 

Ex. 1. If = 1, a and ft are permutable ; and conversely. 

Ex. 2. The commutator of a and ft is the inverse -of the 
commutator of ft and a. 

Ex. 8. Any transform of a commutator is a commutator. 

Ex. 4. Identity is the only element which is the commutater of 
another element and itself. *" -«^' 

Ex. 5. If the commutators of g and a and of g and ft are identical, 
g is permutable with ba~^ and oft"^. 

Ex. 6. Every commutator is the product of two elements of 
equal order. 

Ex. 7. The commutators of a and ft, oT^ and ft~^ have the same 
order. 

Ex. 8. If a* = ft> = 1, (aft)* is the commutator of a and ft. 

Ex. 9. If a and ft transform g into powers of g, their commutator 
e is permutable with g» 

Ex. 10. If c is permutable with a, its order is a fitctor of the 
order of a. 

* See Piefitoe, p. y. 
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Ex. 11. If c is pennutable with a and h, (i) {Mf = a^V(rW-^'^\ 
(ii) (dbf = aHfc-W-^\ (iii) d^yr = the commutator of fcJ'a* and 
l^a^^ the commutator of a^liy and a'^I^ = the commutator of a^byif 
and a^l^if. 

Ex. 12. If the commutator c^ of p^ and gj is permutable with 
Pi> Pjf -Mi^x fojf each value of i and j, O/a^S'x-i - Pt? = P*xP*x-i • • ^i 

^ i^lS^IS *** ^x^^83 *** ^yfiiA *** ^3x **•/' • 

Ex. 18. If 05 = ha\ find the commutator (i) of lya^ and 2^a% (ii) 
of a'hy and a''6*. 

§ 6* In the following chapters we shall illustrate the 
abstract idea of an element by applying it to certain concrete 
cases. Chapter II is devoted to permutations, Chapter III to 
substitutions, Chapter IV to various geometrical examples. The 
corresponding groups of elements are discussed in Chapters VI, 
VII, and VIII respectively. 



CHAPTER II 

PERMUTATIONS 

§ L Suppose we are given any m letters or other symbols 
(in this section we take the numbers 1, 2, ...,m) arranged in 
a definite order. If we rearrange them so that a takes the 
place of 1, 3 of 2, y of 8, ...,m of m (where a, /3, y, ..., pi are all 
distinct and all included among the symbols 1,2,..., m), the 
operation {8) performed is called ^permutation or aubstitv^ion^ 

of degree m, and is denoted by the symbol ( ^ "' j* 

If a second permutation ^ = ( ^ d ^ *'^) replaces a by 
A, jS by jB, y by (7, ...,M by JIf, the law of combination of 
permutations is defined by ST = U^ where U =(. -d n' jun" 

This is denoted symboUcaUy ^y tVyZ'O^BC Z jf)= 
(. n p'' !#)• We notice that U gives the result of per- 
forming first the rearrangement defined by S and then that 
defined by T. 

It is obvious that, when the law of combination is defined 
in this way, permutations obey the associative law and satisfy 
the conditions by which 'elements' were defined (I 1). The 

permutation (i n q '" ) not displacing any symbol is the 

identical element, and ( , » o * * * ) is the element inverse to ^S^. 

vl ^ o ... m/ 

Ex. 1. Every permutation (except identity) displaces at least 
two symbols. 

Ex.2. Find the order of ("][ ^ ^ f ^V 

V3 6 4 1 2/ 

Ex-8. If5 = (l8 Jg)' T=(^ll^^,pToyethBtT,ST,T8,8\ 
and S^T are of order 2. 



« ( 



Substitution* is perhaps more frequently used than 'permutation*. 
We shall, however, always use * permutation ' in this book, in order to avoid 
confusion with the operations defined in III 1. 



^ 
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Ex. 4. The numbers of ways in which m queens can be placed 
on a chessboard of m^ squares so that no two can take each other 
is the number of permutations 8 such that the distance between 
any pair of symbols in the upper line ^ the distance between the 
same pair in the lower line. 

§ 2. A permutation such ^ (o q a * ~ i ) ^ called 

a circvlar permutation and is denoted for the sake of breyity 
b7(128...m). Each symbol in (1 2 3 .•.m)isreplacedbythe 
one that follows it. 

The order of a circvlar permutation is equal to its degree. 

Take, for example, the permutation 5 = (1 2 3 4) 

jS* = f. 90^=^9 ^^^ ^^^ reasoning is generaL 

A circular permutation of degree and order 2, such as (1 2), 
is called a trawpodthn. 

Ex. 1. A ciroular permutation of degree 1 is identity. 

Ex. 2. (2 1) = (1 2). 

Ex. a (1 2 8 ... m) = (2 8 ... m 1) = (8 ... m 1 2) = ... . 

Ex. 4. (m m— 1 ... 2 1) is inverse to (1 2 ... m — 1 m). 

Ex. 5. Two circular permutations with no symbol in conmion 
are permutable. 

Ex.6. (be) = {ah)(ac){ah). 

Ex. 7. (ah c)iB the commutator of two tiranspositions. 

Ex. 8. Prove (i) (1 8 4) = (1 2 8) (2 1 4) (2 1 8), (ii) (2 4 6) = 
(2 1 4)(1 2 5)(1 2 4), (iii) (8 4 5) =r (2 1 8) (2 4 5) (1 2 3). 

. E.9.If5=(1284...),S'=(,|j,^\,%4,;;). 

§ 3. Every verm/utation is the product of circvlar per- 
mutations no iwo of which have a symbol in common. 

Consider, for example, the permutation 

/I 2 8 4 5 6 7 89 1011\ 

-\5884211 1016 7 9/* 

It replaces 1 by 5, 5 by 2, 2 by 8, 8 by 1. Take any symbol 
not already involved, such as 6; then S replaces 6 by 11, 
11 by 9, 9 by 6. Take another symbol not ahready involved, 
such as 7 ; then 8 replaces 7 by 10 and 10 by 7. Finally, 
8 does not displace 8 and 4. Hence 8 is tne product of 
(16 2 8), (6 11 9), (7 10), (8), and (4); or 5 = (16 2 8) (6 11 9) 
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(7 10) (8) (4). We caU (1 5 2 8), (6 11 9), (7 10), (8), (4) 
the cydes of 8. The degree of a cycle is tne number of 
symbols it contains. Since (8) and (4) are each identity, 
we write 8 = (162S) (6 11 9) (7 10), unless we wish to 
call attention to the fact that 8 involved originally all the 
eleven symbols and was of degree 11.* Two permuta- 
tions containing the same number of cycles of the same 
degree&-such as (1 2 5 8) (6 4 9) (8 10) (7 11) and (19 7 8) 
(5 4 8) (2 6) (10 11) — are called similar. A permutation with 
the same number of symbols in each cycle — such as (1 4 8) 
(2 5 7) (9 6 8)— is called regular. 

_ ,-, , /1 28456789 10\ 

Ex. 1. Resolve (8869241051 l)' 

/I 2 8 4 5 6 7 8 9 10 11 12 18 14 15\ 
Ul 7 5 12 1 2 8 4 6 9 10 8 14 18 15A 

^i(^^cdefg>..^^ 
\eg fdahc/ ^ 

Ex.2. The inverse of (ah ,.,gh)(ii ...qr) (st ...w x) ...Ia 
{kg ... b a) (r q...ji){xw ... is) ... • 

Ex. 8. (a b) (c d) and (a c) {bdj are permutable. 

Ex. 4. {ab c ... hiiali^-iab c ... k Q. 

Ex. 5. Find the product of (i) (ab ... Imn ... x) and (a m), 
(ii) (abc ...)(xg Mf ... ) and (a x), 

Ex. 6. The number of cycles into which the permutation 8 of 
§ 1 is resolved is increased or diminished by 1 when two of the 
83rmbol8 a, /3, y, ... , fi are interchanged, according as these 
symbols occur in the same or in different cycles of 8. 

Ex. 7. Prove (i) (ab ...ImfjiX ... )9 a) = (a a) (b^) ... (Z X) (m ii) 

.(ab)(0c)...(KT)(Xm)=(a^)(by)...(kX)(lii).(aa)(bfi)...(lk)(miih 
(u)(ab...klm\K...pa)z^(aa)(b^)...(lK).(ab)(fic)...(Kl)(Km) 
= (afii)(b y) ... (kk)(lm).(aa)(bP) ... (IX). 

Ex. 8. Find the product of (i) (ab ...ghij xyg ... ) and (^ g ... 
bAii^^C*-)» {jo) (ab ...ghiikxgg ...) KnA (hg.,.baijk 

(vC"-)' 

Ex. 9. If S' = (aiOj ... a^f (i) one cycle of S^ is (o^ a^^i a^f^i 
atzt+i *•-)> where a^ and a^ are identical when x = y (mod. m); 
(ii) S^ is circular, when t is prime to m ; (iii) iS^ is a regular 
permutation containing i cycles of degree q, when m = ^ ; (iv) 8^ 
is a regular permutation containing d cyclesi when d is the H.C.F. 
of m and t 

* The reader should notice the dittinotion between the 'degree ot 8' and 
the ' degree of a cycle of S \ 
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Ex. 10. Every regular permutation is a power of a circular 
permutatioii. 

Ex. 11. Express (18 5 12) (2 7 6 11)(4 8 10 9) as a power of 
a oireular permutation. 

§ 4. The order cf a permutation S is t?ie Z. C. M. of the 
degrees of its cycles. 

Let 8^ ABC .... where A^B^C^... are eircular permu- 
tations no two of which have a symbol in common. Then 
j4., jB, (7,... are evidently permutable elemmits. Hence we 
have /8*=il«B»0*...; so that i8»=l, if and only if 
il« = ^ = C* = ... = 1. Therefore the order of 8 is the 
L. C. M. of the orders of il, £, (7, .... But the order of 
a circular permutation s its degree, and hence the theorem 
follows. 

Ex. 1. The order of a regular permutation = the degree of each 
cvde 

Ex. a Find the order of QY,\\\). 

/I 2 8 4 6 6 7 8 9 10 11\ . /abed ef\ 

V5 11 68 4 8 10 9 1 2 7/' Kdfeach)' 

Ex. 8. Every permutation can be expressed as the product of 
two permutations of order 2 in the same symbols. 

Ex. 4e The order of a permutation of degree m is a factor of m ! 

§ 6. The transform of a permutation 8 by a permuiation T 
is found by performing the permutation T on the cycles of S. 

Suppose 8 = {abc ...) (klm...) ..., 

and j,^/abc...klm x 

Va/3y ... #c X fi / 

Then r-V(o 6 c ...) T = r ? '' •••) (a 6 c ...) r f ' •••) 

Similarly T'^ (Jfe I m ...) T = (k X /i ...), &o. 

Hence r-»Sr= ^-^(a 6 c) T. T-Wifei m...)r. ... 

= (a )8 y ...) (if X fi...).... 

Ex. 1. Transform (1 8 64)(9 6 2)(7 8) by (1 5 8 7 2)(8 6), and 
/I 284667 8\ /12846678\ 
V8 412667 8/ ^\4 7886261/' 
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Ex. 2. A permutation is similar to every transfonnu 

Ex. 8. A permutation can be transformed into any similar 
permutation on the same symbols by some permutation on these 
symbols. 

Ex. ^ H Af B are two similar permutations and B = AC^ C is 
a commutator. 

Ex. 5. If two permutations have only one symbol in common, 
their commutator is of order 8. 

Ex. 6. If two permutations have just two symbols in common, 
their commutator is of order 2, 8, or 5. 

Ex. 7. The only permutaticms on m given S3rmbols which are 
permutable with a circular permutation S on the m symbols are 
the powers of 8. 

Ex. 8. Find all the permutations on the 10 symbols involved 
in fif= (a & d e) (1 2 3 4 5) which are permutable with & 

Ex. 9. The permutation (1 2 ... m) (m + l m+2... 2m) is 
permutable with (1 m+ 1) (2 m + 2) ... (m 2m). 



§ 6. Any permutation can be expressed as the product of 
transpositions. 

Since any permutation is the product of circular permu- 
tations^ it is sufficient to prove this theorem for a circular 
permuUition. 

Now we have at once {ab c...k) (al) = (, J\J ) 

= (, *" , J = (a 6 ... i I). Hence by induction {abc.l) 
= (a b) (ac) ...(a I). 

Ex. 1. The number of ways in which a permutation can be 
expressed as a product of transpositions is imlmiited. 
Ex. 2. Express 

/128456 7 891(K , /ahcdefghi\ 
V8869241051 7/ Kchehfagid) 

as products of transpositions. 

Ex. 8. Any permutation on 1, 2, ..., m can be expressed as the 
product of transpositions of the form (1 2), (18), ..., (1 m). 

Ex. 4. If the product of k transpositions is of degree m with 
s cycles (including cycles of degree 1), A; ^ m— «. 

Ex. 5. A circular permutation of degree m can be expressed as 
the product of m — 1 transpositions, but of no smaller number. 

Ex. 6. m volumes of a book disarranged on a shelf in the order 
C(« A y« ••• I /^ are brought into numerical order by repeated inter- 
changing of two volumes. Prove that m— « intenshanges are 



i 
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necessary, where s is the number of cycles (including cycles of 
degree 1) in 

/I 2 8 ... m\ 

\a/9 y ... /A/ 



§ 7* In whcUever way a given permutation is expressed as 
a product cf transposilums^ the number of the transpositions 
is cUways odd or always even. 

Consider the expression 

D = (o-6)(a-c) (a-d) (a-e) ... (ft-c) (6-d)(6-6) 

... (c — (i)(c— 6)...(ci— e)... 

which is the product of the differences of all possible pairs of 
the symbols a, 6, c, c2y e, .... A transposition of two symbols 
changes D into — D; and therefore a permutation expressed 
as a product of an odd number of transpositions changes 
D into — D, while a permutation expressed as the product of 
an even number of transpositions leaves D unaltered. 

Hence if a given permutation is expressed as a product 
of transpositions, the number of such truispositions is always 
odd or always even. The permutation is called an odd or 
even (' negative ' or ' positive ') permutation in the two cases 
respectively. 

Ex. 1. The product of r odd and s even permutations is odd or 
even according as r is odd or even. 

Ex. 2. A circular permutation is odd or even according as its 
order is even or odd. 

Ex. 8. A permutation of degree m containing s cycles (including 
cycles of degree 1) is odd or even as m—s is odd or even. 

Ex. 4. A commutator is always even. 

Ex. 6. Every even permutation can be expressed as the product 
of circular permutations of order 3. 

Ex. 6. Every even permutation on 1, 2, 3, ..., m can be ex- 
pressed as the product of circular permutations of the form (1 2 3), 
(12 4), (12 6), ...,(12m). 

Ex. 7. If a^ is the element in the «-th row and /-th column 
of a determinant, the coefficient of €^a<h^ <hy •*• ^ ^^^ expansion 
of the determinant is +1 or —1 according as the permutation 

(12 3 ...\ • J « 

I IS even or odd. 
apy .../ 

Ex. 8. A permutation is always permutable with some odd 
permutation on the same symbols unless the degrees of its cycles 
are all odd and all distinct 



CHAPTER ni 



SUBSTITUTIONS 



§ 1, SuppOSB we are given m independeat qnantities 
x^ which we shall caU the 'variables'. If we 



change them respectively into the m independent quantities 
x,',Xf',...,Xf^', where a:/ is a function /{{sBiiX^, .,.,xjt of 
^itB,, •■■.fE^. the operation performed is (ailed a BuiatiUttUni 



<ff degree m. This substitution is denoted by the notation 

x'i=fi{x^,x^ a!-), {i = l 2,...,m), or, if no ambiguity 

is thereby introduoed, by (/p/j /,). or even \ijaf=f{x). 

Solving the equations Xi sz/AXj,x^, ...,x^) we obtain m, 
equations of the nirm Xf= F{ (x, ,x/, ...,x^'). We shall only 
consider the case of a ' birationfil' substitution in which the 
functions ff, Ff are one-valaed. The simplest and most 
important example of such a birational sabstitution is the 
' homogeneous linear ' substitution 

Xf = af^Xi + ai,x,+ ... +a(«a)^. 

If S = (/„j^,...,/J and 2'=(.A„*,,...,0. 'he law of 
combinaiion of substitutions is defined by iST = U, where 

ir=(*. (/../. /.).*■(/,./> /J *.(/,./. /J). 

which may be written a^= ip [/(x)]> It should be noticed that 
ST is obtwned by first changing icj into a!/=/((£B„«!j,.,.,a:^ 

and then fth*nging Xf into ^{^'tX^' "'m') > oi' hy eUni- 

sating Xi, x,', ...,x^' from the 2m equations 

snd tiien patting a:/ for x/'. 

It is obvions that, when the law of combination of sub- 
stitutions is defined in this way, substitntions obey the 
assouative law and satisfy the conditions by which ' elements ' 
were defined. The enbstitation {xi,x^, ..,,a;_) is the identical 
element The element inverse to iS is (A,''., ...i^-), since 

r,U,./, /J = fa<«,', ...,0 = X,. 

A permutation may be considered as thai qiecial type of 
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Bubfititntion in which x^yX^^ ...^x^ are the quanidiies 
^i>^f •••f^m ^ Bome order or other. 

§ 2. Some authors define ST as the result of first sub- 
stituting /<(^9^9, •••! ^m) ^^^ ^i ^^^ ^^^ substituting 
^<(^i^> ••M^m) ^^^ ^O which is the same as substituting 
fii^i^^tt •••9 ^m) ^^' ^i' From this point of view 8T is the 
substitution x{=^f[i^{x)\ not ^/=^[/(^)] as in § 1. 
Though this is in some ways the more natural convention, 
we have adopted the definition of ^ 1 as being that used 
bv the majority of writers, and as bemg more reiulily adapt- 
able to the geometrical applications. We pass from one 
definition to the other by interchanging ST and TS. 

Ex. 1. The coordinates {x^ y) of any point in a plane are 
changed into eosBx-k-BmOy^hj —BinO x-^cobO y—k by rotating 
the rectangular Cartesian axes of reference through an angle $ 
and tnmaftmring the origin to the point (/^ k). Hence the changing 
of the axes is equivalent to performing the substitution 
{cosdX'^Bindy'-h, — sinda;+cosdy— A;). 

Ex. 2. The product of two birational substitutions is birational. 
Ex. 8. If S is ix!^fKx\ T hAoi^ ^{,x\ and F is ar's ^(x), STY 
i8a^ = ^{*[/(a:)]}. 
Ex. 4. Find the inverses of a;^= (a:r+ V) -7- (or + d), 
(18a?-8y, -8a;+6y), and (8a;+8y+2ir, a;-y+ir, 2a;+8y+ir). 

Ex. 5. {ax-\-hy^ cx-^dy) and {Ax-^By^ Cx-^Dy) are permutable 
ita-dibic^A-DiBiC. 

Ex. & Find the orders of 

a/= 6-7-0?, a/=a— a;, a/= (a;— l)-7-ar, 

a?'= V~l (af+l)-T-{a;-l), a?'=i{y8+y^)a?, {a;-y, x), 

(8«-18y, 6a;-8y), (5a;+6y, -4a;-5y, 8a;+8y-ir), 

(8a?-8y + 4ir, 2a?-8y+4ir, -y + ir). 

Ex. 7. Find the condition that ar^= aa?+& should be of finite 
order. 

Ex. 8. Find the «-th power of (ox, bx-^-ay, cx-^-ws^ and show 
that it cannot be of finite order unless 6 = c = 0. 

Ex. 9. Find the n-th power of {ax^ cx-^-dy), and find the 
conditions that its order should be finite. 

Ex.10. If5 = (8a:-fy + 2ir, a;-y + ir, 2a?+8y + ir), 
T = (-4«+8y+5jBf, x—y-e, 5x-8y-6ir) find T5and T^STS^. 

Ex. 11. The product of a/= ^ 1 — 1 r is ar'ss a:— 8. 

^ a?— 1 X — a?— 1 



14 TRANSFORM OF A SUBSTITOTION [III 2 

Ex. 12, (i) If cos<» = (a+cO-T-2-/a(i-6c, 

the fi-th power of ar's — -j is 

._ (ggg-f V) sin (n-h 1) ^— ((to— 6)8in (ft— 1) <fr 
'"(caj+(i)sin(fi + l)^ + (ca?— a)sin(fi— 1)^ 

when sin <f» 9& ; 

and IS af = ^J . r/i . \ ^ . /i r^ ym&a, sin^ s 0. 

2#ica? + [(1 + n) (i+ (1 — n) a] 

(ii) Find the condition that the substitution should be of finite 
order. 

Ex. 18. Express the M-th power of a;'=(aa;+&) ^(ca;+(Q as 
a continued fraction. 

Ex. 14. The fi-th power of 

a?'= -[a&(»-l)+(a-.6»)«]-T-[(6-at)+(»-l)a;] 
is found by putting A^ for h, 
Ex. 15. J£ 8^ {aiX-^hiif -{• Ci0 -^ diWf ajOf+ftjy+CgjBr+i^w, 

is of finite order, so is 

Ex. 16. (i) If y< = -(a;<-ar<+i)(a;,.^,-a;,^.8) 

"^(*»"-^f+2)(^f+i— ^»+8)» (t = 1, 2, ..., m-8), 
find the substitutions effected on y^y^^ '••9ym~9 ^7 Performing 
the permutations (xiX^) and {xiX^ ... x^) on Xi^x^y ...y x^. (ii) 
Show that the substitutions so obtained are birationaL 

Ex.17. The substitution x^^ax-^hy^ y'=cx-{-dy is repre- 
sented geometrically by making {x,y) and {a^yy^ corresponding 
points on the conic acar-\- bdy^ + 2hcxy = A; and its polar reciprocal 
with respect to cx^ -{-hy^ =^ k ; or on the conic 

^a(a-d)+c(6-c)}a:«+{(i(a-ci)+5(6-c)}y«+2{a6-cd}ay = ifc 

and its polar reciprocal with respect to 

(a-d)(«*+y*)+2 (6-c)ay = fc 

Ex. 18. The substitution 

a^ =:i ax-hhy -hgJSf y^ = hx+hy+fg, g' =1 gx-hfy -^CJif 

is represented geometrically by making {x^ y^ 0) and (a/, y', sf) 
corresponding points on the conicoid 

ewjHiy« + cif«+2>^jBf+2^«+2*a?y = 1 
and its polar reciprocal with respect to v^^^^i? = 1. 

§ 3. Thb traTisform of a aubetitution 8 by a eubstUution T 
ie found by expressing 8 in terms of new variables defined 
by T. 
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Let S, Ty T'^ be respectively the substitutions 

«^/=*iFi>^»--»«m)»(^= 1, 2, ...,m). 
Consider new variables y/, y^', . . . , y^', yj, y,, • . . , yw defined by 

y/=*<«».«2'»—»0» y< = *<(ai»a?2 >•••>««»)• Then 5 is 
expressed in terms of these new variables by eliminating 

^^^2^ •••}^m^^>^a'*••'^m between the 8m equations 

»< = *<(^i^«»--»a;|„)i (0 

and solving the resulting m equations for yl^ys^.••f ^m' in 
terms of y^, yg^ ... * y^* Suppose we obtain thus 

Then ar/= ^< (x., ai., ... ,0 is the substitution T'^ST. 
For by § 1 T^^ST is obtained by eliminating 

between the 8 m equations 

«< = ^<(yiiy2— i^m) (ii) 

and then replacing yl bv ar/, y^ by x^. But equations (ii) are 
immediately deducible fro|p'equations (i). 

Ex. 1. If we put ^,- (a;/, a;/, ..., x^ for «/ and ^,- (a?i, afj, ... , a?,^) 
for a; in the equations a?/=^(a^, Xg, ..., x^, and then solve for 
x{ in terms of a^j, x^, ..., a;^, we obtain the substitution TST"^. 

Ex. 2. Find the transform of (i) a?' = (aa:+/3)-T-(ya?+ft) by 
«'=CLr+6; (ii) (a)ia^ + f2«j+ ... ^-^^n^^y <^2«2> -i «m^m) *>y 

(iii) («i«i, »2^ + *>2^2i •••» 'm^l + '^m^m) *>y 

(iv) (y + 8iBf, -a;+2y+iBf, -a?+y+4ir) by 

(a?-jBr, a?-y-ir, — a:+y + 2jef); 
(v) (8a?-18y, 5a:-8y) by (2a?-y, -8a?+2y). 

§ 4. The most important type of substitution is the homo^ 
geneons linear aubdUution. 

A = {cf^if^-¥(lj^X^-¥,.*-hari^X^t tt2i^ + ^22^2+«*«+^m^m' 

• • • I ^ml^ ■*■ ^m2^2 + • • • + ^mrn^ni)* 

where the * coefficients ' (a^j) and ' variables ' {x^) are any real 
or complex quantities. 
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The square matrix 
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is denoted by | a | , if no ambiguity is introduced thereby. 
When \a\ is considered as a determinant, it is called the 
' determinant of the substitution A \ Since A possesses an 
inverse -4"^, I a I #0. 
If 

^ = (^i^ + ^i2«a+ ••• + ^im«m» ^«ifi + ^22^+ — + ^«m^m> 

we verify at once that 

. . . , C^i^i + C^2^2 + • • • + ^mm^m) 

where c^j = 6^i a,y + b^^a^j + . . . + fe^m^m/ • 

Employing the usual rule for the multiplication of deter- 
minants we at once prove that |a|.|o|r=|c|; i.e. the 
determinant of the product of two suostitutions is equal to 
theproduct of their determinants. 

TVe may associate with each substitution such as A (or 
with the matrix | a |) a corresponding bilinear form 

a{x,y) = ^a^jyiXj, {ij = 1, 2, ...,m). 

The substitution A' derived from A by interchanging a^- 
and aji (for all values of i and jf) is called the transposed 

substitution of A. The substitution A derived from A by 
replacing a^ by the conjugate complex quantity a^,* is called 

the substitution conjugate to A. Similaily A' denotes the 
substitution conjugate to A\ 

The substitution A is called real it A = A (i.e. a^j is real 
for all values of i and j), symmetric if A^=A (i.e. a^=a,-^), 
HermUian if A' = A (i.e. dy = aj^) and the bilinear form 

a{x,x) is a positive Heimitian form (§ 5), oHhogimal if 
AA'=i 1, unitary if AA'= 1, 

If the substitution A changing x^ into 

x/ = a,.iaJi + a<2aJ,+ ...+a^a;^ 

is orthogonal, we prove at once by forming the product AA^ 
that diiaij + a^^a^j + ... + ajg^^a^j = 1 if i = j, and = if i^^ j. 
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Therefore 

+ (Ojiai + aM«2 + • • • + «8m«m)* + • • • + («ml^ + am2«2 

Conversely, if a5i'* + a5,'* + ...+a;^'* = «i* + a;2*+ ... +a;^* for 

all values of a?], a:,, ..., ^m' •^'^'= ^ &n<l henoe ul is ortho- 
gonal. 
Similarly if ^ is unitary, 

flj/oi' + «,%' + ... -^-x^x^ = ai5i + ar,5j + ... + a:^5^ ; 

and conversely, if this relation holds, A is unitary.* 

Ex. 1. What are the conditions that AB ==BA? 

Ex. 2. The determinant of A"^ is {101}"^ 

Ex. 8. The determinant of a substitution = the determinant of 
any transform. 

Ex. 4. The determinant of a substitution of order ti is an M-th 
root of unity. 

Ex, 5. If C= KLM ... EST, c^ = ^tirSnT^p ... fn^^liixkxj (t, <r, p, 
••• , Vf jXt A ^^^ 1, A, ..., m). 

Ex. 6. Matrices may be considered as elements defined by the 
law of combination \a\ . \h\ = |c|. 

Ex. 7. The detemiinants of A and A^ are equal, and the deter- 
minants of A and A are conjugate complex quantities. 

Ex.8. JfAB=C; AB = C, B'A' =^ C\ and 5'1'=C'. 

Ex 9. The transposed substitution of B'^AB is B^A'B^'K 

Ex. 10. If A and B are (i) real, (ii) orthogonal, (iii) unitary, 
so is (7. 

Ex. 11. (i) A real orthogonal substitution is unitary, (ii) a 
unitary orthogonal substitution is real, (iii) a real unitary 
substitution is orthogonaL 

Ex. 12. If J. is (i) real, (ii) symmetric, (iii) Hermitian, (iv) ortho- 
gonal, (v) imitary, (vi) of order ff^ so are A'^, A\ A, and A\ 

Ex. 18. The substitutions J., A' may be defined as the operations 

ofchaDguigx,into^^'^>. ^_£^) „«pectiyely. 
Ex. 14. If A changes x^ into x/, 

(i) «(«! y) = yiai'+y2<+ - -^ym^mi (ii) <J(3 y) = ^{^f y\ 

Ex. 15. (i) AA' is symmetric, (ii) AA' and AA' are Hermitian. 

Ex. 16. (i) The determinant of an orthogonal substitution is 
±1, (ii) the determinant of a unitary substitution has unit 
modulus, (iii) the determinant of a Hermitian substitution is real 
and poedtiva 

• ;/ denotes a4ii^ + «k|i^-«-...-«-atoiE». 

■UfTOM F. e. G 
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Ex. 17. From the ^m{m + l) relaidons 

«i<«ii+«2»«2i+ - +«m»«fiv=l if i=A =0 if t#i 
we can deduce the ^m(fii + 1) relations 

«,iO;i + «,««;«+ ••• +afm«im = 1 if t=i, =0 if !#>; 

and conyersely. 

Ex. 18. Every orthogonal substitution of degree 2 can be put 
in the shape (cos^ a?— sin^y, ± sin da; ±co8dy). 

Ex. 19. An orthogonal substitution of order 2 is symmetric, 
and conversely. 

Ex. 20. If hf nhf^9 hy ^s> ^2 1 h* ^t* ^ ^^^ ^^^ direction- 
cosines of three mutually perpendicular straight lines, 

{liX-\-miy-^ni£, l^x-k-n^y-^n^Jf, hx-k-m^y-^-n^e) 

is an orthogonal substitution. 

Ex. 21. (i) The transform of a real substitution by a real sub- 
stitution is real, (ii) The transform of a symmetric substitution 
by an orthogonal substitution is symmetric, (iii) The transform 
of a Hermitian substitution by a unitary substitution is Hermitian. 

Ex 22. Find an orthogonal substitution of order 2 changing Xi 

into aia?i + a2^s+ *** "^^m^mf ^^^i^ (hf ^29 •••» ^ '^^ <^y 
quantities such that Oj^-^a^^-^ ... +a|„'= 1. 

Ex. 28. (i) If B'^AB^D and ^ is orthogonal, a{x, y) 

= d (f , 1?) where 

(ii) If ^ ia unitary a{x, y) = d((, ij). 

§ 5. The bilinear form 

a (x, x) = 2a^jXiXj (i,j = 1, 2, ..., m) 
is called Hermitian when a^j = a.*^ (a^ is real if « = j)J^ 
If we express a {x^ x) in terms of other variables 

-^l> -^21 •••» -^m 

(homogeneous linear functions of ^) ^9 •••} ^m}> ^^ ^^^ 
bilinear form is still Hermitian. For if 

a (oj, a) = S { aij (c^jZi + . . . + i<,„Z^) (fyi^i + ...-«- c^.^Z J 

+ «;•< (^ji-^i + . . . + '^jMi^n^ («ii-^i + • • . + ^<m-^«) } 
= 2 { 2 (tt^j ii^€j^X^X^ + a<y f^gijtX^X^) } , 

which is Hermitian. 

We shall show that by choosing Xj^ as a suitable linear 
function of Xj^^ ^k+i^ •••> ^m ^^ ™^y brin^ a Hermitian form 
of non-zero determinant into the canonical shape 

a^XiX^ + a^X^ X 3 -h . . . + a^ X^X^y 

* As in § 4 a^y tf^ are complex quantities oonjugate to X|, a^ 



> 



where 
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OjOj. t.dj^ =: 









^ki ^ki 



^kk 



This is obyioQS if m = 1. Assume it true for every value 
of m less thaji the one considered. Then we shall prove the 
result true in general by induction. 

Choose OjjXi = a^iXi + a^j^g + . . . + ciin^m > 

BO that O^i -^1 = ^11^ + ^21 ^s + • • • + ^mi^m* 

Then 

= (by our assumption) a^^X^X^ + h^X^X^ + h^X^X^ 
where &s^8***^ft 



^^M - «»1 ^12 «11«28 - «21 «W 
«ll«32-^iai2 ^1«88-«31«1S 



aii«2*-«2i^ 



^^*2"" ^&1^12 ^11^*8 — ^&1^5 



«11 



«11 
021 



a 



31 





011022 — Ojj ttlJ 

-031012 



OiiO 





OiiOjs-OjjOig 



. . 



Ou^k*-"^*l^l& 


• ^n^ik^^i^k 



Ofci Oiiaj^— ajfciOja Onttj^— a^jOja . . . diiO'itk^^kx^ik 

= €i4/~*a|a2...aL (multiplying the Ist column by a^^ and 
adding to the t-th column). 

Hence b^ = Oi^aj^, and therefore 

o (oj, ic) = a^X^X^ + 02^2^2 + • • • + Ofli JT^ A ^ . 

Since a^X^X'^-^' ...-^-a^X^X^ is Hermitian, a^, cijy •••> o,^ 
are real 

Again, since XX^^ XX^, ..., X^X^ are real and positive, 

a (x, X) is real and is always > if a^, a^^ ••• , o„| are all > 0, 

02 
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whatever values (not all zero) are given to a^|, ^, ..., a;,^. 
In this case a (x, x) is called a positive or deJinUe Hermitian 

form. If we write y^ for Va^X^ when a^ is positive 

(i = 1,2, ...,m), 

a (aj, x) becomes yiVj^y^yi-^ '"-^ymym* This is the canonical 
shape of a positive Hermitian form. 

In the above argument we have assumed that no one of the 
quantities a^, a^, ..., a^ vanishes. This is legitimate; for 
since the determinant of the form =^ 0, at least one of the 
{ni—ky\ii minor determinants (with k rows and columns) 
of I a I does not vanish. We can therefore by a suitable 
arrangement of the m variables alwajrs ensure that a^ =^ 0. 

Ex. 1. A homogeneous function of the second degree in m 
variables with non-ssero determinant can be expressed in the shape 

Ex. 2. A real symmetric substitution A is Hermitian if the 
bilinear form a(a;, x) can be expressed as the sum of m real 
squares. 

Ex. 8. In whatever way a (x, x) is reduced to canonical shape 
the number of positive coefficients in the canonical form is always 
the same. 

Ex 4. The sum of any number of Hermitian forms ^ is 
Hermitian ; and the sum of any number of positive Hermitian 
forms is positive. 

Ex. 6. If A {Xf ^) is a form of zero determinant such that 
a,-y = a^^, while all the (m— ^~l)-th minors of the determinant 
vanish but not aLl the (m— ^)-th minors, a{x, ^)jcan be brought 

to the shape aiXiXx + a2^8-^8'^ *** "^^-t^m-t^m-f* 

Ex. 6. The bilinear form a(a:, y) with non-zero determinant 
can be reduced to the form Uii;i+U2i;2+ •*• +^m% where Uj, 
^29 •••> ^m '^^ linear functions of a:i, ^2> *■•» ^m ^^^ ^i> ^a *•*> ^m 

of yi, y2» -lym- 

§ 6. Quantities X^, X2, ••• > X^ notall zero such that 

\X^ = a^iXj + a<2-^2+'«'+^im-^m> (^ = 1> 2» •••> ^) W 

are said to define a p<de (X^, Xg, . .. , X^) of the substitution A 

of §4. Two poles (X^, Xj, ..., X^ and (Z^, Zg, ..., Z^) are 

XX X 

not considered distinct if -=^ = -^ = ...= ~^» Eliminating 

^1 ^2 ^m 

* If a{f a,, ...y Om-t are aU poaitive, the form is caUed ' hypohermitian of 
rankr. 
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X|, Xj, ... , X^ from the m equations (i) we get 
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Oji-A Oi, 
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im 



a 
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a^-A 



a 



2111 



I «IIH 



a 



m2 



a, 



-A 



= 0. 



This is called the charactenetic equation of il. 

By § 8 the characteristic equation of B''^AB is obtained by 
eliminating F^, x/, x^ from the 8m equations 

AF< = &<i«/ + *<a«2' + — + ^<m^m'> 
F< = 6t-i«i + &<2«^2 + . . . + ^<m«m» 

^i=^ii^ +«<2«2+--+«<m^m» (i= 1, 2, ...,m) (ii), 

where (Fj, Fj, .•. , T^) is a pole of B'^AB, 

From (ii) we deduce x/ — \xi. Therefore the characteristic 
equation of B'^AB is obtained by eliminating Xi^x^y •••• ^m 

from \Xi = a<jaq + a^fiC2+ ••• '^^im^tm ^^^ ^ ^W = 0. 

Hence the cnaracteristic equation of il is identical with the 
characteristic equation of any transform of A. Obviously 
X^^X^, .,,^X^ are values of fl?i,a^, •••^^m satisfying equa- 
tions (ii). Therefore 

F< = 6^X1 + 6^X2+. ..+6<«X^ (iii) 

Hence any pole of B'^AB is obtained by applying the sub- 
stitution £ to a pole of A corresponding to the same root 
of the common characteristic equation. 

Ex. 1. The product of the roots of ^(A) = is | a |, and their 

sum is fihi + A22+ ••• "^^mm* 

Ex. 2. No root of ^(A) = is zero. 

Ex. 3. If Oij = when j < % the roots of ^(A) = are an, 

^22> ••• » ^hmn' 

Ex. 4. If the equations (i) of § 6 are equivalent to only m — 2 
independent equations for a cert^ value of A, A has an infinite 
number of poles. 

Ex. 5. If A has more than m poles, it has an infinite number. 

Ex. 6. If (1, 0, 0, ... , 0) is a pole of A^ aji = 031 = ... = a^i = 0. 

Ex. 7. Every substitution has at least one pole and can be 
transformed into a substitution with a given pole. 

Ex 8. If J., ^ have a common pole, so have T~^AT and 
T-^BT. 

Ex. 9. (i) A pole common to A and J? is a pole of AB. (ii) The 
corresponding root of the characteristic equation of ^^ is the 
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product of the conesponding roots of the characteriBtic equations 
of A and B, 

Ex. 10. The poles of A corresponding to the roots Xj, X^, X3, ... 
of 0(A) =: are poles of A^ corresponding to the roots X^*^, X^**, 
Xg*^, ... of the characteristic equation of ^**. 

Ex. 11. If ^ is Hermitian, the coefficients in ${\) are reaL 

Ex. 12. Prove (i) a(Z, y) = X (Ziyi + X^yg + - +^myJ; (") 
c(X,y)=:X.6(Z,y), if ^J? = C. 

Ex. 1& A and A' have the same characteristic equation. 

Ex. 14. If (Xii X.2y •••! X,ii)y (^i» ^29 "*9 ^m) '^^ polcs of Af 
A' respectively corresponding to unequal roots X, /a of their 
common characteristic equation, 

a(X, Z) = X1Z1 + X2Z2+ ... +X^Z„| = 0. 

Ex. 15. If AB = Oy the characteristic equation of J. is 
X&ii — Cii X61J— C12 . . • X6i^— Cj^ 

XC>2i"^C2| X&22~"C3j2 • • 



^^2m'"^2»i 



Xt-.^ — C 



= 0. 



Ex. 16. If J. is orthogonal 

(i) (?(X)= ±xm.(^(i), (ii) Xi«+X2«+ ... +X^" = 

unless the corremponding root of 0(X) = is ±1. 

Ex. 17. If ^ is unitary (or leaves unchanged a positive 
Hermitian form^, the roots of (X) = have unit modulus. 

Ex. 18. If ^ IS (i) real and symmetric, (ii) the product of two 
real symmetric substitutions C and 2>, the roots of 0(X) = are 
real, provided the bilinear form corresponding to (7 or 2> is the 
sum of m real squares. 

Ex. 19. If J. is (i) Hermitian, (ii) the product of two Hermitian 
substitutions C and 2>, the roots of 0(X) = are real and positive. 

Ex. 20. The characteristic equation of a hypohermitian sub- 
stitution of rank i (defined in the same way as when | a | =^ 0) 
has i zero roots and (m— f) real positive roots. 

Ex. 21. Show that the determinant of iS= (Xj^:r^, X2:r^— Xj^a;2, 
..., X^_ia?^— XjtiF^_i, Xi^?^— Xj^fl?!, Xj^+iO;^— Xj^ajj^+i, ... , 
X^x^-X^x^ is (-Xfc)»»; and that if Xfc=?fcO, S^^AS has 
(1. 0, 0, ..., 0) as a pole. 

Ex. 22. Show that if T=(Xia;i+^2^2+ — +^m^i 



"^2^ T *22^2 • • • • T '2 



m*'m9 



TAT'^ has (1, 0, 0, ..., 0) as a pole. 

Ex. 28. Show that if T= (Xia?i + X2a;2+ ... +X^a;^, 



'21^ « ^^2 ' ••• • ^2m^i 



fn9 



^tnl^l + ^m2^2+ ••• "^^'mm^m) 



is orthogonal, T'^AT has (1, 0, 0, ..., 0) as a pole ; and conversely 
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if T'^AT has (1, 0, 0, ..., 0) as the pole corresponding to the 
pole (X|y X29 —9 X^ of A and T is orthogonal, T changes Xi 
into a multiple of XiXi + X^x^-h ... +X^x^. 

Ex. 24. A B3rmnietric substitution can be transformed into 
a symmetric substitution with (1, 0, 0, ..., 0) as pole by an 
orthogonal substitution of order 2. 

Ex. 25. Find the roots of the characteristic equation and the 
poles of (i) {cosBx-Bmey, sinda;+cosdy), 

(ii) (i^+(I— »)y, — «y), where t= -/^l, 
(iii) (ir+(l-t)y, (l + iV-ty), 
(iv) (y + 8jef, -aj + 2y + ir, -a; + y+4ir), 

(v) (5a;+6y, -4a;-6y, 8a;+8y-jefX 
(vi) (20«-15y-24ir, -18a;+6y + 16jBr, 24x-16y-29ir). 

§ 7. The homogeneous linear substitution 

is called a multiplication ; the multiplication 

whose coefficients are all equal is called a similarity-mb^ 
stitution. 

The substitution (o^Xq, a^x^y ..., a^xj, where a, /3, ..., jx 
are the symbols 1, 2, ..., m in some order or other, is called 
a rrumomial substitution. 



Ex. 1. (i) A permutation and a multiplication are special types 
of monomial substitution, (ii) A multiplication is symmetric 
and is Hermitian if its coefficients are real and positive. 

Ex. 2. The product of two multiplications, similarities, or 
monomial substitutions is respectiyely a multiplication, similarity, 
or monomiaL 

Ex. 8. Any two multiplications are permutable. 

Ex. 4. A similarity is permutable with every substitution; 
and a substitution permutable with every substitution on the 
same variables is a similarity. 

Ex. 6. Every substitution on Xiy x^j ..., x^ permutable with 
(Oi^^, Ck^x^i ...y Afn^m) ^^ ^ multiplication if no two of the 
coefficients a], 02, ..., a„| are equal; and is of the form 

(611 ai+ ... +6ifc«fc, ..., ^fci^i+ — +^Wfc^ife« ^*+i^*+i> — > ^m^w) 

if Oj = aj ^ ... ^ Oj^ and no two of a^, Oj^+i) ^k^%i •••! Am are 
equal. 

Ex. 6. The coefficients of a multiplication of order n are n-th 
roots of 1. 

Ex. 7. A multiplication of finite order is unitary. 
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Ex. 8. The product of the coefficients of a monomial substitution 
of order ti is an n-th root of 1. 

Ex. 9. A substitution with (1, 0, 0, ..., 0), (0, 1, 0, ..., 0), ..., 
(0, 0, 0, ... , 1) as poles is a multipHoation ; and conversely. 

Ex. 10. If two coefficients of a multiplication are equal, the 
substitution has an infinite number of poles. 

Ex. 11. The coefficients of a multif^cation are the roots of its 
characteristic equation. 

Ex. 12. If ai=^a2, Og, ..., a^y eyery substitution permutable 
with S^(aiXiy a^x^j ..., o^^mT has (1, 0, 0, ...| 0) as a pole. 

Ex. 18. If any substitution is multiplied by a similarity, its 
poles are unaltered and the roots of its characteristic equation are 
all multiplied by the same quantity. 

§ 8. 'A.ny homogeTveous linear sibbstitutian of finite order n 
and degree m can he transformed into a muitijdicaiion. 

The result is obviously true when m = 1. We shall assume 
it true for every substitution of degree m—1, and then prove 
it true by induction for a substitution of degree m. 

Let the substitution be the substitution il of § 4, and let 
(Zi, Xj, ... , X^) be any pole of A. It is obviously possible to 
choose the m' quantities b^j of § 6 in an infinite number of 
ways BO that their determinant | o | is 9^ and 

Then B'^AB has (1, 0, 0, ... , 0) as a pole.* 

Suppose B-^AB = {^mXi-^^i^x^^- ••• + Oim^w> ^^^-^^^^^ 

Since (1, 0, 0, ... , 0) is a pole of B'^AB^ we see at once that 

Because B'^AB is of finite order and changes a?,, o^, ... , x^ 
into linear functions of x^yX^, ...^x^^we can by our assump- 
tion find linear functions z^^z^, ••M^m of x^^ a^, ..., x^ such 
that B'^AB changes z^ into cog^^j ^a ^^ '•s^a* ••••^m ^^^ 
0)^0^. Expressing B'^AB in terms of x^^z^.z^y ...,z^ it 
becomes 

The r-th power oi B^^AB is at once proved by induction 
to be 



ft)/ — Wo*" o)/ — to, •■ 



* See also § 6, Ex. 21, 22, 28. 
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Now if a>^ r= a>^, (^i*"— <»/)-^(^— «<) = ^«/"^ ; and there- 
fore in this case ^ = 0, since B'^AB is of finite order. 
Express B^^Anin terms of the variables 

Zi = aji + c,0j+ ... +c^««, «2» ^5> •••> ^m ; 
where c^- = e^ -v- (wi — w^) if a)i ^ o)^ and c^ = if a)^ = a>^ . 
Then we readily see that B'^A B takes the form 

Therefore- A is transformed into a multiplication by BD, 
where D is the substitution x/s=z^. 
Since the r^-th power of B'^AB is 

A practical method of transforming any ^ven substitution 
A into a multiplication is as follows, rind if possible 
m poles 

{Z^,Z,', ....ZJ),(Zx",Z," ZJ% .... (Z,(«). Z,(«). ...,Z.(«)) 

of A% corresponding respectively to the roots Aj, A^, ..., A^ 
(not necessarily all unequal) of the chai^acteristic equation of 
A\ such that the determinant of the substitution 

is not zero. Then if M ^{h^x^^ A^ajg, ..., A^a?„), we verify 
at once by using the equations corresponding to (i) of § 6 
that AT ^ TM. Therefore T transforms A into a multipli- 
cation.* 

Ex. 1. Every substitution of degree m and finite order has at 
least m distinct poles. 

Ex. 2. If all the roots of the characteristic equation of a substi- 
tution of finite order are equal, the substitution is a similarity. 

Ex. 3. If {fi\Xij (1%^%} '••» ^m^m^ ^ transformed into {fiiX^y c^x^f 
..., e^x^\ (i) the a's are the same as the e's in some order or 
other; ^ii) if no two of the a's are equal, the transforming 
substitution is monomiaL 

Ex. 4. A substitution of degree 2 with 2 distinct poles can be 
transformed into a multiplication. 

Ex. 5. If the commutator of two substitutions of degree 2 with 
a common pole is of finite order, they have both poles in common. 
Ex. 6. Transform 

(i) (8x-13y, 5rc-8y), (ii) (ia:+(l-t)y, -^), 
(iii) (w; + (l-i)y, (l+i)a;-^), 
(iv) (y + 3ir, -a: + 2y+ir, -a;+y+4jBf), 
(v) (5a:+6y, -4a?-5y, 8a?+8y-ir), 

(vi) ((Oja^, fg^i + w^ajg, ..., 'm^i + ">m*m) 
into multiplications. 

* See also Ex. 7. 
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Ex. 7. (i) If (Xi , A2 y ...| ^m/» v-^i » -^2 9 •••> -^m )> •••> 
(Xi^"*), ^2^"*^ '"1 ^m^^) ^^^ ^ poles of A such that the determinant of 
T=(Z/%+Xi^a;j+ ... +XiWa;^, Z2'a:i + X2''a:2+ ... +Z2Wa;^, 
..., X^Xi + X^''x2+ ... +Z^('")a;^) is not zero, TAT"^ is a multi- 
plication, (ii) If A can be transformed into a multiplication, 
such poles always exist. 

Ex. 8. (i) If a substitution 

is transformed by o^ = X, i^ =i T, /=Z into the multiplication 
{Xx, iiy, pe\ {x, y, g) and {x, y^, e^ are corresponding points on 
the conicoid XX^-^fiY^-^vZ^=l and its polar reciprocal with 
respect to X^+ 1^ +^' = 1. (ii) If the lines joining three poles 
of the substitution to the origin are mutually perpendicular and 
the same is true of the axes of reference, the substitution is 
symmetric, (iii) Conversely, if the axes of reference are rect- 
angular, non-coplanar lines joining the origin to three poles of 
a symmetric substitution are mutually perpendicular in general. 

Ex. 9. If any power of a substitution is a similarity, it can be 
transformed into a multiplication. 

Ex. 10. If no two roots of the characteristic equation of a 
substitution are equal, it can be transformed into a multiplication. 

Ex. 11. Ji A is a symmetric substitution whose characteristic 
equation has the roots A^, Aj, ... , A^, (i) A can be transformed 
into a multiplication by means of an orthogonal substitution ; 
(ii) a(Xy y) can be put in the form Ajfiiyi+A2f2^2+ — +\iifin^m> 
where ^^ is a homogeneous linear function of 2^, rrg* ...» ^m <^<1 Vi 
is the same function of ^^i ^29 *-» ^m* 

Ex. 12. Prove that every substitution can be transformed into 
the normal form (aiiXi+ai2X2+ ... +«im^m> ^2^2+ ••• "^^m^mf 
..., (^nwn^m)f ^ which a^ = if i >> 

Ex. 18. (i) The product of two substitutions in normal form is 
in normal form, (ii) The inverse of a substitution in normal 
form is in normal form. 

Ex. 14. Transform into normal form 

(i) (-10ir-9y, 16^+Uy), 

(ii) (20a;-153^-24jer, -18a;+6y+16jer, 24a;-16y-29jer). 

§9. By writing a?/ for x{-^x^^ x^ for x^-^x^ in the 
homogeneous linear substitution A of degree m (see § 4) we 
may derive the fractwncd linear atbbatUviion a of degree 
7/1—1 defined by 

Evidently a is not altered if we multiply each coefficient 
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by the same quantity. Therefore in dealing with fractional 
substitutions we may always suppose the determinant formed 
by the coefficients (in this case | a |) to be 1. 

We call (Z,,Zj, ... , Z««,) a pde of a, if (Zj, Z^, ... , Z^.j, 1) 
is a pole of A. The poles 

(Zj, Zj, ..., Z^«j) and (Z^, Z^, ..., Z^^^ 
of a are considered distinct unless 

i. e. we are concerned with the actual magnitudes of 

Y Y Y 

•^l> •**>2» •••> '**-1ll— 1> 

not with their ratios only as in § 6. 

Ex. 1. The product of two fractional linear substitutions is a 
fractional linear substitution. 

Ex. 2. a is not altered if we replace A by AM^ where M la 
any similarity. 

Ex. 8. Let a, by e be the fractional substitutions deriyed from 
the homogeneous substitutions A, B^ C, Then (i) if AB = C7, 
ab := e; (ii) if ab = e, AB=> CM; where J!f is a similarity. 

Ex. 4. (i) If il is of finite order, so is a. (ii) If il is a multipli- 
cation, so is a. 

Ex. 5. A fractional linear substitution of finite order can be 
transformed into a multiplication. 

Ex. 6. If (Xj, Zj, ..., Z^_i) is a pole of % 

Z, = (anZi+a<2Z2+ ... +0"^(«miZi+a„i2Z2+ ... +a^ 
Ex. 7. Prove that the poles of b ^ab are obtained by applying 
b to the poles of a. 

3^ = 5 I, where ad-^be = 1 

and 2cos<f»=: a+c2, is called parabolic^ eU^ifHCf hyperbeHic, or Uxo- 
dromic according as tan 4> is zero, real {^0)f a pure imaginary, or 
complex. The poles of fi^ are denoted by a and /3. Prove that : 

(i) a, P have the values g- (a— rfT2i sin ^), where i= \/ — 1. 

(ii) (ir'-a) = (rr-a)-r (car+d) (ca + d) = «**(a;-a)-r (ftr+d). 
(iii) If a = i9. Sis parabolic ; and conversely, 
(iv) If iS is parabolic, it can be put in the form 

1 1 

ar— a a?— a 

(v) If iS is parabolic, it is a transform of o^ = ap+e. 
(vi) If iS is non-parabolic, it can be put in the form 

«'— a oAi^'^^ 
—i = r^ : • 
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(vii) If S 18 non-parabolic, it is a transform of o^ =: ^*x. 
(viii) If iS is of order 2, it is hyperbolic, and a+d = 0. 
(ix) If 5 is of finite order ( > 2), it is elliptic. 
(x) If 5 is lozodromic, it is the product of an elliptic and 
a hyperbolic substitution. 

(zi) 4> is not altered when we transform 8 by any substitution. 

(xii) The transform of fif by 'Si = (a?' = ^^JJ^) is 

?JI^i - e«*< ?i:^ where a,= '^°'*'\ A^^I^iA. 

(xiii) If S and Si have a common pole and their commutator is 
of finite order, they have a second common pola 

(xiv) The orders of a: = » — ;= — , and pz- 

are 6, 4, and 12 respectively. 

& 10. In §§ 4 to 9 the symbols used {xj^a^^ ke.) denoted 
oroinary real or complex quantities. Much of the preceding 
is, however, applicable if the symbols denote any quantities 
with laws of addition, subtraction, multiplication, ancL division, 
these operations (additions, &a) being subject to the laws of 
ordinary algebra. 

Let p be any prime, and let P (x) = af+piof^^-h.,. +2>r be 
a rational integral function of x with positive integral 
coefficients less than p and not reducible mod p; i.e. not 
satisfying any equation of the form 

P{x) = Pi(x).P,{x)+p.P,{x), 

where P^ (2;), P^ (^)> ^^^ -^s(^) ^^ integral functions with 
integral coefficients. 

Let F{x) be any integral function of x with integral 
eoefficients. The remainder when F{x) is divided by P{x) 
is evidently of the form f{x)-\-p. <f>(x), where ^(aj) is an 
integral function of degree r— 1 with integral coefficients 
and f{x) = aQ + aiX + a2x!^ + ...+af^iX^'^ in which each 
coefficient is one of the integers 0, 1, 2, ..., p— 1. We call 
f{x) the residue of F{x\ mod p and P(x). There are p^ 
possible residues, for each of the r coefficients a^, a^ ..., a^.^ 
may be chosen in p ways. 

AH functions having the same residue are said to form 
a class. If Pi, F^ are any two functions belonging to two 
given classes, the classes of F^^ F^, Fi-- F2i F.F^ are evidently 
definitely and uniquely given, so that the classes obey laws 
of addition, subtraction, and multiplication. The classes Cq 
and Ci corresponding to the cases a^ = o^ = a, == ... = a^.-^ = 



\ 
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and ttq = 1, Oj = ttj = ... = a^i = 0, are called the zero and 
unit ciasses respectively. If C is any other class, evidently 
C + Co = (7o + ^ = <? a»d CCi = C^C= C. 

To show that the classes obey a unique law of division 
(the divisor not being the zero class), we must prove that, 
C^ and C^ being any two classes, we can always find a single 
class C^ such that C^= C^C^{v ^ 0). Then (7^= (7„-r&^. 
It is sufficient to show that we can find a single class C^"^ 
such that C^ .0^'^ = C^ ; for then C^ = ^"* Ju- 
liet ^(o;) be a function of the class C^. Then, since C^ is 
not the zero class and P (x) is not reducible mod />, we can 
prove that functions F^^ (a;), P^ {x) exist such that 

F^{x).F{x)^Pi{x).P{x) = 1 (modp). 

The proof is an extension of the method used in showing that 
if «, / are two integers with no common factor, we can find 
integers «i, /i such that «i«--/i/= 1 (see Dickson's Linear 
Orowps. Teubner, 1901, p. 8). Then Fi(x) belongs to the 
class C7^"^ 

We may represent the classes by the Tnarka 

^0» "^J '*^2» •••» ^p^^V 

which obey laws of addition, subtraction, multiplication, and 
division, and form a Oalois Field of order p^ denoted by 
GF[p^]. We shall suppose u^{p) the mark of the class to 
which f{x) belongs. Then u^ is the zero mark such that 
u^+Uq = UQ-hu^ =: Ug, and u^ is the unit mark such that 
UjU^ = tt^ttj = u^. We may denote the mark Uy( ) by the 

integer f{p) when no ambiguity is introduced thereby. This 
notation is especially useful when r = 1 and in the case of the 
zero and unit marks of any Field. 

The Oalois Field contains p integral marks UqjUijU^^... >^n-i 
corresponding to the cases in which 

Oi = a^ =...= a,.-.i = 0, and a^ = 0, 1, 2, ...,^—1 

respectively. An important case is that in which r s= 1. 
Then f(x) is one of the integers 0, 1, 2, ..., p—l. The 
Oalois Field consists solely of the zero and integral marks 
which are usually denoted in this case by 0, 1, 2, ..., p— 1, 
and are caUed ' integers reduced mod p \ All integers leaving 
the same remainder when divided by p form a class. 

Ex. 1. Find t«p_i + Wi, ^o—^^p^iP > ^ > 0), and u^r^i^Uf. 

Ex. 2. If p'=2«, P(x) is a^+x-^l. 

Ex. 8. If l)^ = 8^ P\x) is x^ + 1, x^+X'i-2, or «2 + 2a: + 2. 
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Ex. 4. Find addition and multiplication tables for all marks of 
the Field (i) vrhenjf =: 2*, (ii) when 

pr=:ff and P(a;) = ir«+2aj+2.* 

Ex. 5. In Ex. 4 (ii) find the difference and quotient of u^ and 
U4, u^ and 1I5, iig and Uj. 

Ex. 6. The substitution x^ = x-^h is of order j?, if 6 is any non- 
zero mark of a OFljf]. 

Ex. 7. (i) The substitution (S) x' = ^^^ is of order 2, 8, 4, 

respectively; where a, b^ c, d are marks of a GF[p^]. (ii) Find 
the general condition that S^= 1. 

Ex. 8. Every linear substitution whose coefficients are marks 
of a OF[p^] is of finite order. 

Ex. 9. Find the orders of (y, x+y\ (y, a; + 1) in the GF[2]. 
Ex. 10. Find the orders of jf = ^—,, -, a?+l in the GFlbl 

Ex. 11. If S; T, 17 denote «'=^^, J^, - in the 

8a; + 6 4a?+8 x 

QF[7l find the orders of S, T, U, TU, ST, STU. 

Ex. 12. If S, T, J7 denote a:'-!!^!, g±|, /- in the 
eF[ll], find the orders of S, T, ET, ST, 8U, STU. 

. Ex. 18. Find the orders of ar' = a: + 2, ?^^ in the GF[2^]. 

Ex. 14. Find the orders of a?' = ?^, ^^ in the ffF[82] 

when P(a?) = «* + 2a?+2. 

Ex. 15. If u is a solution of an equation of degree X; in a GF[p^] 
(i e. an equation of the k-ih degree in which the unknown quantity 
and the coefficients are marks of the Field) but of no equation of 
degree <kf the p^ marks ao+aiW+ ... +ajfe.iW*'^ are all 
distinct ; Oq, Oj, ..., a^_x being any marks of the Field. 

Ex. 16. Every mark of a GF[p^] is a solution of some equation 
of degree < r in the Field. 
Ex. 17. In Ex. 15 every power of u is of the form 

where h^, &xy *••> ^^-i ^^^ marks of the Field. 

* Unlem r » 1 saoh tables depend, of coane, on the irreducible function 
chosen as Pi»). It may be shown tnat changing P(x) is merely equiyalent 
to permuting the marks of the Field ; i. e. there is onlj one essentially 
distinct Gl*[|r]. 
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Ex. 18. If Ui, U2f ... y Ujg are the rooiB of the equation 
F(t«) = u*+ait<*-^+ ... +ajfc_iw+afc = in a QFlp""] 
and 8f denotes Ui*+u^*+ ... +Uj*, proTe that 

(i) JP(u)f-i- + -^ + ... + — ^) = *i#*-i 

+ (A;-l)aiU*-2+ ... +afc_i; 

(ii) fi!,+aiS^.,+a2V2+-+««-i'Si + cae = 0, (e= 1,2,...,A;); 

(in) ig,+aiS,.,+a2ig,_2+ ... +afcS,_^ = 0, (e=:ft+l, A;+2, 

§ 11. If u is any mark of a GjF[ j»*"], the series u, u", u^ ... 
contains at most p^—l distinct marks, since the Field only 
contains jf—l marks excluding 0(=t6o). Hence for some 
value of 8 and t^ u* = u* and u'~' = 1 (= uj. If u* is the 
first mark of the series which = 1, n is called the period of u. 
Let u' be a mark not included in the series ^ = (u, u', ... , u^)^ 
v/^ a mark not included in the series 

8 or u^S = (u'u, u'u*, ..., w'u"), 

u^^^ a mark not included in S^ u^S, u'^S^ and so on. Then we see 
at once that no two of the marks included in S, u^S, u^'S^ u^'^S, . • . 
are identical. Hence : — 

The period of each mark of the GF[p^\ is a divieor 

of jf-1. 

Just as we prove in ordinary algebra that an equation 
of the n-th degree has not more than n roots, so we prove 
that there are not more than n marks u satisfying an 
equation c^u'^ + CiU^"^ + . . . + c^ = whose coefficients are 
marks of the Qalois Field. It follows that, if {2 is any divisor 
of ^^— 1, there are d marks satisfying u^ s^ 1. For there are 

p^— 1 marks satisfying uP"^"^ = 1, and uP^~^ = (u^—l) . ^ (u), 
where 4> (tt) is of degree (/>•*— l)-rd. But ^ (u) = is satisfied 
by at most (jo**— 1) -f- d marks of the Fields and hence there 
are d marks satisfying u^— 1 = 0. 

A mark satisfying u^ = 1, but no equation u^ = 1 (e<k) 

is called a primitive root of u^ = 1. 

If u^ = 1 and u is a primitive root of u^ = 1, a; is a factor 

of k. For if A; = te + m (a;>m^O), u*» = u*-^=l; and 
therefore m = 0. 

Let k = a^b^c^...^ where a, 6, c,... are primes. Then the 
numbers of primitive roots of t6*= 1 is i— (the number of 
roots of u*"*** = 1, u***"^ = 1, u*-*-^= 1, ...) + (tbe number of roots 
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of u*-^^= 1, tt*+*»^= 1, ...)-(the number of roots of 

u*^«^«=l,...) + &c. = A;- (- + ! + - + ...) 

' \a c / 

k \ /k 



ab ac " / \abc '"/ 

=*(i-i)0-5)0-i)-* 



A primitive root of uP*^"^ = 1 is called a primitive root 
of the Field. If u is such a primitive root, the marks of 

the Field are Uq, u, u\ u^, ..., t6P'^"^(= 1). 

Ex. 1. If a, &, are marks of a OF [p**] and the periods of a 
and c are X; and I respectively, the order of s/ =zax+h is A;, of 
(axy hx+at/) isjpk, and of (ax, hx + cy)iB the L. C. H. of A; and I. 

Ex. 2. How many primitive roots of the GF[S^] and GFIT^] 
are there? 

Ex. 8. Every primitive root of the OF[p^^ satisfies an equation 
of degree r but no equation of lower degree. 

Ex. 4. If u is a primitive root of the GF[p'^] and d ia 9l factor 

of jj*"— 1, m(p^"^>-*"^ is a primitive root of w** = 1. 

Ex. 5. No integral mark is a primitive root of a GF[p^] unless 
r=l. 

Ex.6. In (i) the GF[II],{ii)the©F[32] whereP(a;) = a?2+2a?+2, 
find the primitive roots of the Field and the period of the mark 4. 

Ex. 7. (i) Every similarity-substitution on m given variables 
whose coefficients are marks of a given Field is a power of a given 
similarity, (ii) The order of a multiplication is the L. C. M. of 
the periods of the coefficients. 

Ex. 8. A mark of a GF[p^] is called a square or a not-square 
according as it is or is not the square of some mark of the Field. 
Prove that (i) if p = 2, every mark is a square ; (ii) if p > 2, the 
even powers of any primitive root u are squares and the odd 
powers are not-squares; (iii) the product and quotient of two 
squares or of two not-squares are squares ; (iv) the product and 
quotient of a square and a not-square are not-squares. 

Ex. 9. If d is the H. C. F. of m and p^—1, there are exactly 
(p^-'l) -r d marks ( ^6 0) of the GFlp'^\ which are w-th powers 
of some mark of the Field. 

Ex. 10. By two 'conjugate complex quantities' a and a we 
mean two quantities €^-^a2iy c^'^a^i where 64 , a^ are marks of 
a given GF[p^] (p > 2), and * is defined by t^= a given 
primitive root u of the Field. Prove that (i) aa ^ unless 

a=:a = 0; (ii) ab^O unless a or b = 0; (iii) a^^^sa; 

(iv) aP**'-! = 1. 

* This number Ib usually denoted by ^ (Jt). As the above proof ahowi, 
^ {k) a the number of numbers <k and prime to k. 




CHAPTER IV 



GEOMETRICAL ELEMENTS 



S 1. A OEOMETBIOAL moveTTieTU is any displacement of 
a figure which does not alter the distance l)etween any pair of /S | 
points. For example, a reflexion in a plane , a rotation about | Yl 
a line, an inversion aboat a point d,* <&c., su*e * movements '. V 

Let a, 6 be any two planes meeting in a line I (perpendicular 
to the plane of Fi^. 1), and suppose a is brought to coincide 
with 6 by a rotation about I tnrough any angle (a. Then 
if any point P is brought to Q bv reflexion in a, and Q is 
brought to i2 by reflexion in 6, evidently P is brought to R 
by a rotation through a about l. f Hence successive reflexions 
in two planes are in general equivalent to a rotation about the 
intersection of the p&nes. 

In the particular case in which Z is at infinity (Fig. 2) we 
see that successive reflexions in two pai*allel planes whose 
distance apart i& \x move any point through a distance x in 
the direction perpendicular to the planes. Such a movement 
is caUed a translation. 

H Af B are two movements such that the effect of applying 
to any figure first A and then B is the same as that of 
applying first B and then A^ A and B are called permutcMe 
movements. 

In §§ 1 to 6 we shall denote 'successive reflexions in the 
planes a, 6, c, ••• ' by (a) . (6) .(c) 

Ex. 1. Beflexions in two given planes are only permutable if 
the planes are perpendicular. 

Ex. 2. The following pairs of movements are permutable: — 
(i) a rotation about a line I and a reflexion in a plane perpendicular 
to J ; (ii) rotation about I and inversion about any point of I ; 
(iii) rotation about I and a translation parallel to { ; (iv) reflexion 

* A diiplaoement saeh that the line joining the initial and final positions 
of eaeh point of the figure passes through and is bisected at 0. 

t Attention must be psid to the sign of ou We consider a positire if it is 
described in the clockwise direction. 

r. •. D 
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THE RESULTANT OF 



[IV 1 



in a plane and a translation parallel to the plane ; (y) any two 
translations. 

Ex. 8. A line I meets a plane P at right angles in 0. Any 
two of the three movements (i) reflexion in P, (ii) inversion 
about Of (iii) rotation through ir about I, are permutable ; and a 
combination of any two is equivalent to the third. 



\ 
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Fig.l. 

Ex. 4. An inversion is equivalent to sucoessiTe reflexions in 
three mutually perpendicular planes. 

Ex. 5. Any number of successive translations is equivalent to 
a single translation. 
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Ex. 6. Translations ean be repres^ted by yectors drawn from 
a fixed pointy and combine in aooordaiioe with the ' parallelogram 
law'. 

Ex. 7. An inversion followed by a translation is equivalent to 
an inversion. 

I 
I 

I I a 
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I 
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I 

I 
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Fig. 2. 

Ex. 8. The only movement which leaves three non-collinear 
points P, Q, R fixed is a reflexion in the plane PQfi. 

Ex. 9. The only movements which leave two points P, Q fixed 
are those obtained by combining successive reflexions in planes 
through PQ. 

§ 2. Let OA, OB be two intersecting lines. Take 00 such 
that the angle between the planes OAB^ OAO is ia "^^ and the 
angle between the planes OBO^ OB A is i/3. Let iy be 
the angle between the planes OCB^ OCA. ^Then a rotation 

* i. e. when the second plane 0^(7 is rotated about OA through an angle jo 
it oomes into coincidence with the first plane OAB\ and to in the other two 

D2 



36 



EULER'S CONSTRUCTION 
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through a about OA followed by a rotation through /3 about 
OB = (OAC) . (OAB) . (OBA) . (OBC) = (OCA) . (OCB) = a rota- 
tion through y about OC. This oomposition of two rotations 
is called Eider's (or Rodrigues*) candmctian. 

Ex. 1. A rotation through /3 about OB foUowed by a rotation 
through a about OA = a rotation through y about the reflexion of 
00 in the plane AOB. 

Ex. 2. The two rotations of § 2 are permutable only (i) if a, fi, 
or AOB IB very snudl, (ii) if a = /3 = y = «. 




Fig. 8. 



Ex. 8. Suocessive reflexions in any even number of planes 
through a fixed point are equivalent to a rotation. 

Ex. 4. If a =: mfi and a, /9 are small, find y and the position 
of 00. 

Ex. 5. Successive rotations through angles a, /3 about parallel 
lines are equivalent to a rotation through a +4 about another 
parallel line. 

Ex. 6. Rotations through a about OAj fi about OB^ a about 
OA are equivalent to a rotation about a line in the plane AOB, 

Ex. 7. Successive rotations through equal and opposite angles 
about parallel lines are equivalent to a translation. 

Ex. 8. A rotation about { followed by a translation perpen- 
dicular to I (or vice versa) is equivalent to a rotation through an 
equal angle about a line pimdlel to 2. The translation and 
rotation are never permutable unless one or other is infinitesimal 
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Ex. 9. Successive rotations about three radii of a sphere through 
twice the angles of the corresponding spherical triangle produce 
no displacement on any figura 

Ex. 10. AOA\ BOS', COC and aOa\ bOb\ cOc" are two sets 
of mutually perpendicular lines. OA, OB, OC are brought into 
the positions Oa, Ob, Oc ; Oa, Ob\ 0<i ; Oa\ Ob, Oc' ; Oa\ Ob\ Oc 
by rotations about OD, 02>|, OD^, OD^. Proye that (i) the planes 
DiOA, DOA are perpendicular ; (ii) the planes DODi, BOG, D^OD^ 
are concurrent ; (iii) the planes DODi, D^OD^ are perpendicular. 

Ex. 11. (i) Translations, (ii) rotations about lines through 
a fixed point may be considered as elementa 

§ 3. Every odd 'mimber of stuxeaaive reflexions is equivalent 
to three av^ce^aive reflsxions. 

If we prove this for five successive reflexions, we can at 
once extend it to the case of seven successive reflexions, then 
to nine, and so on. Take then five sucoessive reflexions in the 
planes 1, 2, 3, 4, 5. Now by § 1 if the planes 4 and 6 meet 
in a line 2, we can replace the movement (4) . (5) by (IV) . (V) ; 
where IV is any plane through I chosen arbitrarily, and V 
is a plane through I such that the angle between IV and V is 
the same as the angle between 4 and 6. Take IV as the plane 
through I passing through the intersection of 1, 2, 3. Then 
(1) . (2) . (3) . (IV) is equivalent by § 2 to two successive re- 
flexions, so that the theorem is proved. 

Ex. Every even number of successive reflexions is equivalent to 
four successive reflexions. 

§ 4. The movement (1).(2).(3) is reduced to its simplest 
form as follows. If 2 and 3 meet in a line I, (2) . (3) may be 
replaced as in § 3 by (20. (lU); where 2' is perpendicular 
to 1. Then (1).(2') may oe replaced by (I).(n) where I is 
a plane perpendicular to the planes II and IIL Now 
(IlJ. (lU) = a rotation about the intersection & of II and III 
which is perpendicular to I. Hence (1) . (2) . (3) = a rotcUory- 
reflexion, i.e. a reflexion in a plane followed by a rotation 
about a line perpendicular to that plane. The reflexion and 
rotation are obviously permutable. 

Since a reflexion in 1 has evidently the same effect as an 
inversion about the intersection of I and h followed by 
a rotation through v about h, the movement is also equivalent 
to a rotatory-inveraion, Le. an inversion about a point 
followed by a rotation about a line through the point. The 
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inversion and rotation are obviouslj permutable. Evidently 
no two rotatory-inversions can be equivalent unless they are 
identicaL Hence : — 

Every odd wamber of successive reflexions is equivalent to 
a unique rotatory-inversion. 

Reflexion, inversion, &c., are particular cases of rotatory- 
inversion. One case requires special mention ; that in which 
the line h is at infinity. The movement is then caUed a 
gliding-refl^exion^ and is equivalent to a reflexion in a plane 
followed by a translation parallel to that plane. 

Ex. 1. (i) An odd number of successive reflexions brings in 
general one and only one point to its original position, (ii) What 
are the exceptions? 

Ex. 2. Show that a gliding-reflexion S is equivalent to a 
rotation through v about a line { followed by inversion about 
a point not lying in {. 



§ 5. We shall now show how to reduce an even number 
of successive reflexions to its simplest form. By § 3 it is 
sufficient to consider four successive reflexions in the planes 
1, 2, 3, 4. As in § 4 we can reduce the movement (1) . (2) . (3) 
to (I) . (II) . (Ill), where the planes II and III meet in the 
line h perpendicular to I. Then (II) . (Ill) can be replaced by 
(2). (8), where the planes 2, 8 pass through h and 8 is 
pei-pendicular to 4. Now the planes I and 2 are perpen- 
dicular, and so are the planes 8 and 4. Hence (1) . (2) . (3) . (4) 
= two successive rotations through v about two Imes a, b ; 
where a is the intersection of I and 2, and b is the intersection 
of 8 and 4. 

Let k be the line meeting a, b at right angles. Let 
a and fi be the planes throu^ A;, a and k^ b. Let k^, jcj be 
the planes through a, b perpendicular to k. Then two succes- 
sive rotations through tt about a, b = (a) . (k^) . (y3) . (k^ 
= (o) • (^) • (f^i) • {k^X since reflexions in the two perpendicular 
planes k^, )3 are evidently permutable. But (a) . (/3) = a rota- 
tion about k, and (k^ . (k^) = a translation parallel to k. 

This combination of a rotation about k followed by a 
translation parallel to A; is called a screw about k. The 
rotation and translation are obviously permutable. Two 
screws are evidently equivalent only if they coincide. 
Hence : — 
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Every eveniw/mher of successive reflexioms is equivalent 
to a unique screw, 

A rotation or translation is a particular case of a screw. 

§ 6. Every geometrical movement is equivalerU to a screw 
or a rotatory-inversion. 

Let ^, J5 be the initial ^sitions of any two points of a 
figure, and let A\ B^ be their final positions after the figure 
has been subjected to any movement leaving unaltered the 
distance between every pair of points. Let c be the plane 
bisecting AA^ at right angles; and let B, be the reflexion 
of £ in c, so that A'B^ = AB. Let d be the plane bisecting 
RB^ at riffht angles. Since A^B^ = AB = A^R, d passes 
through A. Hence (c) . {d) brings A to A' and B to R. The 
movement is completed by successive reflexions in planes 
passing through the line A R; for evidently every movement 
keeping both A^ and R fixed is obtained by combining such 
reflexions. Hence the whole movement is equivalent to a 
number of successive reflexions ; which proves the theorem. 

If the movement is equivalent to a screw, the initial and 
final positions Fj of the figure are congmenl or 'super- 
posable '. The movement is called a m,ovement of the first 
ifort^ and is equivalent to an even number of successive 
reflexions. 

K the movement is equivalent to a rotatory-inversion, 
F and are enantiomorphous ; they are related in the same 
way as a right and left hand, or as an object and its reflexion 
in a mirror. The movement is called a Tnovement of the 
second sort, and is equivalent to an odd number of successive 
reflexions. 

Ex. 1. AA\ BR, CCy are diameters of a sphere. The spherical 
triangles ABC, A'BfC have corresponding sides and angles equal 
and are enantiomorphous. 

Ex. 2. A movement is completely determined when we are 
given the initial and final positions of four non-coplanar points 
of any figure to which the movement is applied. 

Ex. 3. What moyements leave a given point fixed ? 

§ 7. If iS and T are any two movements, and S brings 
a figure from the position F to the position 6, while T 
brings it from 6 to if; the figure is brought from Fto Hhy 
a unique screw or rotatory-refiexion U which may be con* 
sidered as the product of iS and T (ST ^ U). 
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It is obvioQB that, when the law of combination of move- 
mentB is defined in this way, elements obey the associative 
law and satisfy the conditions by which elements were 
defined. The identical element is the operation of leaving 
the figure unmoved. The element inverse to 5 is the unique 
screw or rotatory-inversion bringing the figure from the 
position to F. 

Ex. 1. The product of r movements of the first sort and 8 move- 
ments of the second sort is of the first or second sort according 
as « is even or odd. 

Ex. 2. A rotation or rotatory-inversion of angle a is of finite 
order if and only if a -r tt is commensurable. 

Ex. 8. A screw is not in general of finite order. 

Ex. 4. Find the order of a rotatory-inversion of angle 2ir -r n 
(n integral). 





u 



Fig. 4. 




§ 8. Any movement may be conveniently represented by 
a geometrical diagram. Thus Fig. 4 (i) represents a transla- 
tion parallel to the line AB through a distance AB. Again, 
Fig. 4 (ii) represents the rotatory-inversion consisting of an 
inversion about O followed by a rotation about I thi*ough a ; 
where I is the line through perpendicular to the plane 
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of the diagram and a is the angle subtended at by the 
arrow there shown.* A rotation may be denoted by omitting 
the O, and a screw by combining the diagrams representing 
a translation and a rotation. 

Ex. 1. Another conyenient representation is as follows: — 
Denote a screw by a pair of unlimited straight lines, and a 
rotatory-inversion by a pair of uulimited intersecting straight 
lines with a O at their point of intersection. 

Ex. 2. All equal straight lines drawn in the same direction 
represent the same translation. 

§ 9. The transf<yna of a movement S by a movem^ent T is 
fouTid by performiTig the movement T on the geometricaL 
representation of 8. 

Let A be any geometrical representation of 8. Let any 
point P' be brought to the position P by T"*, let P be 
brought to Q by iS, and let Q be brought to Q' by T. Let 
X be brought by T into the position k\ Then T brings P, Q, k 
into the positions Py Q^^ k' respectively. Hence the figure PQk 
is congruent or enantiomorphous to the figure P'Q^k' according 
as 7 is of the first or second sorL Now k is the representation 
of the movement 8 bringing P to Q : hence X' is the represen- 
tation of a similar t movement S> bringing P' to v . But 
T-^8T brings P' to Q^, and this is true for aU positions of the 
point P'. Hence i8r=T-iOT. 

Ex. 1. If iS is a right-handed screw, iS' is a similar screw but 
right- or left-handed according as T is of the first or second sort. 

Ex. 2. The transform of a rotation is a rotation, and of a 
translation is a translation. 

Ex. 8. If iS^ is any given screw, T any given translation, we 
can always find a translation t such that TS = St, 

Ex. 4 If T, < are given equal translations, we can always find 
a rotation B such that TB = Bt. 

Ex. 6. If 8, 8 are two similar screws (both right- or both 
left-handed) about parallel lines 2, V, we can always find trans- 
lations T, t such that ST=T8,8 = 8L 

Ex. 6. If iS^ is any screw and B any rotation of the same angle 
about parallel lines 2 and T, we can find translations T, T' such 
that S^BT^TR 

* The rotatoiy-inTersion may be oaUed 'a rotatory-inyeruon through 
a aboat and V, 

t For example, if S is a rotaiory-inTereion, S' is a rotatorj-inyertion 
through the same angle; if S ia a screw, S' is a screw with the same 
translation and angie^ &c. 
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Ex. 7. If Jy « are any two similar rotaiory-inYersions about 
parallel lines, we can find translations T, T' such that J = «T = Tu 

Ex. 8. If 5 is a screw and B, a rotation of the same angle about 
a parallel line, while « is a second screw and r a rotation of the 
same angle about a parallel line, we can find translations T, T' 
such that & = jRr. T= T'. jRr. 

Ex. 9. Prove a result similar to that of Ex. 8 for the product 
of a screw and a rotatory-inversion or of two rotatory-inversions. 

Ex. 10. Prove the foUowing practical construction for finding 
the resultant of screws of angles a, /3, ... about lines a, 6, .... 
' Find the position to which any convenient point (f is brought 
by the successive screws. Find the resultant H of rotations 
through a, /3, ... about lines through parallel to a, 6, .... Let 
3f be the screw equivalent to a translation represented by OtO 
followed by the rotation 'R, Then M is the required resultant.' 

Ex. 11. Obtain a method similar to that of Ex. 10 for finding 
the resultant of any number of successive screws and rotatory- 
inversions. 

Ex. 12. The resultant of three screws of angle n about three 
perpendicular non-intersecting sides of a rectangular parallele- 
pipedon whose translations are represented by twice the respective 
sides is identity. (The resultant of the three translations taken 
alone is represented by twice that diagonal of the parallelepipedon 
which meets none of the three sides.) 

Ex. 13. If a, 6 are two lines inclined at an angle Q and at 
a distance e apart, the resultant of screws through n about a and 
h whose translations are ^x and 2^ is a screw through 2^ of 
translation 2jer about a line whose distances from a and h are 
cosecd(^+^cosd) and cosecd(a;+^co8d). 

Ex. 14. ABCB is the face of a cube ; AOA\ BOB^, COC% 

DOJy are its diagonals. Find the resultant of a rotatory-inversion 

2ir 
through -Q- about A and AD, b, screw of angle w and translation 

represented by AB about (7^2/, a screw of angle v and translation 
2C^A about a line through parallel to C'A, and a gliding- 
reflexion in the plane ADB^C^ of translation AD. 

§ 10. If a movement (other than identity) brings every 
point of a figure F into the position previously occupied 
either by itself or by some other point of F, F is said to 
possess symitcetry. If JF* is thus brought to self-coincidence 
bv reflexion in a plane 8, 8 is called a syrrnnetry-plane of F. 
If jP is brought to self-coincidence by a rotation about a line I 
through a positive angle a (but through no smaller angle), I is 
called an n-cU rotatioTiHixis of F, where Tia = 2ir. Similarly 
we can have an * n-al symmetry-axis of rotatory-inversion *, 
a 'centre of symmetry', a 'screw-axis of symmetry', &o. 
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For example, a ctibe has its middle point as a centre of 
symmetry (i.e. it is its own inverse about 0), its diagonal 
as a 8-al rotation-axis, the plane through two opposite edges 
as a symmetry-plane, &c. 

Ex. 1. Find other symmetry-axes of a cube. 

Ex. 2. (i) If I is an n-al rotation-axis or symmetry-axis of 
rotatory-inversion, n is integral, (ii) Give a case in which n = oo . 

Ex. 8. No translation nor screw (unless it reduces to a rotation) 
can bring a finite figure to self-coincidence. 

§ II. Many other geometrical operations besides * move- 
ments ' satisfy the conditions to which elements are subject. 
As an example we may take successive inversions in any 
number of circles all of which are orthogonal to a fixed 
circle. 

If we project anv figure on a sphere 2 from a point F of S 
on to the plane through the centre perpendicular to OF 
(stereogniphic projection), the projected figure is the inverse 
of the original with respect to a sphere of centre V and radius 

V^. OF. Hence a circle projects into a circle, and angles are 
unaltered by projection. If c is any circle on 2, and P, Q 
are points on 2 inverse with respect to e (PQ passes through 
the pole of the plane of c with respect to 2), all circles on 2 
through P and Q are orthogonal to c. Hence, if c\ P^, Q^ are the 
projections of c, P, Q, all circles through I^ and Q^ are orthogonal 
to c\ i. e. P^ and Qf are inverse with respect to cf. In particular, 
if c is a great circle, P and Q are reflexions of each other 
in the plane of c ; while c' is orthogonal to the fixed circle 
which is the projection of the circle at infinity on 2. Hence 
from each theorem concerning successive reflexions in planes 
through a given point, may be deduced a theorem concerning 
successive mversions in circles orthogonal to a fixed circle. 

Ex. 1. Show that in any plane (i) a rotation about a point, 
(ii) a translation, (iii) a magnification with respect to a point 
are particular cases of two successive inversions. 

Ex. 2. The operation consisting of successive inversions in two 
given real circles is of finite order only if the circles cut at a real 
angle commensurable with 'tt. It is equivalent to successive 
inversions in any two circles cutting at the same angle in the 
same points. 

Ex. 8. Any even number of successive inversions in circles 
orthogonal to a fixed circle is equivalent to two successive 
inversions. 
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Ex. 4. If iS is an operation consisting of successive inversions 
in the circles j\, Ji,hf •••» and T is a similar operation changing 
these circles into the circles tj, i^t i^, ..., T~^iSr is the operation 
consisting of successive inversions in i^, »2> h» -••• 

Ex. 6. Take rectangular Cartesian axes of reference in a plane. 
Let any geometrical operation displace a point from the position 

(:r,^) to the position (a:', y^ Let jer = a;+iy, jp' = x'^-vif (♦=y— 1). 
Find geometrical operations such that (i) i^ = d— jer, (ii) if = 6-^jp, 
h and d being reaJL Deduce the fact that the product of these 
substitutions is finite only if ^ is commensurable with ir, where 

Ex. 6. To successive inversions in any two circles corresponds 

a substitution of the form jp' = , • 

cjBf + a 

e = ) corresponds an 

inversion in a circle j followed by a reflexion in a line Z, cos ^ x 
the radius of j = the perpendicular on I from the centre of j 
(see III 2i2). 

Ex. 8. If the equations of j and I are real^ (i) S is not loxo- 
dromic, (ii) A is conjugate to D and B to G with respect to a 
rectangular hyperbola whose centre is the origin and whose 
asymptote bisects AD ; where A, B, C, D are the points repre- 
senting the complex quantities a, 6, c, d, 

Ex. 9. When Oyh^ c, d are real, to 8 corresponds an inversion in 
c*a:^c*y^ + 2c(iic + (6c— ad+d^)= followed by a reflexion in 
2(u; = a— d. 

§ 12. As another example we may take the case of col- 
lineation. 

If two figures are such that each point P of one figure 
corresponds to a single point P' of the other, while conversely 
the single point P' corresponds to P ; one figure is said to be 
derived from the other by a collinear or profective transfor- 
mation. 

First take the case in which both figures are plane. If 
(a;, y, e), {x\ y', z^) are the coordinates of ?, P' referred to any 
two triangles of reference (one in each figure), we have 
evidently relations of the form 

If we choose the triangles of reference ABC, A'B^O' so that 
A and A\ B and Sy C and C^ ai*e corresponding points in the 
two figures, 'if^sf^O when y = = 0, &c. Hence we have 
obviously m^ = n^^ ng^l^ — l^=^m^^O. When we are given 



r\ 
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the ooordinates of another pair of corresponding points, we 
can find the ratios l^:m^:n^. Hence a C(mnear transforma- 
tion of one plane figure into another is completely determined 
by the correspondence between four points of one figure (no 
three of which lie on a straight line) and four points of the 
other. 

Plane projection evidently establishes a coUinear transfor- 
mation of one plane into another, which is, moreover, the 
most general possible; for we can always project four given 
points At B,U^ V into four other arbitrary points a, 6, c, t; as 
follows. Let AV, BV meet JB(7, CA in D and E; and let 
av, bv meet be, ca in d and e. Take X on BC such that the 
cross-ratio of (BDCX) = hd'z'cdy and take Y on CA such that 
the cross-ratio of {CEAY)^ce'^ae. Then project XY to 
infinity, the angles BAC^ CBA into angles equal to bac, cba^ 
and the line An into a line of length equal to ofr. 

Similarly if the figures are three-dimensional, we can show 
by taking the vertices of the two tetrahedra of reference as 
corresponding points that the collinear transformation is 
completely determined by the correspondence between five 
points of one figure (no four being coplanar) and five points 
of the other. 

It is at once evident that to any number of coplanar points 
of one figure correspond coplanar points of the other. Simi- 
larly to collinear points of one figure correspond collinear 
points of the other. 

Let a = 0, /3 = be the equations of two planes in one 
figure and a^= 0, /3'=: the equations of the corresponding 
planes in the other figure. Then to the planes 

a = Aift a = Xj/S, a = Ajft a = A^/3 
in one figure correspond the planes 

in the other. Hence the cross-ratios of the corresponding 
pencils of planes are identical, being both equal to 

(A,-.A^(A3-X,) ^ (Ai-A,)(A3-Aj. 

It follows at once that the cross-ratios of corresponding pencils 
of lines or ranges of points are identical. 

The o^ration of making one figure correspond to another 
by a collinear transformation is called a coUineation^ A ool- 
lineation evidently satisfies the conditions by which an element 
was defined, the identical element being the collineation 
which makes each point of space correspond to itseil 
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Ex. 1. Carry out the reasoning of § 12 using Cartesian instead 
of homogeneous coordinates. 

Ex. 2. A collinear transfonnation of one straight line into 
another is completely determined vrhen three pairs of correspond- 
ing points are given ; and the ranges formed by corresponding 
points are homographic. 

Ex. 8. If the coordinates of two corresponding points referred to 
the same tetrahedron of reference are connected by relations 
defining a substitution 8^ the coordinates referred to any other 
tetrahedron are connected by relations defining a transform of S. 

Ex. 4. A geometrical movement is a particular case of 
eollineation. 

Ex. 6. A collinear transformation of (i) a line, (ii) a plane, 
(iii) a three-dimensional figure into itself transforms in general 
respectively 2, 8, 4 points into themselves. Mention any 
exceptions. 

Ex. 6. Find the self-corresponding points in the eollineation 
defined by (i) a rotation of a plane about a point 0, (ii) a screw 
about a line {, (iii) a rotatory-inversion about and 2. 

Ex. 7. When both figures are referred to the same rectangular 
Cartesian axes of reference a homogeneous linear substitution 
defines a eollineation leaving fixed the origin and the plane at 
infinity; and an orthogonal substitution defines a rotation or 
rotatory-inversion. 

Ex. 8. A eollineation leaving the circle at infinity fixed is 
equivalent to a magnification with respect to a point followed 
by a geometrical movement 



§ 13. Suppose now that the two figures derived from each 
other by collinear transformations are referred to the same 
ietrahecuron of reference. Then the coordinates 

{of, y', z\ v/), (x, y, z, w) 

of corresponding points P^, P are connected by relations of 
the form 

/= l^x-\-*m^y'\'n^Z'¥p^w^ te/= l^x-\-'m^y-k'n^Z'\-p^w, 

These equations define a substitution S. If Sf is of finite 
order, we can express it in terms of new variables X, F, Z, W 
such that 

j'= «ijr, T^m^Y, z'= 0)3^, Tr= w^TT. (in 8). 

Taking J = 0, F = 0, Z = 0, F = as the faces of a new 
tetrahedron of reference, the corresponding points 

(ixf, %f, z\ vf), (a, y, «, w) 



k. 
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are connected by the relations 

ic'= 0)105, y = fittjy, 0^= o>3«, v/^saa^Z. 

If iS is of order 2, a)i* = Wj* = o)j* = «^^ = 1, and therefore 

a>i, a>2, a>3i o>^ each = ± 1. 

If in this case o>i = q)^ = 0)3 = 0)4, Sf is a similarity and 
the collineation is the identical collineation making each 
point correspond to itself. If — a>i = a>2 = 0)3 = 0)4, PP^passes 
through the vertex (1, 0, 0, 0) of the tetrahedron of reference 
and is divided harmonically by that vertex and the opposite 
face a; = of the tetrahedron. If — co^ = — o), = 0)3 = q)^, 
PP^ intersects two opposite edges of the tetrahedron and is 
divided harmonically by them, as is at once proved. 

Hence we see that there are two kinds of collineation of 
order 2; the * perspective ' in which the line joining two 
corresponding points passes through a fixed point and is 
divided harmonically by it and a fixed plane, and the * non- 
perspective' in which the line joining two corresponding 
points intersects two fixed non-intersecting straight Imes and 
IS divided harmonically by them. 

Just as we deduced from each theorem concerning successive 
reflexions in planes through a given point a theorem con- 
cerning successive inversions in circles orthogonal to a fixed 
circle, so we may deduce a theorem concerning perspective 
coUineations of a plane whose fixed point and line are pole 
and polar wiUi respect to a fixed cinue (and hence by pro- 
jection with respect to any fixed conic). For, using the 
notation of § 11, let c be a great circle of the sphere 2 and 
let the straight line (f be the ('gnomonic') projection of c 
from the centre on to the tangent plane at V. Let the line 
through perpendicular to the plane of c meet this tangent 
j^ane at Cf, and let P^, Q' be the projections of two points 
P, Q on 2 which are the refiexions of each other in the plane 
of c. Then M (fV meets c' m HT (Fig. 5), C-T is evidently 
perpendicular to c^, and 

C'V. VN'= OV^ smce CTON'^ OVN'^ \it. 

Hence C is the pole of < / with r espect to a fixed circle whose 

centre is V and radius V -^OV^. Moreover, the lines OP^ OQ 
are evidently coplanar with and equaUy inclined to 0(7^. 
Hence if CP'Q' meets (/ in P', {CF\ P'Q) is harmonic since 
COF'^ \ TT. Therefore P', Q' are derived from each other 
by a perspective collineation whose fixed point is C and fixed 
line is c'. 
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Kg. 6 (1). 
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Fig. S (U). 
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In the above statement, for ' sucoessive reflexions in planes 
through a given point' we may substitute * successive rota- 
tions through V about lines through a given point '. For if Qj 
is the point diametrically opposite to Q on 2, Q' is the 
projection of Q^ as well as of Q, and P is brought to the 
position Qi by a rotation through v about 0(f. 

Ex. 1. If a straight line is transformed into itself by a 
coUineation of order 2, corresponding points are the pairs of an 
involution on the line. 

Ex. 2. If a plane is transformed into itself by a coUineation 
of order 2, the line joining corresponding points passes through 
a fixed point and is divided harmonically by it and a fixed 
straight line. 

Ex. 8. A perspective coUineation of order 2 transforms the 
fixed point and every point of the fixed plane into itself; and 
a non-perspective coUineation of order 2 tnmsforms every point of 
the two fixed lines into itself. 

Ex. 4. A rotation through ir about a line I is a particular case 
of a non-perspective coUineation of order 2. 

Ex. 6. A reflexion in a plane and inversion about a point are 
particular cases of a perspective coUineation of order 2. 

Ex. 6. If a coUineation T makes a point P^ correspond to a 
point P and a plane (/ to a plane o-, and 8 is the perspective 
colUneation whose fixed point and plane are P and a, T'^ST 
is the perspective coUineation whose fixed point and plane are 
P'andc/. 

Ex. 7. If T makes lines 1% m' correspond to 2, m and IJ is the 
non-perspective coUineation of order 2 whose fixed lines are \ m, 
2*'! xjj} is the coUineation whose fixed lines are T, m\ 

Ex. 8. If F is an involutive coUineation on a line I whose 
double points are P, Q and 2* is a coUineation transforming {, 
P, Q into V, P', ^, T"^ FT is an involutive coUineation on V 
whose double points are P\ ()f. 

Ex. 9. If two coUinear transformations of order 2 on a 
straight line are permutable, their double points form a harmonic 
range. 

Ex. 10. If Oij Og are the fixed points of two permutable 
perspective collineations and o-^, a^ are their fixed planes, 0^ lies 
on o-j and O2 on 0-1 . The product of the two collineations is 
a non-perspective coUineation of order 2 whose fixed lines are 
0x02 and the intersection of ^x and a^- 

Ex. 11. If Ox and a-^, Og and o-, are the fixed points and planes of 
two perspective collineations 8if S^f the fixed points of 818^ are 
every point on the intersection of o-x, (r^ and the double points of 
the involution determined on 0x02 by 0^ Ci and Og, (t^. 

Ex. 12. Any odd number of successive (i) perspective collinea- 

maaom f. «. S 
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tions with the same fixed phine, (ii) perspective collineations 
with the same fixed point and with fixed planes passing through 
a given straight line, (iii) non-perspective collineations of order 2 
with one fixed line in common and the other fixed line passing 
through a given point, is equivalent to a single such collinea- 
tion. 

Ex. 18. Any odd number of successive perspective collineations 
whose fixed points all lie in a given plane and which transform 
a fixed conicoid into itself is equivalent to three such successive 
collineations. 




CHAPTER V 



GROUPS 



§ 1. A set of elements is said to form a group^ if (1) the 
product of any two (or the square of any one) of tne elements 
18 an element of the set; (2) the set contains the inverse 
of each element of the Jset. If the set satisfies condition (1) 
but not (2), it is called a aemi-group. 

Any group contains the identical element ; for if a is any 
element of v, so is a"^ and aa"'^ = 1. 

If contains n distinct elements, it is said to be of order n. 
The group is called finite or infinite according as ti is finite 
or infinite. We shiJl assume a group finite unless the contrary 
is stated. 

A group or semi-group every two elements of which are 
permu table is called Aoelian or coTnmutative. 

If is any group and g is any element of finite order m, 
^ = 1 is in 0. If gf** is the first of the elements a, ^, ^, ... 
which is contained in 0, r is called the order of g relative to 0. 
The order r ot g relative to is a factor of the * absolute ' 
order m. For if (i+ 1) r>rfi^hr (k being a positive integer), 
gm-kr _ gm ^ g-lcr _. ^gryh is in G, and henco in =^ lor. 

Similarly we may prove that, if ^ is any positive power 
of g contained in 6^, r is a factor of L ^ ^ 

Ex. !• Suppose we have 6 elements 1, a, &, c, d^ 6 whose laws 
of combination are given by the 'multiplication table' (see p. 52) 
in which the product of the element at Uie left of the i-th row and 
the element at the top of the ^th column is eiven at the 
intersection of the t-th row and the j-th column Te. g. "bc^d^ 
cb = e\ Then 1, a, h, Cy d^e form a group. Such elements are^ 
for example, the 6 permutations 1, (xpg\ (^My), (y^r), {xp)j {ex) or 
the 6 substitutions 

, 1 a?— 1 1 X ^ 

X^Xf z 9 f -> Zi 1 — flR. 

1—x X X a?— 1 

Ex. 2. A group contains every positive and negative power of 
any element it contains. 
Ex. & Every element of a finite group is of finite order. 

E 2 
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[VI 



Ex. 4. If a, h are any two elements of a group G, we can always 
find elements gfhinG such that ag^t, ha=^b. 

Ex 6. The positive powers of any element form a group or 
semi-group according as the element is of finite or infinite order. 

Ex. 6. A finite number of elements satisfying condition (1) of 
§ 1 satisfy condition (2) and form a group. 

Ex. 7. Every semi-group contains elements of infinite order. 

Ex 8. If the elements a, bf c, ... form a group, so do g'^ag, 
g'^bg^g'^cg^ .... 





/ 




h 


o 


d 


e 


/ 


/ 


a 


h 


c 


d 


e 


s 


I 


/ 


(X 


a 


e 


c 


» 


a 


h 


/ 


e 


c 


d 


o 


o 


^ 


e 


/ 


a 


i 


d 


U 


e 


o 


h 


/ 


/ 


e 


e 


c 


d 


a 


h 



Maltiplioation table of groap in Ex. 1. . 

Ex 9. Every group of even order contains an odd number of 
elements of order 2. 

Ex. 10. Every group contains an even number of elements of 
order r(x> 2). 

Ex. 11. A group whose elements are all of order 1 or 2 is 
Abelian. 

Ex 12. (i) If g^^ g^y g^, ... are the elements of a group, so are 
9i9xf 929xf 939xf '" ^^ 80 *ro g^gif g^g^f g^g^, .... (ii) The 

permutations f ^^ ^* ^« - ) and f ^^ ^« ^» - ) 

^i9x 9i9x 9z9x ••• ^ ^9y9i 9y9% 9y9z — ^ 

are both regular and are permutable. 

Ex 18. The positive integers form an Abelian semi-group the 
law of combination being (i) ordinary multiplication, (ii) ordinary 
addition. 
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Ex. 14. All positive real quantities form an infinite Abelian 
group or semi-group according as the law of combination is 
ordinary multiplication or ordinary addition. 

Ex. 16. All positive and negative integers form an infinite 
Abelian group when the law of combination is ordinary addition. 

Ex. 16. (i) The marks of the GF[p^] form an Abelian group 
of order /?% the law of combination being addition, (ii) The 
marks excluding zero form an Abelian group of order jp^— 1, the 
law of combination being multiplication. 

Ex. 17. All the permutations on the symbols a^, rrj, ..., x^ 
which (i) leave a function /(27| , x^, ... , x^) unaltered, (ii) multiply 
/(^i> ^s» *••> ^m) ^y Bome constmt independent of Xi^ X2f ..., x^^ 
form a group. 

Ex. 18. Prove a similar result for substitutions on the variables 
a?i, a?2, ..., Xfj^. 

Ex. 19. The movements bringing any geometrical figure to 
self-coincidence form a group. 

Ex. 20. All possible homogeneous linear substitutions of non- 
zero determinant on m given variables with coefficients in a 
6F[p^] form a group. 

Ex. 21. The following elements form a group : 

(i) The permutations 1, (xffew), (xe){ijfw)y {xwey\ {(as\ (xw)(^z\ 
(yw), (xp){toe). 

(ii) The permutations 1, {xffgwu\ (xguyw)^ {xwyug), (xuiczy), 

(tiy)(w), {xu){ifw), {xw){ygl (a?i^)(ww), (ay)(^X 

2rir 
(iii) Botations through about the origin and reflexions 

in the lines y = tan — . a? (r = 1, 2, ..., n). 

2ir 4tTT 
(iv) Botations through ^» -» » -jr about the diagonals of a 

cube and rotations through it about lines through its centre 
perpendicular to its &ces. 

(v) The substitutions 
of = a)*ar, ic' = o)* -r a? (fc = 1, 2, ... , m), where a)~ = 1. 

(vi) The 12 substitutions 

af=±x, ±-, ±t^, ±»— ^. ±— .. ±-^ri>{i=V-iy 

(vii) The 24 substitutions 

(viii) The substitutions 

(2nr . 2rir . 2rir , 2rw \ , - « \ 

cos x— sm y, sm a^+cos — •y),(r=l, 2, ..., n). 
ft H fl fl / 
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(ix^ The 8 subotituiions (±x, ±y), (±y, ±«)- 
(x) The 8 substitutioDB {±Xy ±p, ±g). 
(xi) The substitutioDS 

,_ Sx+4t 4a?+2 6a;+4 6 Sx+B 5a;+4 8a;-h6 
' 4a:+l'2a;+8' 4a:+4' »' 6a;+4' 4a; + 2' 8a; + 4 
with eoeflSoients in the GF[7]. 

(xii) The substitutions af^x, 4tx, 2x. 8a?, -, -, -9 - with 
^ ' ^ ^ ^ ^ x x X X 

coefficients in the OF\B'^] where P(a;) = a^+2a?+2. 
Ex. 2a Which groups of Ex. 21 are Abelian? 
Ex. 28. Find the onler of {xs^) relative to the group (i) of 

Ex. 21, the order of a rotatory-inversion through ^ about the 

o 

centre and diagonal of the cube relative to (iv), the order of 

aj'=^(y8+i)aj relative to (vi), the order of (— y, — jer, —a;) 
relative to (x). 

Ex. 24, Construct multiplication tables for the groups (i), (iv), 
(x) of Ex. 21. 

« 
§2. The set formed by all the elements Oisa^, ...,a,. is 
usually denoted by o^ + a, + . . . + a^ . If il denotes this set, so 
that A = 0^^ + 02+ ... +a^, and b is any element; then the set 

ai6 + a26+...+ay6 

is denoted by J. 6, and the set 

601 + 602+ ... + 60,. 

by 6 A. If B denotes the set 6^ + 63+ ... + 6^, AB denotes the 
set of ra elements 0^6^ {i s= 1, 2, ...jf ; j = 1, 2, ..., s), and 
BA denotes the set 01 ra elements 6.*0|. 

If o, 6, c, ... are any elements, {o, 6, c, ...} denotes the 
group or semi-group composed of all distinct elements obtained 
by combining in every possible way all products and powers 
oi o, 6, c, . . . . 

More generally, if A^ By,., denote sets of elements, and 
g,h^,.. denote elements, {A^ B^ ..., g, A, ...} denotes the 
group or semi-group composed of all distbict elements obtained 
by combining in every possible way all products and powers 
of Qi hy ... and every element of if, JB, .... 

Ex. 1. Let a, 6, c be elements of orders 4, 2, 2 respectively such 
that ab = 6a^ ac = ca, hc=^ cb. Combining all possible powers 
of b and c we get only the 4 elements 1, 6, c, 60 ; for example, 
6*c^6*c*6* = cb. Hence {6, c} is a group H of order 4. 

Again, combining all possible powers of a, b, c we get only the 
16 elements 1, a» a^, a^ 6, 6a» ba\ 6a^ c^ coj ca\ ca\ cb, tboy dbo?, cba^ ; 
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for example, a^d'lfidbc^lfi = a^ha = &a'. Henoe {o^ 5, c} is a 
group Q of order 16 identical with {JJ, a} . 

Ex. 2. If a ia of order fi, {a f contains n elements. 

Ex. 8. fO) by c, ...} is identical with {{a}, {&}, {c}, ... }| {{a, &}, 

Ex. 4. If a^ s &s = 1 and a& = bo^ {a» h} contains 15 elements. 
Ex. 6. If 05 = ha^, every element of {a, b} is of the form &Va^. 
Ex. 6. If in§2ris finite and J.^=J.+'^+'^+ ..., J.isagroup« 
Ex. 7. If J. and B are groups and 

{ABY^AB-hAB+AB-^..., 

AB is a group and is identical with BA. 

Ex. 8. If J. and B are groups and AB = BA^ AB is a group. 

Ex. 9. If G^ is an Abelian group of order n and g is any element 
of order m permutable with every element of Qj {Of g} is an 
Abelian group whose order divides nm. 

Ex. 10. If jp divides the order of an Abelian group 0, G 
contains at least one element whose order is a multiple of jp. 

§ 3. The elements g^, g^, g^y ... are called i7idq)ende7U if 
no one of them can be expressed as a product of any number 
of the rest ; Le. if ^^ is not contained in 

for any value of i. In this case fl^i)fl^2'S^8> ••• ^^ called inde- 
pendent generating elementa or generators of {flfi, 5^2,5^3 >•••}• 
A group is said to be given abstractly when we know the 
number of elements it contains and the way in which any two 
combine. These data are evidently completely given when 
we know a set of generating elements and the equations 
connecting them; so that a group is given abstractly by 
a set of generating elements and certain independent (and 
mutually consistent) relations which they satisfv. It is in ' 
this way that a group is usuaUv defined. Thus, for example, 
* the gi*oup a* = 6* = c* = (abr = 1, oc = ca, 6c = c6 ' means 
'the group {ayhyC} generated oy the elements a, &, c of orders 
4y 2, 2 respectively which are connected by the relations 
{abY = 1, oc = ca, l&c = c6 *. 

Two groups Oy 0' with the same number of elements com- 
bining according to the same laws are considered as being 
one and the same abstract group in the pure group-theory, 
as opposed to its applications. We may denote this by the 
notation = G' ; while G = G' would imply that and C 
contained the same elements and were absolutely identical. 

Two groups containing the same number of elements of 
order 2, the same number of order 8, the same number 
of order 4,,.. are called ccnformal. 
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Ex. 1. Show that the group of V l^ is generated by a, c where 
a^z=z(^=z {acY =1, or by c, d where (?=id^=: {cdY = 1. 
Ex. 2. Find generating elements of the groups {jl\ (iv), (v), (viii), 

(x) of Via. 

Ex. 8. Construct a multiplication table for the group 
a^ = 62 -. 1^ db=ila, and for a* = 1, 6* = a^, a6 = ha\ 

Ex. 4. The groups a** = 6* = {cibf = 1 and a« = 6« = {ahY = 1 
are abstractly identical and are of order 2fi. 

Ex. 5. The groups a? = &» = {abf = 1 and a» = 6^ =(a5)8 = 1 
are abstractly identical. 

Ex. 6. Find the group generated by the permutable permuta- 
tions (1284)(5678) and (1688)(5274). 

Ex. 7. Show that (i) reflexions in two planes, (ii) rotations 
through ir about intersecting lines, (iii) inversions in two circles, 
inclined at an angle ir -f- n generate a group of order 2fL 

Ex. 8. Use Ex. 7 (i) to show that exactly 8 angles are found by 
taking the supplement and complement of a given angle, the 
supplement and complement of the angles so obtained, and so 
on; angles being considered identical when they differ by a 
multiple of 2ir. 

Ex« 9. Any element permutable with a, &, e, ... is permutable 
with every element of {a, &, c, ... }. 

Ex. 10. If each pair of generators of a group O is permutable, 
Q is Abelian. 

Ex. 11. Prove that the followiug sets of elements form groups 
of order 4 which are identical when considered as abstract 
groups : — 

(i^ The permutations 1, {xy){Biio\ {pce){yw)j {xu)){ye\ 

(ii) Rotations through and ir about three perpendicular inter^ 
secting lines. 

(iii) Reflexions in two perpendicular planes and rotations 
through and ir about their intersection. 

(iv) Rotations through and ir about a line, reflexion in a 
perpendicular plane, and inversion about their intersection. 

(v) The substitutions a/ = ±Xi ± — 

(vi) The substitutions (±a?, ±y). 

(vii) The substitutions a/ = -> ^, — -^, where a, 

^ ' X yx—a ax^/iy 

/9, y are marks of any GF[y]. 

Ex. 12. Prove that the following sets of elements form groups 
of order 6 which are identical when considered as abstract 
groups: 

(i) The permutations 1, (xy£\ {xey^ {ifSf\ {0x\ (ay). 

(ii) Rotations through 0, -5-1 -^ about the origin and re- 
flexions in the lines jf = 0, jf = + VS j^ 9^ ^ VBx. 
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(iii) The Bubfititutions J^x, — , ^^^Zll', !?L', J??^, 

t»— a; X X x^m 

HI— wT. 

y 1\ /I a?> 



(iv) The fractional Bubstittttions (^ y), T-. -j, (-, -\ (y,a;), 

(? y)' (i' S' 

(v) The substitutions in the 0F[2] (a?, y), (a;+y, a;), (y, a?+yX 
(y, ii?)i (aj+y, y), (a;, a:+y). 

(vi) The substitutions in the OFIS] rc' = a?, a?+l, ir+2, 2a:, 
2a;+l, 2a;+2. 

(vii) The substitutions in the 0F[7] a?' = a?, ^ ^, — -^ , 

4 a; -hi 4a? -hS 6a? -hS 
4a?+8' 6a?+8' 4a?+l' 

(viii) The substitutions in the GF[11] a;^ = a;^ ^ ^ > ^ j, 

-i- ^ + ^ a?-h9 
8a?' 4a?+10' ^+10' 
(ix) The substitutions in the OFlS^] where P(a;) = a?> + 2a?+2 
,_ 4 2£+4 2 8a; 8a?-f2 

' 4a?+l' 4a? ' ? 2a? + 4' 4 

Ex. 18. Show that the groups (i), (iz), (xi) of Ylgi are abstractly 
identical and so are (iy) and (yi> 

Ex. 14. The groups o«* = 6* = 1, ab=^ha^ and a«« = 6* = 1, 
od = &a are conformaL 

Ex. 16. The groups o® = &" = (:•= 1, a6 = 6a*, ac = ca'', 
he = c& and a* = &^=:o^ = l, ab^ha, ac^coy bc^cb are 
conformal. 

§ 4. It may happen that certain elements of a group G 
taken by themselves form a group H, In this case H is 
called a subgroup of 0^ and is said to be * contained in G '. 

The simplest possible group is that which contains only 
the identical element. It is called the identical group, and 
is denoted by 1 if no confusion is caused thereby. In a sense 
any group 6 contains as subgroups both the identical group 
and itself ; but for the sake of conciseness in enunciating 
and proving theorems it is sometimes convenient to consider 
one or both of these as not included among the subgroups 
of 0. It will always be clear from the context whether they 
are included or not. 

The order r of any mbgroup Hofa group of finite order 
niaafadorofr^ 



68 SUBGROUPS [V 4 

Let 1, /L, %2> •••> ^r-i ^ ^® elements of iT. Let g^ be any 
element of not in iT. Then the elements 

are all distinct from each other and from 1, A^, h^f .••» K-v 
For A^gfi = hjQi would involve h^^hji and h^Qi = A^ would 

involve Qi = hf^hj which is in J3. 

Let ^2 be an element of not included in IT or fiigr]. Then 
the elements g^^ K9%* ^a^ss •••> ^r-ifl^2 ^^^7 ^ proved as 
before to be diistinct from each other and the elements of 
H and Hg^. 

Proceeding in this way we may show that each element 
of G is included once and only once in a finite number of 
sets Hy Hg^yHg^t ... ; which proves the theorem. The integer 
J = 71 -r ris called the index o{ Hia 0. 

The sets JT, Hg^^ Hg^^ ..., Hgj^^ may be called partitions 
of Q with respect to H. The decomposition of Q into these 
partitions may be expressed by the identity 

where none of the ^'s is in J7 ; or, if we prefer it^ by 

where one and only one of the ^'s is in IT. The decomposition 
is unaffected by substituting hg^ for ^g., where h is any 
element of H. 
Similarly we may show that we have the identity 

= H+y^H+y^H-^ ... +yy-i5, 

or G = yijff+y,ff + ... +yyfir. 

Ex. 1. Li the group G = {a, (, c] of V2i where 

a* = 6* = c* = (oJ)* = 1, ac^ca^ 6c = c6, 
the sets of elements 

-H'=l + 6+c+c6, JTHl + a+a^+d?, Z= l+a^+c+ca^, 
JJf = l+a2+i + 6a«, 2V'=l + a+a2+a3+6+&a+&a*+6a8, 
= l + a*+6+6a*+c+oo^+c6+c6a*, &c. form subgroups. 
We have 

G = -ff+-Ha+-HaH-ffa«, 6 = JT+JEft+JTc+JTcft, 
e = Z+ia+i6 + i6a, ff = Jtf+Jtfa+Jtfc+2tfba, 
e = -y+^c, G=0+Oa, &c 
Ex. 2. Any set of elements of a finite group Q which satisfy 
condition (1) of § 1 also satisfy condition (2) and form a subgroup. 
Ex. 8. The powers of any element of a finite group form a 
subgroup. 
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Ex. 4. The order of every element in a group of order n is 
a factor of n. 

Ex« 5. The only groups not containing a subgroup are those 
whose order is a prime. 

Ex. 6. n = Hgi-\-Hg2+Hg^+ ..., 

Ex. 7. It is not always possible to divide a given group into 
partitions Hg^ Hg^f Hg^f ... with respect to a given subgroup H 
in such a way that g^ g^y g^, ••• form a subgroup of O. 

Ex. 8. The p-tii power of any element of a group is contained 
in every subgroup of index p. 

Ex. 9. If H and K are groups of orders X and /i, the order n of 
{H, K\ is not necessarily finite. If n is finite, n is a multiple 
of the L. C. M. of X and /i. 

Ex. 10. If ^, £* are subgroups of a group 6, (i) {H^ K} is 
a subgroup of & ; (ii) & = {H, K} when the order of G = the 
L. C. M. of the orders of H and K. 

Ex. 11. The elements of a group G permutable with every 
element of form an Abelian subgroup. 

Ex. 12. The elements of permutable with any given element 
(or with each of a number of given elements) form a sul^B;roup. 

Ex. 18. {^1, g^f ..., ^/} i« a subgroup of {^i, ^2> •••> ff/t —i ffk)* 

Ex. 14. Every subgroup of an Abelian group is Abelian. 

Ex. 15. Those elements of an Abelian group whose orders 
divide a given number form a subgroup. 

Ex. 16. Those elements of an Abelian group which are g-th 
powers of some other element of the group form a subgroup. 

Ex. 17. The elements of finite order in an infinite Abelian 
group form a subgroup. 

Ex. 18. The elements common to two or more given groups 
form a subgroup of each. 

Ex. 19. (i) A group of permutations containing an odd per^ 
mutation, (ii) a group of movements containing a rotatory-inversion, 
(iii) a group of homogeneous orthogonal subistitutions containing 
a substitution with negative determinant, contains a subgroup of 
index 2. 

Ex. 20. The group of rotations bringing a cube to self-coincidence 
contains as subgroups the group of rotations bringing to self- 
coincidence (1) a regular tetrahedron, (ii) a right equilateral 
triangular prism, (iii) an ellipsoid. 

Ex. 21. The group of V IgiO) contains as a subgroup the group 
of V8ii(i), Vl2i(Tij) contains VlgiCvi) and V8ii(t), and Vl2i(ix) 
contains V8ii(vi> 

Ex. 22. In' Ex. 1 divide N and into partitions with respect 
to 1 + a^ and 1-1-6. 

Ex. 28. Divide the group of permutations {(12), (1234)} into 
partitions with respect to J7 = {(12)(84), (18)(24)}. 
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§ 5* The Bunplest finite group other than the identical 
group is the group H {a) of order n composed of the 
powers a, a^ ..., a^ of a single element of order n. Such 
a group is called a cyclic or cyclical group. It is Abelian, 
since a^ajy = o^a*. 

Let a' be the lowest power of a contained in any sub- 
group H of &, and let a^ be any other element of H, where 
{k-^Vj8>xt,k8 {k being a positive integer). Then since 
a^-ks IS in jff, a; = J». Hence the elements of S are a',a^', a^, .... 
Therefore contains a single subgroup {a*} of index 8, when 8 
is a factor of n. 

Ex. 1. Verify the fact that {a*} is the single subgroup of index 
s in {a}f taking a as (i) the circular permutation (1 2 ... n\ (ii) a 
rotation through 2ir -^ n* 

Ex. 2. Every subgroup of a cyclic group is cyclic 

Ex 8. Two cycUc groups of the same order are abstractly 
identical. 

Ex. 4. A cyclic group is abstractly identical with any conf ormal 
group. 

Ex. 5. Every group of prime order is cyclic 
. Ex. 6. Show that (i) {a} = {a*} if t is prime to fi, (ii) {a^} 
is a subgroup of index d in {a} if d is the H. C. F. of n and r. 

Ex. 7. A cyclic group {a} of order jf^ contains (i) jp^ elements 
whose orders divide i?^(r < a), (ii)jp^~^(p— 1) elements of order l)^ 

Ex* 8. (i) A cyclic group of order n contains m elements whose 
orders divide a given factor m of n, and <t> (t^*) elements of order m, 
(ii) A group witti x cyclic subgroups of order m contains x4>{in) 
elements of order m (see footnote on p. 82). 

Ex 9. Every Abelian group whose older is a multiple of p 
contains an element of order |>. 

Ex 10. Every Abelian group whose order is the product of 
distinct primes is cyclic 

Ex* }!. If the orders of a, b are X^ fi and their orders relative 
*o Wt W are a, A while 6^ = o*" ; (i) A -f- a = fi -r A (ii) a is 
theH.G.F. ofXandr. 

Ex 12. If in Ex 11 db=^h(i, the order of ab is xfi, where x is 
the smallest integral solution of fl;(r+/3) = (mod A). 

Ex 18. Find tiie order of od when (i^ a^' =1^5''=: a*, db^^ba^ 
(ii) a^ =1, &^ = a^ ab^ba. Find also the order of a relative 
to {b}. 

Ex 14. In a OF[jf] (i) the p integral marks combined by 
addition, (ii) the powers of any mark combined by multiplication, 
form a cyclic group. 

§ 6. If git g^t g^i ••• are the elements of a group 0, the 
tnuisforms of g^ g^^ g^^ ... by any element a form a group 0\ 
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This follows at once from the fact that if 

9i9j = 9k^ «"^ 9i<^ • ^'^ 9j^ = <^''^9i9j^ = or^9k^' 

We denote G' by a~^ 0a and call it the tramform of by 
a ('result of transforming & by a'). H 0\ contain the 
same elements, i.e. are one and the same group, a is said to be 
permiUable with 0. 

If we transform any element A of & by every element of 
and obtain thus the distinct elements A, ^i ^» ••• <^ con- 
tained in 6^ ; A, A|, %2> ••• c^ro called the coryugcUes of A in 17. 
They are idso the conjugates of h^. For if Qug^, ••• are 
elements of such that 

9r^^i = K 9%"^^% = ^> •••» 
then 

and so on: while conversely any conjugate of h^ such as 

"'^.9a;= (9i9x)''^M9i9x) ^ * conjugate of A. Similarly 

Aj, ^, ••• are the conjugates of ^, A3, ••.. For this reason 
A, A|, A,, ••• are spoken of as a conjugcUe set of demerUa in 0. 

Since fl^r^^"'^fl^<='^r^ when hi^gf^hgi^ we can easily prove 
that A~S Ai~*\ A,"^^, ... are a conjugate set of elements in 
if A, Aj, ^2' ••• ^^ A conjugate set. The two sets are called 
inverse conjugate sets. If the two sets coincide (i.e. h"'^ is 
conjugate to A), A, A^, Aj, ••• is called a sdf-inverse conju- 
gate set. 

As before, if we transform any subgroup jET of & by every 
element of Q and obtain thus the distinct ^ups K^K^^H^^ ... 
which are all subgroups of 6^; Hy iT., iT^, ••• are the con- 
juaates of HmG, while JT, J7x> S^i ••• lorm a conjugate set of 
smgroups. 

Ex. 1. For example, (i) the elements of a* = &' = {aby = 1 
form the conjugate sets 1, a^ a-^-a^ h+ha^y ha-^-hcfi each set 
being self-inversa The subgroups 1 + 6 and 1 + ha^ form a 
conjugate set (ii) The elements of a^ = 5^ = 1, ab = ha^ form 
the conjugate sets 1, a-^a^-k-d^ and a^+cfi-^a\ b-j-ba-^ha^+ha^ 
-^ha^-^ha^ + ha^ and ft^ + fe^o? + 6W + 6«a« + 6«a» + 6«a + 6«o\ 
The subgroups {6}, {6a}, {6a«}, {6a«}, {6a'}, {6a^}, {6a«} form 
a conjugate set. 

Ex. 2. Any transform of a group G^ is the same as O when 
considered as an abstract group (&' = 0\ 

Ex. 8. Every element or subgroup of a conjugate set has the 
same order. 
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Ex. 4. a5 is conjugate to ha ia {a, (}• 

Ex. 5. If 6 is a group of order n and a is any element 
permutable with O, the order of (6^, a} (i) is np if a is of order |>, 
(ii) divides ng if a is of order q. 

Ex. 6. Every element conjugate to % in a group 6 is of the form 
hCf where c is the commutator of two elements of G, 

Ex. 7. If h^ is conjugate to % in 6 (i) a is prime to the order 

m of h; (ii) *« h^, h^, ... are aU conjugate to h; (iii) }^% 

^Oj, ^*°3, ... are the powers of h conjugate to ^* if A°i, h% hfhy 
... are the powers of h conjugate toh; x being prime to m. 

Ex. 8. If an element of order m is conjugate to ^ of its powers, 
^ is a factor of <f>{in) (see footnote, p. 82). 

Ex. 9. If a subgroup H otQ contains no two elements conjugate 
in &, £r is Abeli^ 

Ex. 10. ^"^{a, 6, Cy '-Ag= {gr^agy g'^hg, g'^cg, ...} and 
g"^ {A, B, C, ... } ^ = {g'^Ag, g'^Bg, g'^Cg, ...} ; a,hyCj ... being 
any elements, and Jl, £, C> ... any sete of elements. 

Ex. 11. If ^ is a subgroup of O^ a'^Ha is a subgroup of a~^ Ga, 

Ex. 12. If a'^ is the lowest power of a permutable with a group 
Qf r divides the order of a relative to 6. 

Ex. 18. If an element a of order p is permutable with a group 
G of order n, but is permutable with no element of G, (i) p is a 
factor of n-1, (ii) gg^g^ ... g^^i = {jga'^Yo^, (iii) gg^g^ ... g^^i = 1, 
(iv) a is permutable with {^i, g^^ ..., ^p-i}, where g is any 
element of G and ga* = a^g^. 

Ex. 14 If the order of each element of a group is 1 or 8, each 
element is permutable with every conjugate. 

Ex. 16. If each element of a group G is permutable with every 
conjugate, (i) the commutator of any two of the elements is 
permutable with both, (ii) tiiose elements of G whose orders 
divide a given odd number e form a sub^up. 

Ex« 16. A group G of even order contains self-inverse conjugate 
sets. 

Ex. 17. The group of V8xi(q is permutable with every per- 
mutation on the symbols x, y, e, w, 

Ex. 18. Find the conjugate sets of elements in the groups of 
Vlj, V 121(H) (w) (u), V2i, V83, and in the group a^i = l>« = 1^ 
ab = ha\ 

Ex. 19. Find the subgroups conjugate to 1+c in Ylx and to 
JBrinV4i. 

Ex. 20. Find the conjugate sets of elements and the subgroups 
conjugate to {ha} in a^ = &^ = 1, 05 = ha\ 

§ 7. If every element of a group G transforms an element g 
of G into itself, so that g is permutable with everv element of 
Ot g is called a normal, sdj-conjugaJte^ or vnvanard element 
of & (or * an element normal in ')• 




V r] NORMAL SUBGROUPS 68 

Similarly, if eveir element of transforms a subgroup H 
into itself, H is called a normal^ edf-conjugatey or invar%ai(U 
subgroup of & (or * a subgroup normal in 6 ). 

A group containing no normal subgroup (except itself and 
identity) is called a simple group. A group which contains 
a normal subgroup (i.e. is not simple) is called composite. 

If ^, h are two elements normal in 0, gh is normal in 0. 
For y being an element of 0,y.gh:=gyh = gh.y. Hence 
the elements normal in form a subgroup. This subgroup 
is called the central of or the 'group of elements sel> 
conjugate in G '. It is evidently AbeUan and normal in 0. 

Ex. 1. For example, l + a^+^ + ^a^ is a normal subgroup of 
the group a^ = &> = {dby = 1 of order 8. For the transforms of 
( and ha^ by 1, a^ h, ha^ are respectively h and hcfij and their 
transforms by a, a^, &a, he? are respectively ha^ and (; while 
1 and a^ are permutable with every element of the group. 
Similarly 1+a+a^+a'i l + a'+&a+&a^ are normal subgroups. 
The central of the group is 1 + a^. 

Ex. 2. Every subgroup of an Abelian group is normal. 

Ex. 8. If a cycUc group is simple, iin order is prime, and 
conversely. 

Ex. 4. If a group contains only one subgroup of a given order, 
that subgroup is normaL 

Ex. 6. If A+Ai+/^+ ... is a set of conjugate elements in 6, 
{h, hij h^f ... } is a normal subgroup of 0. 

Ex. 6. If ff = ^1+^2+^3+ — > Wi 9%^t 9^i •••} Ml ft normal 
subgroup of Q. 

Ex. 7. If a, &, c, ... are the elements of a group whose orders 
(]) are equal to^' (ii) divide a given number, {o^ &, c^ ••• } is normal 
in G. 

Ex. 8. If ^ is a normal subgroup of Q^ (T'^Ha is a normal 
subgroup of a'^Oa. 

Ex. 9. A subgroup of {a, &, c, ... } permutable with a, &, c, ... 
is normaL 

Ex. 10. If a normal subgroup Hot O contains a subgroup K of 
G, it contains every subgroup conjugate to K in G, 

Ex. 11. The elements common to two or more normal sub- 
groups form a normal subgroup. 

Ex. 12. A subgroup of index 2 is always normaL 

Ex. 18. If J7 is a normal subgroup of G, JET is normal in any 
subgroup of G containing H, 

Ex. 14. If Ci, c^ Cs, ... are the commutators of all pairs of 
elements of G, {C|, c«, C3, ... } is a normal subgroup of G. 

Ex. 15. If a cyclic group H is normal in 6, so is every 
subgroup of H. 

Ex. 16. If ^ is any element of O^Hgi-^-Hg^^-Hg^'^ ..., 
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where ^ is a normal aubgroup of G, (i) Hg^gH^ (ii) H-\-Hg 
+fl(^*+... is a subgroup of ff, (iii) Q^giH-\-g^H-^g^H+ ..., 
(iv) evew^ element of Hg^ . Hgj lies in the same puiition of &. 

Ex« ^D If ^ is a normal subgroup of Q and the order m of H 
is prime to its index in 0^ any element g otO whose order divides 
m is contained in H* 

Ex. 18. If H is a normal subgroup of {Q^ J7}, the elements 
of Q permutable with every element of H form a normal sub- 
group of O. 

Ex. 19. The central of a group Q only coincides with 6 if 6 is 

(Ex. ^. A normal subgroup of order 2 is necessarily contained 
in'ttie central. 

Ex. 21. If C7 is the central of G, (i) a'^Ca is the central of 
a~^ Qn] (ii) if 6 is normal in P, so is (7. 

Ex. 22. The order of the central C of a group 6 is r. Prove 
that: (i) If ^ is any element of Oy \Cj g] is Abelian. (ii) If 
99 S^f ^^ • • • Ai^ mutuidly permutable elements of Gy {C, g, ^^g^ •>•} 
is Abelian. (iii) If ^ is a subgroup of order pr mQ containing 
C> ^ is Abelian. 

Ex. 28. If the central of a group of permutations on m given 
symbols contains a circular permutation of degree f»— 1 or m^ the 
group is cyclic. 

Ex. 24. Every subgroup of the group a^ = 1, a^ = (pXf = V^ 
of order 8 is cyclic and normal. Its central is 1 + a^. 

Ex. 25. The subgroup l + &'+a^&^a+a2^a' is normal in 

o» = 6* = (a5y» = l. 

Ex. 26. {cfiy (&a)^, {(^Y) <^^ {^^ {^y] A^ normal subgroups 
of a« = 6« = {cPhf = (abf = 1. 

Ex. 27. Those substitutions of a group of homogeneous linear 
substitutions whose determinant is 1 form a normal subgroup. 

Ex. 28. The group of Vdii(i{) is a normal subgroup of V IgiCtr) 
and V8n(ri) of Vl2i(ix). 

Ex. 29. L is the central of the group G^ of Y 4^. 

Ex. 80. The square of any element not in {a) of a^ = &^ := 1, 
cb = ha^ is in the central of the group. 



§ 8. The demerUs of a group permutable with any given 
eUment h of form a mbgroup whose index ia equal to the 
TiAimher of dements conjugate tohin 0. 

If a and g^ are any two elements of permutable with A, 
^ • 9y^ gW^ 9^' ^» so that gg' is permutable with h. Hence 
the elements of permutable with h form a subgroup T^ 
which is called the Twrmalieer oigmO. 



^ 
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Let = r+rgfi + rflra+.... Then if gr is any element of r, 

(991)"^ H99d = 9f^Sr^J^9i = fl^r%< = f^i (say)- 

Therefore every element of F^^ transforms h into the same 
conjugate h^. 
Moreover, h^i^^hj unless i =^': for if h^zizhj^ gf^ hg^ = gf^hg^ 

and therefore h.g^gr^ = g^gr^.h; which is only possible 

if g^ = gj. Hence the index of P in 6 is equal to the number 
of elements conjugate to h (inoludinff h). 

Let Fj be tJbe subgroup formed by the elements of G 
permutable with h^. Then F^ = gr^"^rgr^. For if a is an 
element of such that a'^h^a = h^, cb'^gc^hgia = gr^hg^, 
and therefore h . giogf^ = gi agf^ . h. Hence g^ agf^ is in F, 
and therefore a is in g^^^ Tg^. 

Ex. 1. For example, in the group G of ¥4, the subgroup of 
index 2 is the normaliser of h, while h + lxr is a conjugate set 
of elements in G. 

Ex. 2. When h is normal in 6, F = G. 

Ex. 8. c'^Tc is the normaliser of C^hc in C^Gc 

Ex. 4. F is a subgroup of the normaliser F^ of h^. If a? is 
prime to the order of A, F^ = F. 

Ex. 5. Prove a result similar to that of § 8 when h is not in G. 

Ex. 6. If an element a of order 2 is permutable with a group 
G but with no element of G (except 1\ (i) every element of 
{Gf a} not in G is of order 2, (ii) a transforms every element 
of G into its inverse, (iii) every element of 6 is of odd order, 
(iv) G is Abelian. 

Ex. 7. If exactly half the elements of a group G are of order 
2 and the remaining elements form a subgroup, this subgroup 
is Abelian of odd order. 

Ex. 8. Find the normaliser of h in the groups of Y li, V83, Y61, 
and in a* = 6' = 1, 05 = ba\ 

Ex. 9. Find the normalisers of {xjsuyw) in Vl2i(U)i of a/ = - 
and a^ = f - — z in V Ijicri), and of (y, «) in V l2i(ix> 

§ 9. The demente of a group G permutaMe with a Bfwhgrowp 
H form a subgroup of whose index in G is equal to the 
number of subgroups conjugate to Hin G. 

These statements are proved by putting H for A, H^ for h^ 
in § 8. As before F is called the normalUer of HiaG. 

u H^=^ gf^ Hg^ is one of the subgroups conjugate to 
J7, gf^^gi is the subgroup formed by the elements of G 
permutable with H^. 

maaom f.o. F 
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Ex. 1. For example, the normaliser of {a} in the group 
a^ = b^ = (a&)^= 1 of order 24 is the Bubffroup {a, b^aH} of 
order 6. The subgroups conjugate to {a} are {a}, {¥ab}y 
{6«a6«}, {balfi}. 

Ex. 2. When H is normal in G, F = 6. 

Ex. 8, c'^Te is the normaliser of C^Hc in c"^6c 

Ex. 4. r contains ZT normally, and eyery subgroup of G 
containing H normally is a subgroup of P. 

Ex. 5. If r is the order of the normaliser of an element h of 
order m in 6, the order of the normaliser of {^} is r x a factor 
of <^(m). 

Ex. 6. Prove a result similar to that of § 9 when 2f is a group 
not contained in O. 

Ex. 7. If n is the order of a group, the number of elements 
conjugate to any given element or of 'subgroups conjugate to 
a given subgroup is a factor of fi. 

Ex. 8. The central of a group of order j^ ^ 1. 

Ex. 9. The normalisers of a set of conjugate elements or 
subgroups form a conjugate set. 

Ex. 10. No subgroup of O can contain an element from every 
conjugate set of elements in Q. 

Ex. 11. If A is an element of order |>f in a group O whose order 
is prime to p— 1, the normalisers of h and {h} in G are identicaL 

Ex. 12. If the set of subgroups H, H^ H^f ••• conjugate to H 
in G is also a conjugate set in £*= {H, J7|, H^f ...}, then every 
element of 6 is in KTy where T is the normaliser of jS* in G. 

§ 10* The dements common to two or more groups form 
a subgroup of each group. 

For « . .«d i ^ bo* conW«.d in e«h of U,. g^p., 
BO IS ah. 

This subgroup is called the greatest comm^m subgroup 
(G.C. S.) 01 the given groups. 

Ex. 1. For example, in V 4} the O. G. 8. of iVand is M; and 
of JT, A Jtfisl+a^. 

Ex. 2. In what case does the O. G. S. of 6 and H coincide 
withlf? 

Ex. 8. The order of the G. G. S. of two or more groups is a factor 
of the H. G. F. of their orders. 

Ex. 4. The G. G. 8. of a sul^roup of H and a subgroup of K 
is contained in the G. G. 8. of H and K. 

Ex. 6. If DistheG.aaof G,^, JS; ...,g'^Dg istheG.G.S. 

<rf y"*fi^> ff'^^Sfff g'^^fff ...• 

Ex. 6w Two groups have only identity in conmion if their 

Olden are prime to one another. 
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Ex. 7. Two groups have only identity in common if one is of 
prime order and is not a subgroup of the other. 

Ex. 8. U H, K are subgroups of Q, and H is normal, the 
G. C. 8. (D) of £r and JT is normal in K. 

Ex. 9. Find the G.C. S. of (i) ^Uii^ ju); (ii) VIjKti) and the 
group generated byaj'=l-ra;, i'ssia?; (iii) H, itf, and i^in Y4i. 

§ 11. If H^ K, i, ... are Tiormal subgroups of a group G, 
their greatest common subgroup D arid {E/k/L^ •..} are 
normal subgroups of 0. 

If 9 is any element of &, a*^ Dg is evidently the greatest 
common subgroup of ff^^Eg, ST^^g^ 9"^!^^ .... i.©. of 
H, K,Ly .... Hence g^^Vg = A <ui<l D is normal in 0. 

Affain, evidently g'^ [H, K, i, ...} a = {g'^Hg, g'^Kg, 
g'^Lg,...} = {H,K^L, ,..} ; so that {HyK^L, .•.} is normal 
in(?. 

Ex* 1. In y 4i JT and M are normal subgroups of G, Hence 
their G. C. a l + a* and JV = {JT, ilf} are normal in O. 

§ 12. If Hi K, i, ... are a conjugaJte set of svhgroups in 
a group (?, their greatest common subgroup and { JS, Jf, i, ... } 
are nc^rmal in 0. 

Let g be any element of 0. Then no two of the groups 
g-^Hg.g'^^Kg, g'^Lg^ ... are identical; for H^K if g'^Hg 
= g'^Kg, Hence these groups are the groups H^K^L^ ... in 
some order or other. The theorem then follows as in § 11. 

Ex. 1. In y4i H and l + &a'+c4-cto' are a conjugate set of 
subgroups in Q. Hence their G. G. S. 1+c and = {J7, 1 + ^' 
+ c + cha^} are normal in O. 

Ex. 2. If D is a normal subgroup of contained in a subgroup 
^, D is contained in every subgroup conjugate to H. 

Ex. 8. If ^y J^i, ^2> ••• <^^ A conjugate set of subgroups in 
Q\ K, Ki, K^f ... are a conjugate set, and so on, the G. G. S. 

of S, Sly li^J •»»y Kf K^y K^y ...y ... aUd {ZZ| ^X» S^y ...y Ky 

Kiy JTjy ..., ...} are normal subgroups of 0. 

Ex. 4. Any simple group G can be generated by a conjugate set 
of elements of prime order. 

§ 18. IS Oy H are finite groups of orders m, n^ and the 
m,n elements OH are the same as the mn elements HOy except 
possibly as regards arranp^ement (§ 2), and H are said to be 
permAjUable, and {0,H] iB called Sk decomposable group. It is 

F2 
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readily seen that every element of {0^ S} is included among 
the elements OH = HO. 

If and H are two permutaUe groups of orders m and n, 
whUe the order of their greatest common eubgroup D isi and 
of [0, H} is X, mn = Kb. 

Suppose ir = i)Ai+2)A2 + i)A3 + ... . Then 

{0,H} =GAi+GAj + GA3 + .... 

For every element of {0^ H} is included among the 
elements OH, i. e. among ODh^ + GDh^ + ODh^ + • . . » i e. among 
Ghi+ Ohn-\- Oh* + .••• Again, Ohj and Ohj have no element in 
common, since otherwise h^hf^ would be contained in both 
H and and therefore in D. 

Hence X = m x (n -r ^) or mn = X8. 

Ex. 1. For example, in Y 4^ the groups L and M of order 4 
are perq^table, their O. C. S. 1 + a' is of order 2, and = {Z, M} 
is of order 4x4-^2 = 8. 

Ex. 2. A norxnal subgroup of any group is permutable with 
every other subgroup. 

Ex. 8. If a group is permutable with each of the groups Of 
Hj Ky ...y it is permutable with {&, JET, Ky ...}. 

Ex. 4. (i) If O and H are two groups of orders m and ny while 
their O. C. 8. (D) is of order h and {Oy H} is of order X, mn < kd, 
(ii) If tnn = Xby O and H are permutable. 

Ex. 5. Two subgroups ^, £* of a given group O are permutable 
if their indices are (i) prime to one another, (ii) both =p. 

Ex. 6. II Oy H are permutable subgroups of orders q^Ty qVr in 
a group of order g'r, q being prime to r, the order of their G. C. S. 
is divisible by r. 

Ex. 7. If &, H are two permutable groups of orders g^r, qysy 
where each of ^ r, « is prime to the other two, {&, H} is of 
order ^rs. 

Ex. 8. The G. G. S. (D) of two permutable groups Ay B ib per- 
mutable with any group C contained in B and permutable with A, 

Ex. 9. UHy K are normal subgroups of O such that H is not 
contained in a normal subgroup of O and does not contain Ky 
O is decomposable. 

Ex. 10. If ^, JT are subgroups of O such that H is normal, is 
not contained in any subgroup of &, and does not contain JT, ff is 
decomposable. 

Ex. 11. The groups H and N of Y4| and the groups of VBi 
are decomposable. 

§ 14. If the order a of a subgroup A normal in a group 
is prime to the index ti -f- a of A in Oy every subgroup of 
whose order divides a is contained in A. 
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Let B of order /9 be a subgroup of G such that /9 divides a, 
and let A, d be the orders of {A, JB} and the fi;reateBt common 
subgroup D oi A and B. Since A is normal in 6, A and B 
are evidently permutable ; and hence afi = \h. 

Now {il, J9} is a subgroup of 0^ so that X divides n. 

Hence ~ = - divides — • Ainin, ^ divides a since B divides a. 
Therefore ^ = 1 ; for it is a factor of a and n -f- a which are 



prime to one another. Hence D ooinddee with B\ i.e. £ is 
contained in A. 

Ex. 1. For example, the group a^<> = 6^ = 1, a6 = 6a^^ of order 
210 contains a normal subgroup {a} of order 70. Therefore the 
only subgroups of orders 2, 5, 7, 10, 85, 70 are respectively {a^^}, 

{«•*}, {«"}, {«n. {«*}, {o}. 
Ex. 2. 6 contains only one subgroup of order a. 

Ex. 8. Those elements of Q whose orders divide a form a 

subgroup of order a. 

Ex. 4. The — th power of any element ^ of is in il. 

Ex. 5. If & is normal in ZT, so is il. 

Ex. 6. If ^, i9, C, ..., 6, ^ are groups such that each is 
normal in the succeeding one, while the order of Jl is prime to 
its index in 6 ; Jl is normal in H. 

Ex. 7. If & is a group of order n = aic, where a is prime to 
K, every normal subgroup whose order divides a is contained in 
all the subgroups of order a in 0. 

Ex. 8. ^e order of a subgroup H is prime to its index in &. 
If r is the normaliser of J7 in &, F is its own normaliser in G, 

Ex. 9. The group a^ = &^ = 1, ah^hc? contains a single 
normal subgroup of order 2, 11, 22. 

Ex. 10. The group a*« = 6'' = c^ = 1, a5 = 6a^ ftc = c6«, oc = ca 
contains only one subgroup of order 848, and one non-cyclic 
Abelian subgroup of order 49. 

Ex.11. The group a« = 6^ = <? = 1, ab-hcfi, hc-cV^^ 
ac = ca^ contains only one subgroup of order 801 and one of 
order 48. 

§ 15. If each element of a group G is permutable with 
every element of a group J7, and &, H have only identity 
in common ; {0, H] is called the direct product of G and H. 

More generally, if 6|, G^' ^3> ••• ^^^ groups such that for 
each value of i P = {6^^, G^, G^y ...} is the direct product 
of G^ and {G^, G^, ..., G^.j, (?<+i, .•.}, P is called the direct 
product of the component groups G^ G^^ G^^ 
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Ex« 1. For example, the group G of Y4i is the direct product 
of N and l+o* 

Ex. 2. The order of a direct product is the product of the 
orders of the component groups. 

Ex. 8. The component groups are normal in their direct 
product. 

Ex. 4. A direct product is ' decomposable '• 

Ex* 6. If {Q'U ^8» •••! -^19 -^2 > "*l ^l9 ^i9 ***' ***} ^ ^^^ 

direct product of Gtf 0^$ •••y -^i^ ^2* **m -^i* ^^y •••! •••> ^t is 
the direct product of {Oi, Gp ... j, [Hi, •B29 ••*}» {-^d -^2* •*•}* 

Ex. 6. The central of a direct product is the direct product of 
the centrals of the components. 

Ex. 7. If two groups contain respectively r and 8 sets of 
conjugate elements, their direct product contains n sets. 

Ex. 8. If ^ is an element of order qr^ q being prime to r, {g} is 
the direct product of {sfi} and {^}. 

Ex. 9. In how many ways can a cyclic group of order 1260 
be expressed as a direct product? 

Ex. 10. The direct product of Abelian groups is Abelian. 

Ex. 11. In an infinite Abelian group G the elements of finite 
order form a subgroup H and the elements of infinite order form 
(with 1) a subgroup K, while' G is the direct product of H and K. 

Ex. 12. An Abeuan group G of order j^ eadi of whose elements 
is of order |> or 1 is the direct product of a cyclic groups of 
order p. 

Ex. 18. If 6 is the direct product of groups A^ B, C, .,. whose 
orders are relatively prime, and the G. C. S. of A and a subgroup 
O' of is A\ of i? and G' is JT, of Cand G' is C, ..., G' is the 
direct product of A\ B', C\ ... . 

Ex. 14. The semi-group formed by all positive integers, the 
law of combination being ordinary multipUcation, is the direct 
product of the semi-groups {1}, {2}, {8}, {5}, {7}, {11}, .... 

Ex. 16. The group a^ = &P=l, ab^ha iB the direct product 
of any two of the groups {a}, {&}, {ab}^ but not of all three. 

Ex. IS. In V4i the groups J7, Z, i(f , are direct products. 

§ 16. Suppose that two groups G, T are so related that 
to each element y of F corresponds one or more elements 
</> 9^ if\ ••• of 6, while reciprocally to each element g o{ G 
corresponds one or more elements y, y^ y^, ... of F. Suppose, 
moreover, that if g^, gj are elements of G corresponding to 
elements y^, yj of F, g^gj is an element of G corresponding 

to Yiyj in F. Then G and F are said to be isomorphic. 

If G a^\d F are isomorphic groups^ the dements of G 
cori'tspoHdiiyj to identity in Tform a normal subgroup of G. 



I 
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^ 9v 92 ^^^ Any two saoh elements of &, QiQ^ corresponds 
to 1 . 1 = 1 in r. Moreover, g being any element of 0, 
9'^9i9 corresponds to y"^l y =: 1 in r. Hence the theorem 
follows. 

If and r are isomorphi^c groupe^ ani L of order lis the 
sfuhgroup formed by the el^nerUs of correepondina to identity 
in r, I elemerUe of correspond to ea^sh element ojT. 

For if gi^ gj correspond to the same element y of r, gf^gj 
corresponds to y^y = 1 in r, and hence gf^gj is in Zl! 
Therefore the elements corresponding to y are the I elements 
Lgi{=g^L). 

If I elements of correspond to each element of F, and 
A elements of F to each element of 0, and F are said to 
have an (Z, A) isomorphism with each other. The most 
important case is that in which 2 =: A = 1. In this case 

and F are called simply isomorphic (' holohedrally isomor- 
phic'). Two simply isomorphic groups are not distinct 
abstractly speaking. 

Another case of importance is that in which A =: 1, bat 

1 >\. Here only one element of F corresponds to each 
element of &, and the order of & is 2 times the order of F. 
is said to be multiply isomorphic with F (or F 'mero- 
hedrally isomorphic' with 0), 



Ex. 1, For example, the group {6) a^ = b' = 1, ab^ha^ and 
the group (F) c'' = d^ = 1, ed^d^ have a (48, 7) isomorphism ; 
L and A being {a} and {o} respectively. To the elements 
Va^(x^lj 2y ..., 48) correspond the elements crcy(y = ly 2, 
... , 7) and to d^c^ correspond Jfa^. 

£x. 2. A group is simply isomorphic with any transform. 

£x, 8. Two simple isomorphic groups are simply isomorphic 

Ex. 4. Two groups simply isomorphic with the same group are 
simply isomorphic with one another. 

Ex. 5. If (r is simply isomorphic with Q and V^ with F, while 
O and F have an (2, A) isomorphism, so have Q' and F'. 

Ex. 6. Every Abelian group may be exhibited as simply 
isomorphic with itself by making each element correspond to 
its inverse. 

Ex. 7. The group 6 of Y 4^ is multiply isomorphic with that 

ofV8n. 
Ex. 8. The groups a^^ = 6* = 1, iib^lHjfi and c^a = cJ« = 1, 

cd=^dd^ have a (22, 98) isomorphism. 

Ex. 9. The groups of V 14xo> n have a (49, 48) isomorphism. 
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§ 17. If H is a normal subgroup of Oao that 

then the paHUions Hg^^ Hg^, Egp, ..• Tnay be considered as 
the elements of a group which %s complddy defined when 
and H are given. 

We have first to show that these partitions may be looked 
upon as elements, i e. that they have a unique law of com- 
bination, &c 

Let ^, ^, h^y ... be the elements of H, Then h^g^.h^gj 

is an element of the same partition {Hgjg , say) as g^ gj . For 
since H is normal, gihygf^ is in fi" (= A,, say). Hence 
K9i^p9j = KQi^pQi'^Qi 9j = KK9i9j > which is in Hg^g^ = Hg^^ . 

Hence if we denote the partitions bv y^, ygi Vs' ''m the y's 
obey a unioue law of combination dennea by y^yj = y^ and 
a similar relation for each pair of y's. 

The y s also obey the associative law. For if every element 
of Hgi . Hgj is in Hg^^ and every element of Hgj . Hg^ is in Hg^^ 

the elements Hgj^ . Hg^ and the elements Hg^.Hg^ lie in the 

same partition, since the elements of obey the associative 
law. Hence yj^ yj = y< y^ or (y^ y^) y^ = y^ (y^ y^). 

Finally, if g^ is that one of the gr's which is in Hy and 
Hg^ is the partition containing gr^~\ yi'=^ytyi'=^yiy^ *^^ 
y« == yiyu = y^yi^ Therefore y^, y^, yg, ... may be treated 
as elements according to the definition of 1 1, y^ being the 
identical element and y^ the inverse.of y^. 

This set of elements evidently forms a group; for the 
product of any two of the elements is contuned in the set 
and the number of elements is finite. 

The group formed by the y's is called the quoiierd of Ohj H, 

and a fa^ctor-group of 0. It is denoted by 0/H or -^, and is 

of fundamental importance in the theory of groups. It is 
evident that is multiply isomorphic with 0/H, the elements 
of H corresponding in G^ to identity in O/Hy and the elements 
of ^gr^ correspondmg to y{. 

In the above reasoning f is a normal subgroup of &. If ^ 
is a subffroup of but not normal, 0/H denotes the same as 
6/2), where D is the normal greatest common subgroup of all 
subgroups conjugate to H in {^ 12). The symbol 0/H is, 
however, very rarely used unless H is normal in O. 

Ex.1. InVii e = i+ia+i6+2»a = yi+y2 + y8+y4(8ay). 
Kow o^ h^f {laf are in y^, Va and bob are in y^, aba and 
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ba' are in y^, ab and Im are in y^. Hence the partitions y,, 
yj, yj, y4 may be considered as elements combining according 
to the mnltipUcation table. 





yi 


yz 


y^ 


y^ 


y/ 


y/ 


yz 


ys 


y^ 


yz 


yz 


y/ 


Xr 


y^ 


y^ 


ys 


y* 


y/ 


yz 


^ 


y^ 


y^ 


yz 


y/ 



Therefore 0/L is the group of Y Sn. 

£x« 2. H and 0/H in § 17 do not define G. 

Ex. 8. (i) The order of G/H is the index of IT in ft (ii) If H 
is of prime index, G/H is cyclic 

Ex. 4. If ff = H-^-Hg-^-H^^- ... , G/H is cydic. 

Ex. 5. G/H^a-^Ga/a^^Ha. 

Ex« 6. If the order of an element g m G ib m, the order of 
the corresponding element y of G/H is a factor of m. 

Ex. 1, IIH and K are conjugate subgroups of a group A, while 
H is normal in G and & in ii, £* is normal in G and G/K = G/iT. 

Ex. 8. A factor-group of an Abelian group is Abelian. 

Ex« 9. If If is a normal subgroup of G such that G/H is 
Abelian, H contains the commutator of any pair of elements of ft 

Ex. 10. If (r is an Abelian group of order n, the elements of G 
whose orders divide a factor m of fi form a subgroup JET, and 
G/H is simply isomorphic with the subgroup of G formed by 
the 9fi-th powers of all the elements of G. 

Ex« 11. (i) If &, 6^' are isomorphic and Z, L' are the subgroups 
of Gj G' corresponding to identity in G'j G respectively, G/L 
and G'/L' are simply isomorphic, (ii) If two groups have an 
(2, T) isomorphism, their orders are in the ratio \ :V. 

Ex. 12, If ITj is a normal subgroup of 61, H2 of G29 ••m while 
{Gif G2f •••} is the direct product of Gif ft, ..., 

{GijG2t'*.}/{Hi,H2,..>} . , rv /TT 

is the direct product of groups simply isomorphic with Gi/Hi, 

W18.* In § 18 {G, H}/G = H/D. 

Ex. 14. If eis the group a* = 1, a« = (a5)« = 6« and ir=l + a^ 
find G/H. 

Ex. 15. Knd {a, 6, c] / {oT, c}, where a^r^i^^ (a5)« = c« = 1, 
ac^ccL, hc^dbm 

Ex. 16, Find {a, 6}/{a«} and {a, 6}/{a"}, where a^* = 6» = 1, 

Ex. 17. Find {a, i\/{iff), where «»»» = 6^ - i, at = W. 
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§ 18. If His a normal mbgrtrnp of ff, to each subgroup A 
of r = 0/H corresponds a subgroup L of containing jET, 
such that A = L/H. If A is normal in T^ Lis normal in 
and 0/L = r/A. 

Retaining the notation of § 17, if y^, v^ are any two elements 
of a subgroup A of T, eadi element oi Hg^^ . Hgf, corresponds 
to yaYb' B^oe the elements of corresponding to the 
elements of A form a subgroup L of &, such that L contains 
ir and A = X/iT. 

Again, if y"^y^y is in A, where y is any element of r, 
g'^^.Hg^.g is in Z, where g is any element of 0. Hence 
if A is normal in F, X is normal in 6. In this case 
if r = Ayi + Ay2 + Ay3+.,, and evenr element of Ayj.Ayj 
is in AyjL, every element of Lgi.Lgt is in Zotl. Hence 
(?/Z=r/A ^ 

Ex. 1. For example, in Y^j to the 8 normal subgroups of 

J Of h, c\/ia^f c} correspond the 8 normal subgroups {a, c}, 
»*> bf c}, {a*, bOf c] of {a, 6, c} containing {a*, c}. (See V17i.) 
Ex. 2. To a subgroup L of G containing H corresponds a sub- 
group A of r. If 1/ is normal in &, A is normal in H and 

G/L = r/A, 

Ex. 8. If r is simple, H is contained in no normal subgroup 
of G ; and conversely, 

Ex. 4. If {H, K} is the direct product of If and K, 

{H,K}/H=:K. 

Ex. 6. If a normal subgroup L of G contains a subgroup H 
normal in G and G/H is Abelian, so is G/L. 

Ex. 6. If IT, JT are two normal subgroups of G whose G. G. S. 
is D, G/D contains two normal subgroups H/D^ K/D with only 
identity in common. 

Ex. 7. If the G. G. S. of two subgroups H and iT of 6 is D, and 
H is normal in G, G/H contains a subgroup JT simply isomorphic 
with K/D. If JT is normal in 6, JT is normal in G/H and 
G/{H, K} = (G/fO/ir. 

Ex. 8. Assuming that every group of order PiP2 ... Pt^iPt 
(where Pu p^, •••} i'f <u^ distinct primes in ascending order 
of magnitude) has a normal subgroup of order p^, prove 
that it contains a normal subgroup of order PrPr+i •••Pt ^^™' 
posed of all those elements of the group whose enters divide 

PrPr-^l •••Pt' 

§ 19. An Abelian group G whose order is divisible by 
aprime p coniaiTis an element of order p. 
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Suppose is generated by g^^ g^^ g^^ ... and let a^ be the 
order of g^t a^ the order of g^ relative to {a^}, a^ the order 
of g^ relative to {g^^ g^}^ a^ the order of g^ relative to 
{9iy 9%^ 9z}y c^^ ^ ^^ llien contains evidently 0^0303 ... 
(Ustinct elements 

9i^'9%^*9z^* ••• iPi == 1» 2, ..., a^; i = 1, 2, 8, ...)• 

Hence 0^0203 ... is divisible by p, and therefore one of the 

Suantities Oi, 02' °8* ••• ^^ divisiole by p. Sapix)se a^ is 
ivisible by p. Then tiie order of g^ = hp^ where k is integral 
(§ 1) ; and 9/^ is an element of order piaO. 

§ 20. An Abdian group of order n cantaivs a aubgrotip 
of order r, where r is any factor of n. 

The theorem is readily verified for groups of orders 
1, 2, 8, 4, .... Assume it true for all Abelian groups of order 
< 7u Let p be any prime factor of r, and let 9 be an element 
of order p in & (§ 19). 

By the assumption 0/{g} (which is obviously Abelian 
of order n-rp) contains a subgroup of order r -f- j> ; and the 
corresponding subgroup of & is of order r. The theorem is 
now at once proved by induction. 

Ex. 1. It is not conversely true that a group O of order n 
is necessarily Abelian if every factor of n is the order of some 
subgroup of 0* 

Ex. 2. & is an Abelian group of order jfi^f^ ..., p, q, r, ... 
being distinct primes. Prove that (i) Q contains one and only 
one subgroup of order p° ; (ii) & is the direct product of the 
subgroups P, Q, Rj ,,, of orders jp**, g^, fy, ... ; (iii) O is cyclic if 
P, Q, Rf ... are cydic 

§ 21. If is a group of order n, the nvmher Nof dements 
in whose r-th power is conjugate to a given element a 
is a multiple of the H. C.F.ofn and r. 

We assume the theorem true for all groups of order < n, 
and then deduce the required result by induction. 

(1) First suppose that r is a factor of n and that a is not 
normal in 0. 

Let H of order m be the normaliser of a in &. If gr is 
an element of such that g'^ ^ a^ g ia m H. Hence by our 
assumption the number M of elements such as 9 is a multiple 
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of the H. C, F. (d) of m and r. Let 6 = c""^ oc be any element 
conjugate to a in &. Then {c^gcY = c^g^c =z c'^cu) =: b; 
and conversely an element Qi of whose r-th power = 6 is 
tiie transform by c of tiie element cg^c^ whose r-th power =: a. 
Hence contains if elements whose r-th power =: o. Now 
contains Ti-r-m elements conjugate to a (§ 8). Therefore 
N = Mn -r m. But JIf is a mmtiple of d. Hence iV is a 
multiple of r.* 

(2) Next suppose that r is a factor of n while a is normal 
in 0. First take the case in which r=:p^{p prime), while 
the order A; of a is divisible by p. 

Let 9 be an element of such that g^ = a. Then 

jf*^ = a* = 1 and flf^°"^ = a^+P :jfc 1, 

so that g is of order kr. If (g^f = a, a* = {g^y = (gr*)'' = a ; 
and therefore 8 = 1 (mod A;). Hence (g*Y = a if and only 
if jr* is any one of the distinct elements flr»+*, g^'*'^\ ..., g^'*'* 
Moreover in this case g = (g^y where e is chosen so that 
se = l (mod kr) ; which is always possible siiice 8 is prime to k, 
and therefore to p and r. It follows that those elements of 
whose r-th power = a can be divided into sets of r elements 
such that each element of a set is a power of all the rest. 
Now the number of elements in whose r-th power = a is i\r. 
Hence JVis a multiple of r. 

(3) Now suppose as in (2) that r = j>° and is a factor of n, 
while a is normial in ; but that k is not divisible by p. 

The normal elements of whose orders are not divisible by 
p form an Abelian subgroup K; for if the orders of two 
permutable elements are prime to J9, so is evidently the order 
of their product 

Let t be the order of K, Find a number u such that 
ur = 1 (mod t) ; this is always possible since t is prime to p 
by § 19. Now i{ g = a^h is an element of such that 
g^zsia^ h^z=: (ga'^y = g^a"^^^ = flf^a~^ (since a' = 1) = 1 ; while 
conversely if A*" = 1, (a^hf = a. Hence N = the number of 
elements in whose r-th power = 1. This is true whatever 
element oi K a may be. Hence the number of elements in 
whose r-th power is in iT is Nt Now the total number of 
elements in & is a multiple of r, and bjr (1) and (2) the 
number of elements whose r-th power is not in a is a multiple 
of r. Therefore JVi^ is a multiple of r. Hence iV is a multiple 
of r, since t is prime to p. 

^ For if m - m'd, r - y'ei, h « hV, Ifn-Mn Sb a multiple of dM-rm » hV-Mn' : 
and n'-Maf is integral ainoe hV-tm' •• n-^m is integral. 
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(4) Now soppoee r is any fiictor of n, while a is any normal 
element of O. 

Let r =s p^q (q prime to p). If A is an element of snch 
that A« = a, (c~^ Ai)« = c"^ A? c = c~^ oc = a; Hence the elements 
of whose j-th power = a form one or more conjugate sets 
of elements. Now if ^ is an element of such that g^ ^a^ 

^° is an element whose (7-th power is a. But by (1), (2), (3) 
the number of elements Ymose jp°-th power is an element such 
as A is a multiple of p^. Hence i\r is a multiple of jp°. 
Similarly JVis a multiple of every power of a prime oividing r, 
so that Jv is a multiple of r. 

(5) Lastly, let r be any positive integer and a any element 
of 0. 

Let n = dn^ and r = dr', where d is the H.C.F. of n and r. 
Find integers x^ y such that r^x—n'y = 1 ; this is always 
possible since i^ is prime to n'. Then if 

while conversely if 

since a**' = ^^ = !• 

But the number of elements of Q whose {2-th power s a* 
is a multiple of cZ by (1) and (4). Hence the theorem is 
completely proved in every case. 

CoBOLLABT. If 71 is the order of a group G, the number 
of elements in Q whose order divides a given factor r of ti is 
a multiple of r. 

Ex. 1. For example, in the group a^ = 5* =: (ob)* s c^ =: 1, 
oc = CO, hc^<^ of order 18 (i) there are 9 elements whose 8rd 
power is 1 and 9 elements whose 8rd power is conjugate to & ; 
(ii) there are 4 elements whose 10th power is c or c^, 4 whose 
lOih power is 1, and 2 whose 10th power is conjugate to o^ cfl^ 
or c^o. 

Ex. 2. A group of order 2m (m odd) contains m elements of 
odd order. 

Ex. 8. (i) If a group O contains t[ elements whose orders 
divide q and / elements whose orders divide r (^ prime to r), 
O contains at most g^/ elements whose orders divide gr. (ii) If 
g^ = $ and / = r, & contains exactly qr elements whose oraers 
divide qr. 

Ex« 4. If those elements of a group Q of order w. (a prime to k) 
whose orders divide a generate an Abelian subgroup ^, IT is of 
order a. 
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Ex. 6. The number of elements in a group O of order n whose 
r-ih power is a is divisible by the H. G. F. of r and the order of 
the normaliser of a in &• 

Ex. 6. If u^ is the number of cyclic subgroups of order jpP^ in 
a group O whose order is divisible by p^, 

(iii-l)+(u,-l)jp+(f«8-l)i)«+ ... +K-l)i>«-i=0(modjp«). 

Ex. 7. Verify the result of § 21 when r = 8 in the group of 
V6i(ii). 
Ex. 8. y I9 is a particular case of the result of § 21. 




CHAPTER VI 
PERMXJTATION-GROUPS 

§ 1. A group whose elements are permutations on m given 
symbols X|, x^j ..., ^m is called a perrn/uiatiorirgroup of 
degree m. 

One such group is that containing each of the m ! possible 
permutations on the m symbols. It is called the aym/metric 
group of degree m, and is of order ml. 

A^ain, there are i ml possible even permutations on the m 
symbols which form a group of order i m! called the cUter^ 
witiTig group of degree m. For since the product of two 
even permutations is even, the even permutations form a 
group A. Let t be any transposition, and h any odd per- 
mutation. Then hir^ being even is in il, so that A is in At. 
Hence the symmetric group = il + At^ and il is of order \ ml. 

The alternating group is a normal subgroup of the symmetric, 
since any transform of an even permutation is obviously even 
(see also V T^). 

If every permutation of a group O is regular,^ is called 
a regular permutation-group. 

If contains permu^tions y^, y^, •••yym replacing o^ by 
each of the symbols x^^ x^^ ..., o;^, contains a permutation 
(6.g. y,.''^y«) replacing any ffiven symbol x^ bv another given 
symbol x^. In this case is called a tranaiixve permutation- 
group; while if does not contain m such permutations, 
& is called iittraTidtive. 

A transitive group containing a permutation replacing any 
two ffiven symTOls by any other two given symbols is called 
dovMy transitive. Similarly, a group containing a permu- 
tation replacing any 3,4, ..., A;, ... given s^mtels by any 
other 8, 4, ... 9 X;, ••• g^ven symbols is called tnply, quadruply^ 
..., k-ply^ ... trameitive. A ^oup which is transitive but not 
doubly, triply, . . . transitive is called simply traTieitive. 

Ex. 1. Every permutation-group of degree m is a subgroup of 
the sjrmmetrio group of degree m. 
Ex. 2. The symnustric group of degree m contains as subgroups 
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every symmeirie group of degree < m^ and the aune is tnie of 
alternating groups. 

Ex. 8. Every symmetric group is deeomposable. 

Ex. 4. A transitive group of order and degree m can always be 
found, but there is no transitive group whose order is less than 
its degree. 

Ex. 6. (i) The symmetric group of degree m is iii-ply transitive, 
(ii) the alternating group is (m— 2)-ply transitive^ (iii) ihere is no 
(m— l)-ply transitive group of degree m. 

Ex. 6. If the permutations of an intransitive group G replace 
Xi by jTi, X29 ...,0? , every permutation of permutes these /m 
symbols among each other. 

Ex. 7. Every subgroup of degree m in an intransitive group of 
degree m is intransitiva 

Ex. 8. If two permutation-groups ff, IT act on distinct symbols, 
{&, H] is their direct product and is intransitive. 

Ex. 9. If a transposition is a normal element of a permutation- 
group O9 Oia intransitive and a direct product. 

Ex.10. Prove that {(12)(8 4),(185)(2 46)} is a tiransitive 
group of degree 6 and order 12. 

Ex. 11. Find two transitive and one intransitive group of 
degree and order 4. 

Ex. 12. Every two conjugate elements of a permutation-group 
are similar. 

Ex. 18. Any two similar permutations on the same symbols 
are conjugate in the symmetric group. 

Ex. 14. Every conjugate set of elements in the symmetric 
group is self-inverse. 

Ex. 15. (i) A permutation of degree m containing a, fij y, ... 
cycles of degree 1, 2, 8, ... has a normaliser r of order 

JB = l°aI 2^^I Syyl... 

in the symmetric group of degree tn. (ii) If a, P, y, d, r, ... are 
all or 1, r is Abelian. (iii) When is P contained in the alter- 
nating group? 
Ex. 16. Find the number of subgroups conjugate to 

{(12)(8 4)(6 6 7)(8 91011)} 

in the symmetric group on 1, 2, ... , 14, 

Ex. 17. The number of conjugate sets in the symmetric group 
of degree mis the coefficient of ^ in 1 -r(l-"a:)(l— «*)(!-"«•)... . 

Ex. 18. Two similar even permutations a, b are conjugate in 
the alternating group if a is permutable with an odd permutation c 

Ex. 19. (i) The permutations similar to an even permutation a 
form two conjugate sets in the alternating group if a is not 
permutable with any odd permutation, (ii) This is the case if 
and only if the cycles of a are of odd and distinct degrees. 
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Ex. 20. (i) An even permutatioii a of degree m oontaining a, 
A 79 ^ 'f CVf^ih'^jK — cycles of degree 1, 2, 8, 4, 5, 6, 7, 8, 9, 
10, 11, ... has a normaliser of order rl^al 2^^! BYy! ... -f.2 
in the alternating group of degree m, where 

(,n-a)(m- l-a)...(2-a) (m-ff)...(l>ff) 

^"" "*■ (w-l)I {m-a(m-l)} ' m! 

(w-y)...(2-y) (m-^)...(l-^) 

■(m-l)I {m-y(m-l)}' ml 

(ii) a is conjugate to a~^ in the alternating group when r = 1 or 
when r=2 and y+t? + A+ ... is even. 

Ex. 21. (i) The permutation a = (l 2 8}(4 6 6 7 8 9 10) is 
conjugate to a, a^ dfij a^^ a^^, d^ in the altemating group on 
1, 2, ..., 11. (ii) Find the number of subgroups conjugate to 
{a} in the altemating group. 

Ex. 22. Those permutations of a group which (i) do not 
displace (ii) permute among each other any given symbols form 
a subgroup. 

Ex. 28. Those permutations of a group which leave a given 
function of the symbols unaltered form a subgroup. 

Ex. 24. If permutations leaving a function / of the symbols 
unaltered form a group O and a permutation T changes / into /", 
every permutation of T'^ OT leaves f^ unaltered. 

Ex. 25. (i) No permutation of 

O = l + (a5)(crf)+(ac)(5d)+(<w0(&c) 

changes the function (difiference of one pair of symbols x difiPer- 
enoe of the other pair), (ii) Deduce that G is normal in the 
symmetric group on a, &, c, d. 

Ex. 26. (i) Fmd the group Q formed by those permutations on 
a, b, c, d which leave oc+M unaltered, (ii) Q is the normaliser 
of (ac){f)S) in the symmetric group on a, &, c, d. 

Ex. 27. The function Xi-^Xx^-^-X^x^-^- ... +JS?*""^aVn ^ ^ 
general changed into m ! distinct fimctions by the permutations 
of the symmetric group on Xi , x^y ... , x^* 

Ex. 28. Construct a function of o^, x^^ ..., x^ which is un- 
altered bv the permutations of a given group O but by no other 
permutation on these symbols. 

Ex. 29. (i) If a, h, c, ir— a, ir— A ir— y are the sides and angles 
of a spherical triangle, and JR, ^ir— /> are the radii of the circum- 
scribed and inscribed circles ; any formula connecting the sides, 
angles, &c., of a spherical triangle remains true when we apply to 
it any permutation of the group Q generated by {fl^)(^0)(cy){Rp\ 
(hc){fiy\ (ca)(ya). (ii) G is decomposable, intransitive, and of 
order 12. 

§ 2. Every abstract group of order n is si/mjjly isomorphic 
with a regular permutation-grovp of degree and order n. 

BllffOV F. •. Q 
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^^ 9^1' S^2* •••> 9n ^ ^^^ elements of a group of order ti. 
Then g^g^, g^g^, ...,gn9i or© the elements g^, g^, ..•, g^ in 
some order or other. For they are all in G and they are all 
distinct, since g^g^ = flfyflr^- would involve gx^9y' 

Let 8i denote the permutation ( ^^ ^« - ^* ) on the 
symbols s^i,92> '**f9n' Then since /S^ replaces ^g. by ^^^^^ and 

s, «pw ,.„ by ,, J,,,. 8, s, = (^ j;^^ J^^ •■• /j^^) . 

Hence '^ 9i9j = 9^9 ^t^j ^*^h' Therefore the permutations 
Sii S^f ..., 8^ form a permutation group P on the symbols 
9ii9ii •••> 9n ^^ order and degree n simply isomorphic with &. 

The group P is transitive, since it contains a permutation 
replacing ^^ by any arbitrary symbol gr^ ; namely, the permu- 
tation 8^, where g{~^gx = 9t' 

If 9^ is of order e, any cycle of 8^ is of the type 

{9x9i 9x9i^'"9x9/)' 
Therefore 8^ is regular, being the product of n-re cycles of 
degree e. Hence 1^ is regular. 

Ex. 1. (i) O is simply isomorphic with the group P^ formed 

by the permutations 8/ = (^^ ^^ '" ^*V (ii) Each per- 

^9i9i 9i9% ••• 9i9nr 
mutation of P' is permutatable with every permutation of P. 
(iii) The G. C. S. of P and P' is simply isomorphic with the 
central of Q. (iv) The only permutations on ^i, ^2* •••y 9n 
permutable with every element of P are the elements of P^. 

Ex.* 2. If a, =11(1 \ where e^ is the order of g^^ and 

9x9y9a — = 9r > ^r^^x^y^z ••• ^^^ even. 

Ex. 8. The groups P, P^ of Ex. 1 are at once derived from the 
multiplication table of G. Thus 8^ is obtained by writing the 
elements of the column headed g^ under the corresponding 
elements of the left-hand column, and 8/ is obtained by writing 
the elements of the row headed Qi under the elements of the 
top row. 

Ex. 4. (i) The multiplication table of a group of order n is a 
'latin square of order «*, L e. an array of n rows and n columns 
formed by n symbols where no row and no column contains the 
same element twice, (ii) Though we can find in this way a latin 
square of any given order, we do not obtain all possible latin 
tquaxee in this way. (iii) Find all possible latin squares of order 
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^9. If a group contains a stbbgroup H of index m, 
G is isomorphic with a transitive permutation-group of 
degree m. The isomorphism is simple if H contains no 
n^ormal subgroup of 0. 

Let = HgjA- Hg^ + .•• + Hg^. Denote the partitions 
Hg^y Hg^, ..., Jigr^ by the symbols Vi, y^, ..., y^. Let a, 6 be 
any two elements of O. Every element of Hg^ . a lies in the 
same partition of ^the partition containing gia)', let this 
partition be y/. Similarly suppose that each element of y/ . 6 
lies in the paitition y/^ Let S^ T denote the permutations 

/yi y2— ym\ , (y\y\- y« ,) . Then since every element 
of Hg..ab Ues in y/' and ST = (W"^"^,,)* to the 

^yi y% •ym ^ 

product of a and b corresponds the product of the permu- 
tations S and T corresponding to a and b respectively. 
Hence all the permutations such as /S, T, ... form a group Q 
of degree m isomorphic with G. Q is transitive, for we can 
always find an element g of G (e.g. gi'^gi) such that 

-^fl> • fl' is y<- 

Identity is the only element of Q corresponding to identity 

in G. The elements of G corresponding to identity in Q form 
a normal sub^oup K o{ G (V 16). Let k be any element 
of K; then Hg^k = Hg^ for all the values 1, 2, ..., m of i. 
Since one of the ^'s is in H, Hk ^H/i.^ kia m H. There- 
fore H contains the normal subgroup K o{ G. If if contains 
no normal subgroup of &, the isomorphism between G and Q 
is simple. 

CoROLLABY. A group G containing a set of m conjugate 
elements or subgroups H^^ H^, .,., H^ is isonwrphic with 
a transitive permutation-group R of degree m. 

For the normaliser of any one of the conjugate elements 
or subgroups is of index m. 

Ex. 1. Q and R are simply transitive. 

Ex. 2. Q= G/H. (See end of V 17). 

Ex. 8. To the subgroup H of G and to the normaliser of Hi in 
corresponds the subgroup formed by those permutations of 
Q and R respectively which do not displace one symbol. 

Ex. 4. The group R of the corollary may be considered as 
a transitive permutation-group on the symbols Hi, H^y ..., ZT^ 

in which the element ( .L _, 4 '" -i 5 ) of jB oorre- 

sponds to the element a of G. 

g2 
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Ex. 6. To identity in B correBponds every element of O 
permutable with each oSHi, H^^ ..., H^. 

Ex. 6. The group a' = &> = {dbY = 1 is simply isomorphic 
with the symmetric group of degree 8. 

Ex. 7. Show that a^ =: &^ = {abf =: 1 is simply isomorphic 
with the alternating group of degree 4. 




The group o^ - 6* = (o6)* - 1. a - - -, d«M . 
Fig. e. (See Ez. 8 on this page.) 



Ex. a If a? = 6* = (a5)* = l, (i) ir= {a, 6a«6«} is simply 
isomorphic with the symmetric group of degree 8, 

(ii) {a, 6} = ir+ J2*+fl6«+jEr&» 

is simply isomorphic with the symmetric group of degree 4. 

Ex. 9. n a? = 6» = (a5)« = l, {i)H={b, €flh^a} is simply 
isomorphic with the alternating group of degree 4, 

(ii) {a, 6} = Jl+Zra+JIa^+fla^+Zra* 

is simply isomorphic with the alternating group of degree 6. 
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Ex. 10. A group of order 12 containiDg a normal subgroup 
H of order 4 is either Abelian or simply isomorphic with the 
alternating group of degree 4. 

Ex. 11. A group of order 24 (or 60) containing a conjugate set 
of 4 (5) subgroups of order 6 (12) and containing no normal 
subgroup of order 2 or 8 is simply isomorphic with the symmetric 
(alternating) group of degree 4 (5). 




The group o* » 5' = c* « (o5)* '^ 1, <ic ^ cet, be '^ eb. a---, 6"^, c— . 

Pig. 7. 



J 4. The simple isomorphism between any group of 
er n and a regular permutation-group of d^pree and 
order n (§ 2) can be shown geometrically as follows. 

Represent each element of Odj a point. Associate a colour 
with each element of (excluding identity); for example. 
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SQppose rod asaocikted with the element g^ From each of 
the pouite flTi, 3g, .... 3, draw to the points gigitg^m, -..,9^94 
respeotively red linee with arrow-heads to show their 
diroction; and draw similar coloured lines for the other 
eleroentfl. We have then n points joined hy n(n~\) lines. 
One line of each of the n— 1 colonm starts from each of the 
n points, and one line of each colour ends at each point. 




A red line runs from a symbol g^ to the symbol g^g^ replacing 
it in the permutation 8{ (§ 2), and so for the other colours. 

The geometrical representations are usually called ' Cayloy's 
colour-groups'. They are somewhat comimoated, but may 
conTemently be simplified by the omission of all the coloured 
lines except those associated with a set of independent 
generators of 0. 
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If g^ is one of these generators, red lines ran from ^^ to gg,gi 
and from g^gf^ to g^. If gi is of order 2, g^g^ and g^gf^ 
coincide. In this case it is usual to draw only one of the two 
lines joining g^, and g^^g^ and to suppress the arrow-heads 
(see Figs. 7, 9, 10). 

The simplified diagram enables us to find very readily 
ever^ relation satisfied by those generators whose colours are 
retained. For example^ if in Fig. 6 we start from any point and 



/ 



^7 



^if 



r 



> 



a» - c* - (flcy - 1. 
Pig. 9. 

pass in the direction of the arrows along the lines in the order 

we return to the original point. Hence we have obviously 
ha?b^a?h^ = 1 or (6a^6«)* = 1. Similarly if in Fig. 7 we pass 

along the lines in the order ---,i^— , , ---,—•, , 

- - -, — , , - - -, — , , we return to the original 

point. Hence we have in this case {obey = 1. 
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The coloured diagram can sometimes be drawn with advan- 
tage on a sphere or other dosed surface instead of on a plane. 

Ex. 1. For example. Fig. 8 shows the complete colour-diagram 
for the group of V li. H we simplify the diagram by retaining 
only the lines corresponding to the independent generators a and 
c we get Fig. 9. If we retain only the lines corresponding to 
c and d we ^ Fig. 10. 



( 
I 
I 
t 



Fig. 10. 

Ex. 2. The complete colour-diagram gives immediately the 
multiplication table of the group. 

Ex. 8. In a diagram showing only the colours corresponding 
to a set of independent generators yj, y^, y^y ... of a group G 
the red lines corresponding to y^ are erased. Prove that (i) the 
diagram breaks up into sets^ of points Hf giH, g^H, ..., where 
G^H+giH+g^H-^ ... and'fi'= {y^, y^j ...}, so iliat no two 
points in different sets are connected by a line ; (ii) if J7 is 
normal in 6, all red lines starting from a given set of points 
end in the same set 

Ex. 4. In tibe group of Fig. 6 prove a^^V^a = ha^V, hd^hdb^a = 1 , 
a^bdb^db = 1, and find the orders of aha^V^f o^V, db^aK 



VI 4] COLOUE-GROUPS 89 

Ex. 5. In the group of Fig. 7 find the order of hoc, dboa, hah, 
Ex. 6. Draw colour-diagrams (simplified) for the groupd 

ri)a^<>=l; (ii) a» = 62=i, a6 = 6a; (iii) a« = 6« = (a6)5 = 1 ; 

(iv) a^ = &^ = {dbY = 1. Show that (i) and (ii) are the same 

abstract group, and so are (iii) and (iv). 
Ex. 7. Draw a colour-diagram for the group 

a* = 6* = c* = {ahy =1, ac = cci, hc = cb 

of y4i. Show that the group is the same as that of Fig. 7, 
and that it cannot be represented on a diagram with less than 
three colours. 

Ex. 8. (i) Draw a colouiHliagram for the group o^ = 1, 5^ = a% 
ah = h€U (ii) Prove the results of Y^n by means of a colour- 
diagram. 

Ex. 9. Draw colour-diagrams for the groups a^ = (> = (a^h)^ = 1, 
(a6)« = (ha)^ and o« = 6« = 1, a«6 = ha^ (ahf = (6o)«. 

Ex. 10. Draw the complete colour-diagrams for the groups 
(i) a«=l, (ii) a« = 6«=l, ah = ha. 

Ex. 11. ABO is an equilateral triangle and is its centre; 
BC= 5 in. Points A^ and A^, B^ and B^ Ci and C^ are iaikea 
on the sides distant 1 in. from A, Bf C. Points D^ and Ai are 
taken on OA distant respectively i in. and 1^ in. from ; and 
points 2>2 and £29 -^s ^^^ 0^ ^^ taken similarly on OB, 00. 
The black-sided triangles A^AoA^, B^B^B^, CiC^C^, JDiJD%JDz 
with clockwise arrows and red lines BiOi, C^A^f A^B^f -^lA* 
B^JD^f C3D3 are drawn. What group does the diagram represent ? 

Ex. 12. A, B, Cj B sm points of longitude 0° 90°, 180^ 270° 
on the equator ; X, F, Z, W are points in latitude 45° of longitude 
46° 185", 225°, 815°. Red triangles XBY, ZJDW, and black 
triangles TOZ, WAX are drawn, and the figure is completed 
by reflexion in the plane of the equator with interchange of the 
two colours. If clockwise arrows are inserted round the triangles, 
what group does the diagram represent ? 

Ex. 18. Draw two parallel concentric regular m-sided red poly- 
gons. Denote the vertices by 1, 2, ..., m and 1^ 2^, ..., m\ 
Turn one polygon through a right angle. Put clockwise arrows 
round each polygon. Join by black lines the vertices (i) 1 and 1\ 
2 and 2", 8 and 8', ... ; (ii) 1 and 1', 8 and 8', 5 and 5', ..., 2" and 

J-1.2, 4' and ^+4,6' and ^+6, .... What groups do the 

diagrams represent? 

Ex. 14. Put clockwise arrows round one red polygon of Ex. 18 
and counterclockwise round the other. Black lines run (i) as 
in Ex. 18 (i) ; (ii) as in Ex. 18 (ii) ; (iii) with arrows joining 

1 and 1; 2 and 2^, 8 and 8', ..., V and ^+ 1, 2^ and ^ + 2, 8' 

Iff 
and Q+8y .... What groups do the diagrams represent? 
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Ex. 16. A Bimplified oolouivduigrain dimwn on a ■phere divides 
up the 8ur£ue into polygons in auch a way that no two of the 
coloured lines intersect (ezoept at an extramity of both). Ptotb 
that (i) the two lines of the same colour meeting at any point 
are not separated by a line of another colour ; (ii) the polygons 
formed by lines of a given colour oontain no vertex in their 
interior. 

Ex. 16. Show that diagrams representing the groups of Ex. 7, 
8, 9, 18, 14 can be drawn on an andior-ring so that no two lines 
intersect 

§ 6. By definition, a k-jilj txuudtiTe gronp on m symbols 
cont^ns a permutation not diaplacmg any k given symbols. 
If 8 and T are tu^ two permotations which do not displace 
these k symbols, ST does not displace them. Hence : — 

Tkoee permvitationa of a k-ply tranaiiive growp O which do 
not dii^iaee k given symbolaform a subgroup H. 

Ex. 1. The permutations of Q not diapladng I of the k given 
■ymbols form a subgroup of G containing H. 

Ex. % If the permutations of H do not displace a^, x^, ... , 
tt^ ; while g ia a. permutation of Q replaoiag these symbols by 
2,', X)', ..., Xj^', the elements of Q not diiq>laoit)g x^, x^, ..., Xjl 
tiam the subgroup g~^Sg. 

Ex. 8. H contains no normal subgroup of Q. 

Ex. 4. If 6 is Abelian, H=\. 

Ex. 5. Any normal element c of (i) displaces every symbol, 
(ii) is regular. 

Ex. 6. Every transitive Abelian group is regular. 

Ex. 7. Every element of prime degree p normal in a group is 
flircular of order p. 

Ex. S. A permutation 8 permutable with every element of 
a group Q and acting on the same m symbols displacea all the 
aymboU and is regular. 

Ex. 9. The order pi of the central of a transitive group 6 of 
degree m is a factor of m, 

Ex. 10. (i) The permutations such mS at Ex. 8 form a group 
whose order is a foctor of m. ^ii) Find this group when G is the 
pwmutation-group P of § 2. 

Ex. 11. Find the group fl^ in the case of {P, i>'} of $ 2 ; and 
prove that H = 0/C where <7 is the central of G. 

§ 6. The ordarofa h-^ transitive group of degree m is 
•^m{m — \)(m—2) ...(m— A + l); where q te the order of the 
•) H uAoM damemta do not displace k given eym^Mla. 
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^^ 9v 9i* 9zf ••• ^ permntations of each of which 
replaces the k given Bymbols by a distdnct set of k symbols. 
The number of such permutations is m ! -r (m^k) ! ; for the 
number of arrangements of m symbols £ at a time is 
mI-r(m-A;)I. Then G = J?fl|, + flflf, + ir^3 + .... Forifjr,/ 
are two elements of replacing the k given symbols by the 
same k symbols, g'a'^ does not displace any one of the k given 
symbols, and is therefore contained in M, Hence is of 
order gxml -f-(m— i)l. 

Ex. 1. The elements of 6 permuting among themselves the 
k symbols not displaced by the permutations of H form a sub- 
group of order q,kl containing H normally. 

Ex. 2. If g = 1, O contains permutations displacing only 
m— Jb+l symbols but no permutation displadng less than 
m— Jfc+1 symbols. 

Ex. 8. If the degree and order of a transitive group are equal 
9 = Jb = 1. Every group is simply isomoiphic with a permutation- 
group of this type. 

Ex. 4. Prove the converse of § 8 : — ^ If a group 6 is simply 
isomorphic with a simply transitive permutation-group of degree 
m, O contains a subgroup of index m containing no normal 
subgroup of O,' 

Ex. 5. The degree of a simply transitive Abelian group = its 
order. 

Ex. 6. In a simply transitive group Q of degree m the permuta- 
tions displacing every symbol (i) are at least m— 1 in number, 
(ii) generate a normal subgroup of 0. 

Ex. 7. If the number of permutations not displacing r given 
symbols in a transitive group of order n and degree m is r,., 

Ex. 8. The elements of a A^ply transitive group displacing 
every symbol cannot form a group with identity unless Jb = 1 or 
A; = 2 and g = 1. 

Ex. 9. Show that no doubly transitive group of degree 5 is of 
order less than 20 ; and prove that a = (1 2 8 4 5), & = (1 2 4 8) 
generate a doubly transitive group of minimum order. 

§ 7. Let & be an intransitive group containing permutations 
whicli replace the symbol x^ by Xj, tr^, ... , a;^ but by no other 
svmbol. Then any permutation g of replaces x^ by one of 
the symbols x^^x^, ...,a;^. For let ^ be an element of G 
replacing iCi by a?^, and suppose hg replaces a^hj Xj. Then g 
replaces Xf hy Xj. Hence the permutations of permute 
the symbols of toe traneHive set Xi^x^i ...^x^ among them- 
selves. 
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Similarly if the permutations of replace the symbol y-^ by 
^1) ^8) •••! ^« only, Uiey permute the symbols of the * transitive 
set' ^1,^2, ••.}2^« among themselves; and so on. 

Ex. 1. A cycle of any permutation of Q only contains 83rmbols 
from one transitive set. 

Ex. 2. G^ is a subgroup of the direct product of the symmetric 
groups on the symbols [«!, x^y ..., x^^ [yi, y,, ..., y,], .... 

Ex. 8. The order of & is a factor of r ! X5 ! x ... . 

Ex. 4. Those permutations of Q which do not displace the 
symbols of certain given transitive sets form a normal subgroup 
of 6. 

Ex. 5. Those permutations of Q which do not displace Xi form 
a subgroup of index n 

Ex. 6. If those cycles of any generator of a permutation-^up 
G which contain one of the symbols ^, o^, ..., o?^ contam no 
symbol other than 2^, o:^, ... , o;^, 6 is intransitive ; and conversely. 

Ex. 7. If in § 2 fi^ is a subgroup of G^Hg^-^-Hgi^'^-Hg^-^ ..., 
the corresponding subgroup of P is intransitive, the transitive sets 
being the symbok QaH, giT^Hj g^^H^ .... 

Ex. 8. Find the transitive sets of 

{(1482) (5876) (9 10),(24)(58)(67)} and of {(1284), (2 4), (56)}. 

§ 8. Let certain of the transitive sets of symbols affected 
by an intransitive group be denoted collectively by <r, and 
let the remaining sets be denoted collectively by r. If &, k' 
are two elements of permuting only the symbols of <r 
(displacing no symbol of r), and if ^ is any element of &, then 
evidently kkf and g'^kg do not displace any symbol of r. 
Hence those elements of G which permute only the symbols 
of <r form a normal subgroup K of G. Similarly the elements 
of G permuting only the symbols of r form a normal subgroup 
K' of G. 

If we leave out of consideration the effect of G on the 
svmbols of r, G reduces to a sroup H on the symbols of o- 
alone. If g,& are any two elements of &, while A, K are 
elements of H permuting the symbols of cr in the same way 
as 9,^; then gg^ and mi! permute the symbols of o- in the 
same way. Henoe G and ^aw iBomorphic. To the identical 
element in H correspond the elements of K in G. Therefore 
ir= G/ K\ It is evident that H contains JST as a normal 
subgroup. 

Now K and K' have only identity in common, and every 
element of J^ is permutable with each element of K\ Hence 
{ JST, K'} is the direct product of K and K'\ and it is normal 
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in &, sinoe K and K' are normal in 0. It follows that 
0/ {Ky K'} and H/K have the same order. 

Now when we neglect the etUdct of the elements of on the 
symbols of r, each element of {K,K^} reduces to an element 
of K^ and each element of & to an element of H. If k^yk^, k^ 
are elements of {K,K'} and g^, g^j g* elements of which 
reduce respectively to V» V» V ^^^ 9ii 9%* 9/ when we 
neglect their effect on the symbols of r, and if j^i ^j .^s^s = k^g» ; 
we have evidently k^gi-k^g% = kJg^. Hence 0/\K^^ K } 
and H/K are isomorphic; and the isomorphism is simple 
since these two groups have the same order (cf. V 18^). 

Ex. 1. If H' is the group to which G reduces when we leave 
out of consideration the effect of its permutations on the symbols 
of cr, H/K = H'/K'. 

Ex. 2. The elements of G are found by multiplying each 
element of H by the corresponding elements of H\ 

Ex. 8. Find H, H\ K, JT' when (i) ff = {(12 8 4), (2 4), (56)}, 
0- = [1,2, 8,4]; (ii)e={(14 8 2)(5876)(910),(24)(68)(67), 
a = L9, 10] or [6, 6, 7, 8, 9, 10], 

§ 9. Let & be a simply transitive group on m symbols. 
Suppose that the m symbols may be divided into r sets 
0*1, 0*2, ••• , <''r ^^^ containing 8 symools (m = rsY so that every 
permutation of either permutes the 8 symbols of any set a^ 
among themselves or replaces them by the 8 symbols of 
another set oy. Then is called an iTnprimiUve group^ and 
o-p 0*2) ..., <''r ^^^ called imtprvmitive systems, u no such 
division of the m symbols into sets is possible, is said to 
be primitive. 

Ex. 1. A ib-ply transitive group (Jb > 1) is primitive. 

Ex. 2. A transitive group of prime degree is primitive 

Ex. 8. If a transitive group of degree m contains a permuta- 
tion whose order is prime and greater than the largest divisor of 
m, Cr is primitive. 

Ex. 4. Those permutations of an imprimitive group G which 
do not displace the imprimitive systems but oidy permute the 
symbols of each system form a normal subgroup of G. 

Ex. 5. The central of a primitive group = 1. 

Ex. 6. The central of a A^ply transitive group = 1 if I > 1. 

Ex. 7. No Abelian group is ib-ply transitive. 

Ex. 8. If H is any subgroup of the group G of § 2 and 
G^Hgi-k-Sg^-^-Hg^-j- ..., P is imprimitive in such a way that 
the symbols of Hgu Hg^j Hg^, ... are imprimitive systems. 



% 
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Ex. 9. {{xifg){(ib€\ {xa){yc)(£b)} is an imprimitiye group of 
order 6, the imprimiiiTe systems being either [x, y, jer] and 
[o, 6, c] or [a?, o], [y, 6], and [jer, c]. 

Ex« 10. Find imprimitiye systems in the groups (i) {(185) (246), 
(18)(24i (84)(66), (12)(84)} and (ii) {(14)(26)(85), (128)(466), 
{12X46)}. 

§ 10. If y, y' are two elements of an imprimitiye group G 
wMch do not displace the imprimitiye systems but only 
permute the symbols of each system, then yy^ has eyidently 
the same property. Hence elements such as y, y form a sub- 
group r of ^, If G = Vg^ + rgfj + rgfg + . . ., it is obyious that 
all elements in the partition Vg^ permute the imprimitiye 
Bystems in the same way. 

The group T is normal in Q, For let g be any element 
of G^ and suppose that g replaces eyery symbol of any 
imprimitiye system <r^ by a symbol of the system oy. Then 
since y permutes the symbols of o-^ among themselyes, g'^yg 
permutes the symbols of oy among themselyes. The group 
G/T may be considered as a permutation-group of degree r on 
the symbols 0*2) 0*2) •••» o*,.* 

Ex. 1. r is intransitiye. 

Ex. 2. The index of P in (? is a diyisor of r I. 

Ex. 8. Find r for the groups of VI %, io« 

§ 11. The ^up r of § 10 is an intransitiye normal subgroup 
of the transitiye group G. We show in this section that eyery 
intransitiye normal subgroup of & is contained in a group 
such as r. 

Let ir be an intransitiye normal subgroup of &, and let 

, x^i •••; 2^1, 2^2, ...; ... be the symbols in the transitiye sets 
of n. Then if ^ is an element of G replacing x^ by t/,, 
g"^ replaces y^ by x. . Hence since gr"^ Hg ^ H^ g replaces 
eyery * aj by a y ; and since gUg"^ =^ H^g replaces eyery y by 
an a; (II 6). Therefore there are as many j^'s as o^'s. Similarly 
we can show that each transitiye set of H contains the same 
number of symbols. 

Now since eyery element of G transforms H into itself, 
eyery such element permutes the transitiye sets of H among 
themselyes. Therefore G is imprimitiye and has the transitiye 
sets of H BS imprimitiye systems ; which proyes the aboye 
statement. 

* For at least one permutation of H oontaina a ojde of the form («iX< ... ), 
whatever i may be. If jf transforms this oyele into (yiy|...)i $ ohanges 
X| into Iff. 
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Ex. 1. Every normal subgroup of a primitiye group is transitive. 
Ex. 2. The order of a normal subgroup H of h primitive group 
6 is a multiple of the degree of Q, 
Ex. 8. Every primitive composite group is decomposable. 
Ex. 4. If the group P of § 2 is primitive, it is simple. 

§ 12. The symmetric group is the ordy primitive group 
containing a transposition. 

Suppose (1 2) is a transposition contained in a transitive 

f^ermutation-group on the m symbols 1, 2, 8, . . ., m. Let (1 2), 
1 8), ..., (1 e) be the only transpositions in which affect the 
symbol 1. Then since {ij) = (1 i) (1 j) (1 i), contains {ij) ; 
where i and j are any two of the set a of symbols 1, 2, ... , ^ 
Hence, unless is the symmetric group, the set o- does not 
include all the m symbols permuted oy u. 

Let a be a permutation of replacing 1 by a given symbol / 
not included in <r and replacing 2 by 8 (say). Then contains 
a"^(l 2) a = (/ «). Now 8 is not in o- ; Jtor otherwise would 
contain (1 «) (/ s) (1 s) = (1 /). Hence each permutation of O 
permutes the symbols 1^ 2, ..., 6 among themselves or replaces 
them by a completely different set r. 

If (T and r do not include all the m symbols on which acts, 
let 6 be a permutation of replacing 1 by a symbol not in 
<r or r. Then as before h replaces each symbol of <r by a symbol 
of a set V having no symbol in common with o-. Now v has no 
symbol in common with r either. For if a and b replace two 
symbols 1' and 2' of <r by the same svmbol, ha"'^ replaces 2^ 
by 1^ Hence ba"^ permutes the symbols of <r among them- 
selves ; i. e. 6 = fca"^ . a replaces o- by r, or r and v coincide. 

Continuing this reasoning we see that the m symbols fall 
into sets permuted imprimitively by the elements of ; and 
hence is imprimitive. 

Ex. 1. The symmetric group is the only X^ply transitive group 
{k > 1) or simply transitive group of prime degree containing 
a transposition. 

Ex. 2. G contains as subgroups the symmetric groups on the 
symbols of <r, r, v, ... . 

Ex. 8. The symmetric group is the only group of degree m 
containing the transposition (1 2) and (i) the circular permutation 
(12 8 ... m), (ii) a circular permutation h of degree m in which 
the symbok 1, 2 are separated by $—1 symbolSi where • is prime 
to m. 

Ex. 4. The symmetric group of degree m is simply isomorphic 
with a group whose elements are birational substitutions of 
degree m— 8, 



96 THE ALTERNATING GROUP [VI 12 

Ex. 5. The alternating and symmetric groups are the only 
primitive groups containing a circular permutation of order 8. 

Ex. 6. A transitive group G containing a circular permutation 
of order 8 contains the alternating groups on the symbols of each 
imprimitive system. 

§ 18. The group generaied by every possible circtdar 
permutation of order r on the symbols 1, 2, ..., m is the 
aUemdting or symmetric group on these m eyrnhcis (uxordirhg 
asr is odd or even. 

First take r = 2. Since every permutation is the product 
of transpositions, contains every possible permutation on 
the m symbols and is therefore the symmetric group. 

Next take r = 3 ; then contains every possible product 
of two transpositions on the m symbols. For such a pro- 
duct is either of the form (1 2) (1 8) = (1 2 8) or of the form 
g2) (3 4) = (2 8 4) (12 8); and both these products are in (?. 
ence contains every even permutation on the m symbols, 
and is therefore the alternating group. 

Lastly, take r > 8 ; then contams every circular permu- 
tation of order 8 such as (12 8). For 

(128) = (1824...r)(lr...482) 

which is in G. If r is even, contains a circular permutation 
of even order ; i. e. & contains an odd permutation and is the 
symmetric group. If r is odd, is the alternating group. 

Ex. 1. The group G generated by every permutation of the 
type (1 2)(8 4) on m symbols (m > 4) is the alternating group on 
the m symbols. 

Ex. 2. The theorem in Ex. 1 does not hold if m = 4. 

Ex. 8. If jp is a prime < m, the Sjrmmetric group of degree m 
does not contain any subgroup of index < p except the alternating 
group. 

§ 14. The aUerruding group of degree m is simple^ 
unless m = 4. 

This is evident when m s= 2 or 8. When m = 4, has 
evidently a normal subgroup of order 4 containing the four 
permutations 1,(12) (8 4), (1 8) (2 4), (1 4) (2 8) ; where 1, 2, 8, 4 
are the four symbols on which G acts. 

Suppose that when m >4, G contains a normal subgroup H. 
Let a be that permutation of H which displaces the smallest 
number of symbols. Let g be decomposed into its cycles. 
None of these cycles can contain more than three symbols; 
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for if sr = (128...)..., JST containB /=[(182) sr(128V and 
also gf"'^ = (2) (81 ...) which displaces fewer symbols tEan g. 

Again, no cycle of g can contain three symbols unless it 
is the only cycle of g. For if jr = (4 1 2) (8...) ..., c/ = 
(2) (1 8 ...) ... displaces fewer symbols than g and is in H. 

Again, g cannot contain two cycles of two symbols each 
unlessm = 4. For if (/ = (12) (4 5)..., fl/=(4) (5) (18 ...)... 
displaces fewer symbols than g and ismH. 

We see then that g must be (if m > 4) a circular permu- 
tation of order 2 or 3. The former is impossible since g is odd. 
If 9 = (1 2 8), jET contains every othei^ circular permutation of 
order 8 such as (1^2' 8^, and is therefore the alternating group 
(§ 18). For contains one or other of the two permutations 

(12 8 4...m\ r — /I 2 8 4...m\ 
r2'8'4'...mV ^' ^ = U'r8'4'...mV* 

since ha"^ = (1 2) is odd. Hence (1' 2' 8') = a'^ga = h'^^h 
is in £r, since H is normal in 0. 

§ 15. The Byw/metric group of degree m can contain no 
normal mbgroup except the altemaiin^ group of degree m, 
unlese m = 4i. 

If m = 4^ the subgroup of order 4 normal in the alternating 
group is also normal in the symmetric group. If m ^i^ 4, the 
proof is exactly the same as that of § 14. We have only 
to prove in addition that g cannot be a transposition. If 
a = (1 2), H contains every other transposition such as (1^ 2^) 
in the m symbols and is therefore the symmetric group ; for 
H contains a'^ga. 

Ex. 1. A function /i of m symbols (m > 4) is changed into 
fu At /s' *** ''^7 ^^® elements of the symmetric group on the m 
symbola If those permutations whidi do not alter fi do not 
alter fi,f%ffzf • • • » they form the alternating or symmetric group. 

Ex. 2. The alternating and symmetric groups are the only 
groups of degree m and oider > (m^l) ! {m^^}. 

Ex. 8. (i) If 6 is the symmetric group of degree 4 and H is 
its normal subgroup of order 4, 0/H is simply isomorphic with 
the group formed by the substitutions of = x^\l —x)'~\ {x^ l)^^y 
x'\ X -r (x^l), l^x. (ii) What is the geometrical interpretation 
of this result? 
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CHAPTER Vn 

SUBSTITUTION.QROUPS 

§ 1. A GBOUP whose elements are substitutions on m eiven 
variables is called a subetitutionrgroup of degree m. If the 
substitutions are homogeneous and linear (1114), is called 
a homogeneous linear Bfiihstitutionr-growp. If the substitu- 
tions are fractional and linear (m 9), is called a fradwnal 
linear eubetUution-group. We shall suppose in §§ 1 to 8 
that all quantities considered (both coefficients and yariables) 
are ordinary real or complex quantities unless the contrary 
is stated. 

Ex. 1. (i) A permutation-group is a particular case of a homo- 
geneous linear substitution-group, (ii) Each of its substitutiiMis 
is real and orthogonal. 

Ex. 2. The similarities of a homogeneous linear group fonn 
a normal Abelian subgroup. 

Ex. 8. The determinant of every substitution of a finite homo- 
geneous linear group is a root of unity. 

Ex. 4. Those substitutions of a homogeneous linear group 
whose determinant is a power of a form a normal subgroup. 

Ex. ^ (i) The ' group of subtraction and division ' generated by 
of = d^x and a^= (-r^ is of finite order if t-?-^ is rational, 

where 2v^oo8^ = d. (ii) If ( and d are rational, the group is 
of order 4, 6, 8, 12, or oo. 

§ 2. If every substitution of a substitution-group O on the 
m variables x^jX^^ ••• y^m ^ expressed in terms of new variables 
Vii y^ ***> y^ (functions of x^, x^t •••iX^), we obtain a new 
substitution-group G' on the m variables yi> yi> •••i Sfw If 
now we put x^ for y^ (i = 1, 2, •••, m) in Uie substitutions 
of (T, every substitution of G^ will be derived finom the 
oonesponding substitution of ff by transforming by 

r = (yi,%, ....yj 

(m S). Hence G' becomes T^^ GT. 

Ex. TinA T^^GT when G is generated by j^=l-r(l-x) 
and jf^l'T'X, and r is j^ = x-l. 
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§ 8. Suppose that every element of a substitution-group O 
on the variables o^, o^, ... > fl^ni when operating on any function 
/(^i>^) '-M ^m) 6^^^^ (0 ^Gftves it unaltered for all values 
of ojji 0^, •••) ^m or (ii) merely multiplies it by a constant 
independent of ic,, oi^, ..., a;^. Then /(aJi, «2> •••> ^m) ^ 
called (i) an aiaolute inva'riant or (ii) a relative invariarU 
of 0. By an invariant we shall mean an * absolute invariant ' 
unless the contrary is stated. 

Every finite group has invariants. For if the n sub- 
stitutions 9x9 929 "'i9n of change the function /^ into 
/ij/a»--./n» ^J symmetric function of /j,/,, ..../^ (e.g. 
their sum or product) is an invariant of G. In fact gj cnanges 

/{ into /j^, where g^gj = gkl so that each substitution of 
permutes /^/g, ...,/». 

Ex« 1. For example; al^y'^ and a:^+y^ are absolute invariants, 
xy and x^-^y^ are relative invariants of the group whose elements 
are {x, y\ (-y, rr), (-a?, -y), (y, -a?), («, -y), (y, a?), (-as, y), 

Ex. 2. If /(a^ , rCst •••» ^m) ^ an invariant of G, /(^d ^g, ... , ^„|) 
is an invariant of T'^QT; where x/ = ^{{xif a^, ..., x^) is the 
substitution T~^, 

Ex. 8. An expression is an invariant of G if it is not altered 
when we perform on it every one of a set of substitutions which 
generate G. 

Ex. 4. Those substitutions of a group which leave unaltered 
one or more given expressions form a subgroup. 

Ex. 5. (i) If a homogeneous linear group has a homogeneous 
algebraic invariant / of the second degree with non-zero deter- 
minant, it can be transformed into a group of orthogonal 
substitutions, (ii) Illustrate by taking 

/=a:2+2y2+8jer«+2jBra?-2ay. 

Ex. 6. Xi-^X2+x^-¥ ... is a linear invariant of any permutation- 
group on the symbols Xi, x^y x^^ ...» 

Ex. 7. The sum of the symbols in any transitive set of an 
intransitive permutation-group 6 is an invariant of G, 

Ex. 8. If a homogeneous linear group G has XiX^ — x^ as a 
relative invariant, every substitution of Cr is monomial. 

Ex. 9. x-^y—g is an invariant of the group generated by 

(y, -£r, -x) and {x, -jbt, -y). 

Ex. 10. X'-y-k-e is a relative invariant of the group generated' 
by (8a?— 8y+4ir, 2a;— 8y+4ir, ^y^z) and 

(— 8a;+4y~4ir, -2a:+8y— 4jBr, —e). 

Ex. 11. XX -^yy is an invariant of the group generated by 
(i) {AaB x^Qo&S y, cos^ a;+sind y) and (y, x\ (ii) (ty, ix) and 
(^, -«?), (iii) (*«, -^) and (y, x). 

h2 
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Ex. 12. fl?y(a?*— y*) and rr*+y*±2y— Sx^ are relative in- 
variants of the group generated by {ix, —iy) and 

/1-f ^l-t -1-f 1 + * \ 

§ 4. If every subBtitution of a group on the variables 
iCjjiCj, ...,a;^, Vi^Vi, >>*,yf, ^ii«^2i -m^^, ••. changes x^,x^, ...,«« 
into functions of Xi^x^i »•', x^ only, is called * reducible'. 
A substitution-group which can be transformed (by a suitable 
change of variables) into a group such as & is also called 
reducible. A group which cannot be so transformed is called 
irredv/yible. 

Suppose that (i) every substitution of the group changes 
Xi, x^i ..., o^^into functions of o^, x^t •••» ^« only; J^i^J/g} •••,21^ 
into functions of t/j, y^^ ..., y^ only; z^, z^, ..., z^ into func- 
tions of Zif z^^ ..., Zg only; and so on: and (ii) that is 
irreducible when considered as a group of degree e affecting 
^i)^8>-*M^0 only, and as a group of degree / affecting 
2/i5 ^2) "MSf/ only, and as a group of degree g affecting 
^1 J «2 » ' • • J ^a ^^Jj ^' Then is called * completely reducible '. 
A substitution-group which can be transformed into a group 
such as & is also called completely reduciMe. 

Ex. 1. If we transform by {x—y-^ufi y» ^) the group G generated 
by {8a:— 8y+4jer, 2:r— 8y + 4jer, — y + jer) and {— 8a?+4y— 4jBr, 
— 2a:+8y— 4jer, —z), we get tiie group ff' generated by {x^ 
2a?— y+2jBr, —y+z) and (—a:, — 2a:+y— 2jer, — jer). Since every 
substitution of 0' obviously changes x into a function of x, O^ 
and hence G is reducible. If we transform O' by (a;, —x-^y^z^ 
x-^z) we get the group 0" generated by (a;, z, — y) and (—a:, y, — jr). 
Since every substitution of Q" evidently changes x into a function 
of X and y, jer into functions of y, jer while the group generated 
by (z, — y) and (y, — jer) is irreducible (since these two substitutions 
have no pole in oommoni Q" is completely reducible. Hence Q' 
and G are completely reducible. 

Ex. 2. A homogeneous linear group whose substitutions have a 
pole in common is reducibla 

Ex. 8. Denoting a^Xi-k-a^x^-^- ... +a^a;^ by/i prove that (i) a 
homogeneous linear group G with fi as absolute or relative 
invariant is reducible ; (ii) if the substitutions of an irreducible 
homogeneous linear group H change f^ into /i, f^^ ..., f^^ 
/i+/a+... +/n = 0. 

Ex. 4. A permutation-group of finite degree is reducibla 

Ex. 5. The group generated by (jer, x^ y) and (— y, — a^ — jr) is 
reducible. 
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§ 6. IS A^ B are any two homogeneous linear substitutions 
and a, fi are their determinants, we see at once by III 4 that 
a^, /3~^, and fi'^a^ = a are the determinants of AB, B'^, and 
B-'^AB respectively. Hence if is any homogeneous linear 
substitution-group, those elements of 6 whose determinant 
= 1 form a normal subgroup F. If g^ h are two elements 
of with the same determinant, g'^h is in F, since its deter- 
minant = 1. Hence if g^y g^^ g^«, ... are substitutions of G 
such that no two have the same determinant. 

It is at once proved that the product of two similarities 
is a similarity, and that a similarity is permutable with any 
other substitution. Therefore the simimrities of 6 form a 
subgroup M contained in the central of 0. 

Let a, b be the fractional linear substitutions derived from 
any two substitutions A^ B of (III 9). Then it is at once 
proved that ab is the fractional substitution derived from AB. 
Hence the fractional substitutions derived from each element 
of form a group F isomorphic with 0. The identical 
element of F may obviously be derived from any similarity 
of O but from no other element of 0, Therefore to 1, in Jr 
corresponds if in 0, so that F=z Q/M. 

Ex. 1. For example, in the group of order 8 generated by 
(— y, «) and (ic, — y) M. contains (a;, y), {— a;, — y), and ^= G/itf 
is the group generated by a;' = — 1 -ra? and of ^ --x, 

Ex. 2. If any homogeneous linear substitutions form a group, 
(i) the transposed substitutions, (ii) the conjugate substitutions, 
form simply isomorphic groups. 

Ex. 8. The monomial substitutions of a group O form a sub- 
group jET, the multiplications of G form a subgroup K of jET, and 
the similarities of G form a subgroup of JST. 

Ex. 4. (i) The real substitutions of a group G form a subgroup 
£r, the orthogonal substitutions of G form a subgroup JST, and the 
unitary substitutions of G form a subgroup L, (ii) The Q.C.S. of 
IT and X= the G.C.S. of L and jET = the G.C.S. of IT and K. 

Ex. &. The substitutions of G with a given pole or poles form 
a subgroup. 

Ex. 6. A homogeneous linear group of degree m is simply 
isomorphic with a group of real substitutions of degree 2m. 

Ex. 7. The totality of all substitutions of the type (aa;+cy, 
'cX'¥ay\ where aa—tc = 1, form a group. 

Ex. 8. A set of substitutions of the type af =^{aX'\'V)rr{cX'{'d) 
with a pole in common form a finite group. Prove that (i) they 
have a second pole in common, (ii) the group is cyclic 
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Ex. 9. ProYe the following properties of the infinite ' modular ' 

ox '^ 1) 

group O formed of all substitutions such as a;' = ^ where a, 

hf c, d are integers and od— &c = 1. (i) No substitution of ff is 
loxodromio ; (ii) every substitution of (? is of order 1, 2, 8, or oo, 
(iii) the substitutions for which a=d = l, & = c=0 (mod n) 
form a normal subgroup. 

§ 6. Every finite hamogene(m8 linear group has a positive 
Hermitian form as an invaaiant. 

Let fi be any positive Hermitian form 

(e. g. oji^i + ojjig + aJia^ + . . .)> 
and suppose that /^ is changed into fnf^i •••» A ^7 ^^ 
substitutions of 0. By inf/i,/,, ...,/,| are Hermitian 
forms, and since /^ is always positive for all values of the 
variables (not all zero) so are/j, /j, ...,/ii- Then 

/i+/a + ...+A 
is evidently a positive Hermitian form and is an invariant of 6. 

Ex. 1. In the group G= l + a+a*+a' + ft+&a+6a*+6a^ where 
a = (— a; + 2y, — a;+y), 6 =(a;— 2y, — y) take/i =a^+yy. Then 

/a =/i, /a =/4 = 2a:^ + 6yy-8a?y-8%, 
/a =/7 = x5+ 5yy-2ipy-2%, /« =/8 = 2a:^+yy-xy-%, 
so that /1+/2+ •.. +/8 = 12(a:^+2yy— rcy— %). 

Hence xx'^2yp—xy—xy is a positive Hermitian invariant of G. 
Ex. 2. Find a positive Hermitian invariant of the groups of 
orders 4, 8, 12 generated respectively by (i) {—x, —y) and 
(-2a;-(a)-l)y, (a>2-l)a; + 2y), where 0)3=1; (ii) (ir+(l-t)y» 
— ty) and {Xf (1— «)«— y) where »^=1; (iii) (y, iff, a;) and 

(«, -y» -4 

Ex. 8. Every finite homogeneous group can be transformed 
into a group of unitary substitutions. 

Ex. 4. (i) A homogeneous group of degree m with the invariant 
«i^i + X2^2+ ••• +^«^» ^ reducible if ^ < m. (ii) A group with 
a hypohermitian invariant is reducibla 

Ex. 5. If an irreducible group G has two positive Hermitian 
invariants /and/', their ratio is a constant. 

§ 7. Any finite homogeneous linear substitutiovr^roup G 
is either irreducible or completely reducible. 

If G is reducible, it may be transformed by a suitable 
choice of variables a^, x^, ..., Xj^, y^, y^, ..., yi so that any 
substitution 9 of & is of the form 




Vnr] FINltE HOMOGENEOUS GROUPS 



108 



(6 ^ 1) 2, •••) A?; t = 1, 2, •••! {). 
Let then 

(i, j, u = 1, 2, ..., * ; 6,/, v = 1, 2, ..., i), 
be a positive Hermitlan invariant of G. 

Now express in terms of d?i, o^, ..., ^;k> ^i»^2>'*m^» 
where ^o =2^^ + J'aiai + »'a«^ + -. + i'a*fl'*(« = 1> 2> —lO* and 
the Id quantities v are chosen so that 

This is always possible ; for by III 5 the determinant 

?u • • • ?lJfe 



#0, 



since J? IS positive. 
Then H takes the form 

Now express ^PijX^x^ in the canonical form 2 Z^ Z^ (where 

ZjjX,, ...,Xj^ are linear functions of r^, o^, •••i^jk) ai^<l 
express 2q^fZ^Zf in the canonical form ^Z^Z^. 
Suppose that when g is expressed in terms of 

Xj, •••, Xj^y ^|, .,,, Zi 
it takes the form 

^$ — «rt-^i + • • • + ^«*-^*» 

^/=ya-^i + *"+y<*-^*+^<i-^i+ —+^ei^z- 
Then if we perform this substitution on £ = 2 Z^X^ + 2 Z^Z^, 
the coefficient of Z^^^ in H becomes 

This must vanish for t; =: 1, 2, ..., I, since H is not altered 
by the substitution g. But ^e determinant 



'U 



^iZ 



#0, 



^Ji 



^a 
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since the determinant otgi^O. Hence 

This holds for each value of u, and therefore every sub- 
stitution of (? is of the type 

K is irreducible considered as a group affecting X|, X^, 
..., Xjg and as a group affecting Z^, Z^^ ..., Zj, the theorem 
is proved. If not, the process can be repeated until is 
transformed into a completely reducible group. 

Ex. 1. Any ' Hennitian group ' (L e. a finite or infinite group 
with a positive Hermitian invariant) is irreducible or completely 
reducible. 

Ex. 2. A finite reducible group of degree 2 is Abelian. 

Ex. 8. A permutation-group is completely reducible. 

Ex. 4. A finite reducible group of degree 8 has a relative linear 
invariant. 

Ex. 5. The completely reducible group of § 4 can be transformed 
so that every positive Hermitian invariant is of the form 

a(a;i5i+ ... +a;g^fl)-f i3(yiyi+ ... +y/y/)+y{^i^i+ ... + Vy)+ -' 
where a, )3, y, ... are real positive constants. 



§ 8. ^ finUe Abdian homogeneous linear suJbstUutioTir 
group can he transformed into a group each of whoee 
svhstUutions is a m,vUipUcation. 

If all the root^ of the characteristic equation of an element 
il of are equal, il is a similarity. For find a substitution T 
such that T'\AT = a multiplication M (HI 8). Now M is 
a similarity, since the roots of its characteristic equation are 
all equal. Therefore A = TMT'^ = M. Hence if each 
element of is such that all the roots of its characteristic 
equation are equal, every element of & is a similarity. 

Now suppose il is an element of whose characteristic 
equation has not all its roots equal. Transform the group G 
(of degree m, say) into a group so that A becomes a multipli- 
cation M={oi>iXi^ <^2^i» •••»<0m^m)* Sup{K)Se a>i = tt, = ... = c*,., 

but a>i ^ <^r+i9 ^r+2» •••> ^m v^^ reasoning is genial). Now 
if Jf is permutable with 

&«i«l + *«2«2 + •.. + ^mm^ndi 
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as is evident on comparing MB and BM. Hence h^s s 
if cu^^wj. Therefore every element of 0^ changes a^,a^, •••»^r 
into fnnctions of x^y x^, ..., x^ only and chan^ ^r+n ®r+2> 
... , x^ into functions of ^rti' ^r+s' ***' ^m ^^J' 

Now if we consider the effect of the elements of 0' on the 
variables o^, ^, ... , a;, only, 0' reduces to an Abelian group H^ 
of degree r. Similarly if we consider the effect of the elements 
of 0' on the variables o;,.^!, x,.^,, ••• j ^ only, 0' reduces to an 
Abelian group JT, of degree m—r. Now assume the theorem 
true for every Abelian sroup of degree < m. Then by the 
assumption we can find linear functions ^1,^2, •••s^r of 
aji,ajj, ...,a?r and functions y^+j, y^+j, ..., ^mOf «r+i> ^r+2»--M 
x^ such that when J7| is expressed in terms of y^ , y. , . . . , y^ every 
element of H^ is a multiplication; and simi£EU-ly for H^, 
Hence 0' maybe expressed in terms of yiiJUi •••9 Vm ^ ^^^ 
every element of is a multiplication. Then the theorem 
follows by induction. 

Ex. 1. A homogeneous irreducible Abelian group is of degree 1. 

Ex. 2. An Abelian group of degree m has m distinct positive 
Hermitian invariants ; and conversely. 

Ex. 8. The central of a homogeneous irreducible group consists 
solely of its similarities. 

Ex. 4. Transform the Abelian group of order 8 generated by 
[19a;-12y-24jer, 10a;-7y-12iff, 10«-6y-18A 
[26«-18y-80iff, 8a;-5y-10jr, 16a;-12y-19jer), 
and {6x-6y-6jr, -2«+y+2jr, 6«-6y-7jer) 

into a group of multiplication& 



E. 

ii 



§ 9. We now consider the case of a group of homogeneous 
linear substitutions whose coefficients and variables are marks 
of a OFlj/'^ The totality of all possible homogeneous linear 
substitutions (of non-zero determinant) on m given variables 
Xj, ojj,, ..., o;^ in a OFlj/] evidently forms a group 0. It 
is called the general homogeneous linear aubstUutionrgroup 
in the Field and is of order 

For the substitutions of leaving x^ unchanged form 
a sut^oup H of order pi^-^)^ x «-i J^r* ^ ^*ct 

aj/ = a^a5i+a<2^+ ••• +^im^« (^ ^ ^> 2, •••, m) 
is such a substitution when 0,1 = 1 and 

«12==^= — =«l« = 0, 
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while each of the coeffioients a^^ a^^ ..., a^^ is any one of 
the jf marks of the Field and a^^ a^, ..., a^^ (i = 2, 8, ..., m) 
are marks subject solely to the condition that their deter- 
minant ^t/^ 0. 

Now if 9, A are two substitutions changing x^ into the same 
linear function b^Xi-^-b^x^+.^-^bi^x^^gh'^iB in E. Hence 
G = Jffj7i + JB'flr-+...+jag'^, where ^i, ff** •••> ,9i are substitu- 
tions each replacing o^ by a different linear nmction. Now 
fc =/>'»»'■— 1, for 6„, 6ig, ..., 6i„| may be chosen arbitrarily in 
the Field providea they are not all = 0. Therefore 

«i(r, = (p«'-i)i)(«-')'x«.,jv,. 

and the required result follows at once by induction. 

Ex. 1. The general linear group may be considered as a 
permutation-group on p^ symbols. 

Ex. 2. We denote by P, Q, R the groups formed respeotiyely by 
all substitutions of the types of = x-^h^ sf = ax+h {a^0% 

«'= — — ^ {ad— he gfc 0), where x,a,hfe,daie marks of a OF[jf]. 

Proye that (i) P may be considered as a simply transitive 
permutation-group of degree p^ and order p^; (ii) Q may be 
considered as a doubly transitive group of degree p and order 
p^iP^-^l) ; (iii) B may be considered as a triply tnmsitive group 
of degree p-^l and order p{p^^—l) ; (iv) every substitution of 
B is equivalent to a substitution with determinant 1 or v, where 
V is any given notnsquare of the Field ; the substitutions with 
determinant 1 forming a normal subgroup of index i[B~-(~l)^] ; 
(v) Q is the normaliser of P in 22 ; (vi) Q/P is cyclic ; (vii) Q 
contains a cydio subgroup of order p*'~l consisting of the 
substitutions ar^rsoo^+^l— a) where u is a given mark of the 
Field ; (viii) by varying u we get a set of p^ conjugate subgroups 
of Q ; (ix) every element of Q is in P or in one of these conjugate 
subgroups. 

Ex. 8. The totality of all substitutions of the type 

a^ = (aa;+b)-r(bx+a) where aa— bb=l 
(m llio) form a group. 

Ex. 4. In the substitutions t! r= % each coefficient is of 

yx-\'0 

the form u+t;i9, where ti^ t; are marks of a OF\j\ and iS is a 
symbol not in the Field defined by S^ = 1 and combining with 
the marks of the Field under the ordinary laws of addition, &c 
Prove that the totality of substitutions for which ad~)8y = 1 and 
'i) a = a, j8 = 6, y = c, 8 = dl (a, 6, c, d being marks of the Field), 
ii) a = l + a(l + S),i3=6(l + iS), y = c{l + S),5=l + d(l + iS), 
[iii) a = l + a{l-fifXi3 = 6(l-iS),y = c(l-iSXa = l + d(l-fif) 
form groups IT, Ifi, jBTj. Every substitution of K^ is permutable 
with every substitution of H.^ and ITi = jETg = K. 
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§ 10. The remarkB of § 5 evidently apply to homogeneous 
substitution-groups whose coefficients and variables are marks 
of a OF\f]. 

Let Cthe the general homogeneous linear group of degree m. 




I 



any 

of the Field ; and hence G = Tflr + Tflf* + ... + T^P^'K There- 
fore O/T is cyclic of order p^-^l. 

Again, if s = lux^^ ux^^ ..., uxJi* ^^^IZ ^^^^^^7 ^^ ^ ^^ 
of the type «* = (tt*«i, u'oj, ..., vTx^). Therefore M is cyclic 
of order j/—l. 

The greatest common subgroup D of r and M is of order d^ 
where a is tiie H.C.F. of p^—l and m. For s^ is in F if and 
only if u^^ = 1, i.e. tm = (mod j)**— 1) ; and the smallest 
value of t satisfying this congruence is ( j?**— 1) -7-c2. 

The fractional linear group A of degree m— 1 derived from 
r = T/D and is therefore of order ^i\^ -r (jf^l) d. It may 
be shown that A is simple unless m = 2 and j/ = 2 or 8 
L e. ^ = 2 or 8 and r = 1). For the proof of this result, and 
or a discussion of other simple groups derived from sul^nroups 
of the general homogeneous finear group with dven invariants, 
we must refer the reader to Dickson's Linear wroupa (Teubner, 
1901). 

Ex. 1. Show that the centrals of and F consist solely of their 
similarities. 

Ex. 2. Show that there are simple groups of orders 60, 168, 
504, 660, 1092, 2448, 8420, 4080, 5616. 

Ex. 8. A is of even order.* 

Ex. 4. Those substitutions of G, F, A whose coefficients are 
integral marks form a subgroup. 

Ex. 5. When m = 2 and r = 1 every element of A is included 
once and only once among S'^TS'^TS'' and TSf'TS'^TS^ (X, v, 
r = 1, 2, ...,|); fiyO- = 1, 2, ...,i(l>— 1); po^ = l(modi))); where 
iSisa^ = a;+ 1 and Tisaf =r — l-J-a?. 

Ex. 6. Show that A can be generated by three substitutions of 
order 2 when m = 2, r = 1, p > 8. 

Ex. 7. If m = 2 and p^=2. contains a normal subgroup 
of order 8 generated by (y, x+y) ; and 6 = F = A. 

Ex. 8. Ifm = 2andp>^ = 8, while A, B, C, D, ^ denote 
respectively (2x, «+y), (y, 2«+y), (2y, x\ (ar+y, «+2y), (2a?, 2|f), 
show that {E}, {D, E), {C, D, E), F = {B, C, A ^}, 0^ = {^, 
B^ C, D, E) are of orders 2, 4, 8, 24, 48 and that each is normal 
in its successor. 

* No simple non-oyolio group of odd order has yet been disooTered. 



CHAPTER VIII 

GROUPS OF MOVEMENTS 

§ 1. We shall consider in this chapter groups whose elements 
are geometrical ' movements ' of the kind discussed in Ch. IV. 
Such a ffroup is called a group of Toovements. I£ each move- 
ment ofthe group leaves a given point unmoved the group 
is called a point-group. 

Ex. 1. A point-group can only contain rotations about lines 
through and rotatory-inversions about and lines through 0. 

Ex. 2. Every finite group of movements is a point-group. 

Ex. 8. If a group contains a rotation through 2ir -rfH (m integral) 
about a line I and a reflexion in a plane through I, it contains 
reflexions in m planes through 2. 

Ex. 4. If a point-group contains a rotation through 2?r-riii 
about I and a rotation through tt about a line perpendicular to 2^ it 
contains rotations through ir about m lines perpendicular to L 

Ex. 5. If a point-group contains rotations through ^v about two 
perpendicular lines, it contains a rotation through f v about a line 

making an angle tan~^v^2 with each. 

Ex. 6. If a point-group contains rotations through f v about two 
lines inclined at an angle cos~^ ^, it contains a rotation through v 

about a line making an angle tan'^V^ with each. 

Ex. 7. If a point-group contains rotations through f v about two 
lines inclined at an angle tan~'^2, it contains a rotation through 
f TT about another line. 

§ 2, If is any group of rfwvemerds containing rotatory- 
inversions^ the screws of form a normal subgroup which is 
of index 2 when is JinUe. • 

We include rotations and translations as particular cases 
of 'screws', and reflexions, inversions, gliding-reflexions as 
particular cases of ' rotatory-inversions ' unless the contrary 
IS stated. 

By IV 6 the product of two screvns is a screw. Hence the 
serews form a subgroup H. Also the transform of a screw 
is a screw (IV 9)^ so that H is normal in 0. 
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index 2 if is finite. 



§ 8. If any point, line, &o. P is brought to the positionB 
P, Pj, Pj, ... by the movements of a group 0; P, Pj, Pj, ... 
are said to form an equivalent system oi points, hnes, &c. 
under G. 

If G contains a screw S about a line 2, G contains a similar 
screw (one of equal angle and translation) about every line 
equivalent to I ; since G contains the transform of 8 by each 
movement of G (IV 9). These similar screws are the elements 
coojugate to 8 in G. A like result holds for the rotatory- 
inversions of G. 

Ex. 1. Points equivalent under a point-group lie on a sphere. 

Ex. 2. If 6 is of finite order n, the number of points, Imes, &c. 
in an equivalent system is in general n. 

Ex. 8. (i) If contains a rotation through 2ir-rm about a 
line OPf but no rotatory-inversion, there are n-rfi points 
equivalent to P. (ii) If (? contains a refiexion in a plane through 
OP there are n -r 2m points equivalent to P. 

Ex. 4. Every movement of O permutes P, Pj, P2, .... These 
permutations of P, Pj, Pj, . . . form a permutation-group isomorphic 
withGf. 

Ex. 5. Use Ex. 4 to prove the result of VI 2 for a point-group. 

Ex. 6. A normal subgroup H of any group of movements G 
contains a screw about a line 2. Show that H contains a similar 
screw about every line equivalent to I under G ; and that a like 
result holds for rotatory-inversions. 

Ex. 7. If a group contains a screw of angle ^v about a line { 
and a reflexion in a plane through 2, it contains reflexions in two 
other planes through 2. 

Ex. 8. If a group contains a screw of angle fir about a line I 
and a translation perpendicular to 2, it contwis three independent 
translations. 

§ 4. The trandations of a/ny group G of geometrical move' 
merUs form a normal mbgrov^p H^ ar!d G/H is simply 
isomorphic with a point-group. 

Since the product of any two translations is a translation, 
the translations of G form a subgroup H^ and since the 
transform of a translation by any movement is a translation 
(IV 9), H is normal in G. 
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If iS|, S^, ... are any screws of 6, and R., 22,, ... are 
rotations through equal angles about parallel IineB through 
a fixed point 0, we can find translations 2\, T^, ... such that 
iS| = i2j Tij S^ = iZ^T,, .... Moreover we can find a transla- 
tion T sudi that S48J = RiRj.T{IV 9^,7,8,9). 

Similarly if •7'^, J 2, ... are any rotatory-inversions of G, 
and Iii 1^9 ••• are rotatory-inversions through equal angles 
about and parallel lines throudi 0, we can find translations 
^i, ^2, ... such that Jj = /j^j, Jg = J2^g, .... Moreover we 
can find a translation t such that J^Jj = i^L • t^ or such that 
8^Jj^= R^ Ij •tf or J^Sj =^ I^ Rj • t. 

Hence the group is multiply isomorphic with the point- 
group r consisting of the movements R^, R^f ..., L^ /g, .... 
To identity in F corresponds every translation of G^ so that 
r = G/H. 

A ffroup (such as H) each of whose elements is a translation 
is caUed a travsUUionr-grou^p. 

Ex. 1. £r is infinite unless £r = 1. 

Ex. 2. The group generated by rotations through tt about two 
perpendicular non-intersecting lines is isomorphic with the point- 
group of V 8x1 (u), the subgroup H being generated by a single 
translation. 



^ 5. We proceed now to find all possible types of finite 
point-ffroup leaving a given point unmoved. Every element 
of su(m a ^oup ^ is a rotation about a line through or 
a rotatorjr-mversion about and a line through 0. Let R be 
any rotation about a line I through a positive angle a con- 
tamed in the group, and suppose that the group contains 
no rotation alK>ut I through a positive an^e <a. Then 

2v 
a = — where n is int^al. For if (n+l)a > 2ir i^ -wa, 

a rotation through iv-^na about 2 is a movement of the 
group, so that 2ir =: na. Similarly if J is a rotatory-inver- 
sion through a about and Z, and the group contains no 
rotatory-inversion about and I ttm>u^ an angle < a, 

2w 
a = — 9 where n is integral We shall speak of i2 or J as 

an ' 7i-al ' rotation or rotatory-inversion of G. 

Ex. 1. A 1-aI rotatory-inversion is equivalent to inversion 
about 0. 



V 
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Ex. 2. A 2-aI rotatory-inyersion about I is eqniyalent to reflexion 
in a plane through perpendicular to h 

Ex. 8. Find the orders of B and J. 

Ex. 4. If a group O of order N contains an n-al rotation or 
rotatory-inyersion, N-i'n isintegraL 

Ex. 5. If a group contains an n-al rotatory-inyersion, it contains 

an J {8— (— l)^}-al rotation about the same line. 

§ 6. We first consider a 'holoaxial' point-group of 
order n containing only rotations about lines through a 
point 0. 

If G contains 2-al rotations about u, different lines, 8-aI 
rotations about u, different lines, . . . , 

71 — 1 = U2 + 2tt5 + 8u4+ .... 

For any point P is brought to coincide with (m— 1) other 
equiyalent points by successiye rotations through 2 tt -t- m 
about any one of the u^ lines round which an m-al rotation 
of takes place. We thus get U2 + 2U3 + 8U4+... points 
equiyalent to P. Also since & contains only rotations, iJI 
the points equiyalent to P are thus obtained except P itself. 
But in general there are n points equiyalent to and in- 
cluding P. 

Ex. If a group Q of order n contains 2-al rotations about Uj 
lines, 8-al rotations about i«3 lines, ... and rotatory-inyersions, 
Jn— 1 = i#2+2i«8+8u4 -I- ... . 

§ 7. Let now contain o-al^ &-al, c-al, ...(at.bt.ct. •••) 
rotations about lines Oil, OB^ OCy... no two of which are 
equiyalent under 0. We suppose these lines only drawn in 
one direction from 0. The prolongation OA' 01 OA is in- 
cluded among OB, 00, ... if and only if the two ends of the 
line A'OA are not equiyalent, which is the case if contains 
no rotation (through v about a line perpendicular to OA) 
bringing OA to coincide with 0A\ If Hs any line through 0, 
there are in general n lines equiyalent to t ; but if t coincides 
with OA, these lines coincide in sets of a. Hence there are 
n-7-a lines equiyalent to (and including) 0A\ and G con- 
tains a-al rotations about each. A simuar result holds for 
OB, OC, .... Therefore contains o-al rotations abomt oi -r a 
equiyalent lines, &-al rotations about n -7- & equiyalent lines, 
and so on. These lines are the U2+U3 + U4+... lines of § 6 
reckoned twice oyer. Thus, for instance, the line AVA is 



lU 



nOWAJOAL FOIST^aOCFS 



[vnir 



nekootd ooet m OA taA onee m OA'. 



or 



'(•-i)»0-i)*(*-5)*0-l)-- 



Tb« tenn innde etdi bndcet of tlik e^^ <lbiii;^|. 

Himae tb«ra are on the ri^i-luuid side noi more tlimn three 
tifiekete or ksM than two. 




Fig. 11. 

Th« dingram shows ths lines about which the S-al rotations of P^ take 
place* Th« i-al rotation of D4 takes place about a line through peipen- 
dioular to the plane of the diagram. 

2 11 

(i) If there are two brackets, we have ~ = - + r • But 
'^ n 'nab 

- and ^ are integral ; henoe a = 6 = n. Then OB is 0A\ 
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and G is a cyclic group (O J formed by rotations about a 
single line. 

(ii) If there are three brackets, we have 1 + — = - + -!- + '• 
^ ' n a b c 

Then c = 2 ; for otherwise n would be negative, since at,ht.c. 

12 11 

Hence o + - = -"*"t* If& ^^ = 2, we have 2a = n, 
2 n a o 

6 = = 2. Then OA^ is equivalent to Oil, and is the 

dihedral group (D^) formed by rotations through multiples 

of 2ir -7- a about A'OA and rotations through v about a lines 

perpendicular to OA each making angles v rra with its 

neighbours (Fig. 11). 

The group 2> (= Bg) formed by rotations through v about 

three mutually perpendicular intersecting lines is called the 

' Quadratic ' group (Vierergruppe). 

(iii) If c = 2 and 6 > 2, 6 = 8 ; for otherwise - + t :2 « • 
112 a b 2 

Then - = ^ ^- - , so that a < 5. 
a o n 

We can have ti = 12, a = 6 = 8, c = 2. Then G contains 
rotations through fir about q (~ "^ t) ^ ^ lines. Each such 

rotation brings the system of four lines to self-coincidence (§ 8). 
This is evidently possible only if the four lines lie along the 
diagonals of a cube. By IV 2 6 also contains rotations 
through V about three lines perpendicular to the faces of the 
cube. We call in this case the tetrahedral group (T). 

(iv) Again, we can have ti = 24, a = 4, 6 = 8, c = 2. Then 
as before contains rotations through |ir about four lines 
lying along the diagonals of a cube. It contains also rotations 
through \'tt about the perpendiculars to the cube-faces and 
rotations through tc about tne lines joining the middle points 
of opposite edges. We call in this case the octahedral 
group (O). 

(v) Again, we can have n = 60, a = 5, 6 = 8, c =: 2. Then 

1 n 
contains rotations through ^v about ^ • — = 6 lines. Each 

such rotation brings the system of six lines to self-coincidence, 
and hence the six lines lie along the diagonals of a regular 
icosahedron. By 172 (? contains rotations through Itt about 
the ten perpendiculars to the faces of the icosahedron, and 
rotations through v about the fifteen lines joining the middle 
points of opposite edges. We call in this case {he toosa- 
hedral group (B). 

■iLTOs r. a. I 
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Ex. 1. Find the groups formed by the rotations bringing to 
self-coincidence (i) a right regular hexagonal pyramid, (ii) a right 
regular hexagonal bipyramid, (iii) a rectangular parall^^ipedon, 
(iv) an ellipsoid, (y) a cube, (vi^ a regular tetrahedron, (vii) octa- 
hedron, (viii) dodecahedron, (ix) icosahedron. 

Ex. 2. O^ and D are Abelian. 

Ex. 8. (i) O^ is a normal subgroup of D^, I^a of D^ (a even), 

T of O, D of T and O. (ii) S is simple, (iii) O/B = D3. 

Ex. 4. D^ contains 1 or 8 conjugate sets of elements of order 2 
as a is odd or even. 

Ex. 5. If g is a factor of a, D^ contains q subgroups Da. 

Ex. 6. Find the conjugate sets of elements in T. 

Ex. 7. O contains 4 subgroups D3 forming a conjugate set and 
8 subgroups D4 forming a conjugate set. 

Ex. 8. B contains 5 subgroups T forming a conjugate set, 
10 subgroups D3 forming a conjugate set, and 6 subgroups D5 
forming a conjugate set. 

§ 8. We now consider a point-group G containing rotatory- 
inversions.* The rotations of form a normal subgroup H 
of index 2 (§ 2), and is completely given when we Know H 
and a single rotatory-inversion of 0. We find then all 
possible point-groups by taking any one of the groups H of 
§ 7 and finding each m-al rotatory-inversion X about and 
& line I which (1) brings to self-coincidence the system of 
lines about which the a-aJ, &-al, ••• rotations of H take place, 

and (2) is such that iT contains a -^ {8— (— l)*^}-al rotation 

about I (Vm 5^). 

First we have cyclic groups (e^) generated by an m-al 
rotatory-inversion about and a line I: iT is O^ or O^^ as 
m is odd or even. 

The only other cases in which H is the group 0„| are those 
in which A is an inversion about 0, or a reflexion in a plane 
through the line OA of § 7. We thus get two types of group 
(r« and bj. 

Again, we may derive a type (d^) by combining the group 
o^ with a rotation through v about a line perpendicular to Ci 
His D^ or D^f^ as m is odd or even. 

The only other case in which H is D^ is that of the 
type (Am) in which X is an inversion about 0. 

From T we derive two types (6 and 0) by taking X aa 

* Sach groups are tometimes eaUed < extended' groiqpe. 
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an inversion about or a reflexion in the plane through two 
opposite edges of the cube of § 7, (iii). 

From each of O, S we derive a single type (0, H) by 
taking JT as an inversion about 0. 

Ex. 1. Show that d^ is identical with S21 ^m ^^h o^ (m odd). 

Ex. 2. By taking IT as 0,^ or 1>^ and X as a reflexion in a 
plane perpendicular to OA^ we get no group not already obtained. 

Ex. 8. By taking H as 1>^ and X as a reflexion in a plane 
through OA (i) passing through one of the lines about which 
a 2-al rotation takes place, (ii) bisecting the angle between two 
such lines, we get no new group. 

Ex. 4. Show that we have exhausted all distinct point-groups 
derivable from T, O, S. 

Ex. 5. Sm contains reflexions in m planes through OA each 
of which makes angles 'ir -r- m with its neighbours. 

Ex. 6. What are the groups of symmetry-movements of an 
ellipsoid, a paraUelepipedon, a rectangular parallelepipedon, a 
sphero-conic, an oblique circular cone, a right square prism, 
a cube, a regular tetrahedron, octahedron, dodecahedron, icosa- 
hedron, a tetrahedron with two pairs of opposite edges equal, 
a tetrahedron with each pair of opposite edges equal, a tetra- 
hedron with two pairs of opposite edges equal and the third pair 
perpendicular, a square open tank, a bound book, a paraboloid. 

Ex. 7. o,„, 62, A(= A2X r„| are Abelian. 

Ex. 8. 8,„ = D^, d^= D,„ ^m even), O = 0, T, = D = S,- 

Ex.9. e/D = D8* 6/l> = Ce, 0/T = D, 0/D = da. 

Ex. 10. Which groups of § 8 are direct products? 

§ 9. We shall now consider briefly the properties of a 
translation-group H containing no inflnitesimal translation. 
Let be any pomt and let OAi represent (IV 8) a translation 
of H such that no other translation of H is represented by 
a line shorter than Oil}. Let OBj represent another transla- 
tion of if, B^ being chosen (out of OA^ so that the area of 
the parallelo^-am OAJDBy^ is as small as possible. Take 

equiaistant points ..., Jt.,) -^-i* ^> -^i* -^s* ••• <^ong OA^^ and 
through them draw lines parallel to OB^, Treat OBy^ similarly. 
The iiet of points so obtained (see Fig. 12) includes all the 
points in the plane AfiB^ which are equivalent to under H. 
For if V were such a point situated in a parallelogram r, 
then evidently the parallelogram OA^DB^ (and in fact each 
parallelogram of Fig. 12) would contain a point F equivalent 
to V situated with respect to OA^DB^ in the same wav as V 
with respect to r. This is impossible ; for the parallelogram 
whose adjacent aidea are OF^ OA^ is smaller than OA^DJS^. 

12 
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Let OCj represent another translation of J7, C^ being chosen 
(out of the plane A^OB^ so that the volume of the parallele- 




Fig. 12. 

pipedon whose adjacent sides are OAj^^ OB^^ OC^ is as small 
as possible Take equidistant points ... , C.,* C'.i, 0, C^, C,, ... 
along OCi and through them draw planes parallel to OAiB^. 



k 



Vin e] TBANSLATION-GROUPS 117 

Treat the lines OA^, OB^ Himilarly. Then Just as before we 
see thai the lattice of pointa formed hy the interBeotiona of 
theae three Bets of parallel planes (Fig. 13) inclades all the 
points equivalent to under H. Henoe H is generated by 
the tranalationa represented by OA^, OB^, 0(7,; and there- 




Every trandaiiorir^TOup eorUaining no infinitesimal trana- 
lation is generated by not more than three independent 
trandatione. 

Ex. 1. Every translation of ff is represented by a line drawn 
from any given point of the lattice to some other point of the 
lattice. 
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Ex. 2. The straight line joining two points of a net (or lattice) 
passes through an infinite number of points of the net (or lattice). 

Ex. 8. The plane through three non-coUinear points of a lattice 
contains a net of points in the lattice. 

Ex. 4. Ji tif Lf t^ Bxe the translations represented by OA^^ 
OBij OCj in §9, (i) prove that t^t^^i and ii^t^^t are independent 
if ai/?2— Qs/^i # and generate a subgroup of {^, ^2} which 
only coincides with {fj, U) if Qi/^a— Og/^i = ±1; (ii) find the 
condition that r-^^t^t/'xt^fx^ Tj = <i°a<2^«<8%, T3 = ij^j^a^s^a'^s 
should be independent; (iii) show that ir= {r^, r^y r^] is a 
subgroup of H and find the condition that H = K; (iy) show 
that {/i, ^2> ^s}/{^i% h^f h'} ^ ^^ Abelian group of order xyz 
generated by three permutable elements of orders x, y, z. 

Ex. 6. Find every group of moyements such that H is generated 
by a single translation. 

Ex. 6. No function of the complex quantity x+ '/^\y can 
have more than two independent periods. 

§ 10, Let H be the normal subgroup formed by the trans- 
lations of any group of movemento Q (§ 4). Let Q contain 
a screw 8 through an angle 2ir -r ti (but through no smaller 
angle) round any line. Let R be the rotation through 2^ -r n 
about a parallel line I through 0. Now S transforms every 
translation of Q into another translation of G, and henoe S at 
most moves the lattice of § 9 parallel to itself. Hence R 
brings the lattice to self-coincidenoe. 

Let J?j be a point of the lattice such that no point of the 
lattice is nearer I than E^ (excluding points on 2). Let the 
rotations iJ, JB*, ..., U"*^ bring Ey^ to E^, -B^, ..., E^. Com- 
plete the parallelogram EJE^E^D. Then E^^E^, •••» ^n ^^ 
points of the lattice, ana tiierefore E^E^^ -^2-^8 represent 
translations of H. Hence E^D represents a translation of H ; 
so that 2) is a point of the lattice. Therefore D lies on 2, 
or else is outside the polygon E^E^...E^. We see at once 
that this is only possible if 71 = 2, 8, 4, or 6. 

A similar result holds for the rotatory-inversions of Q, 
Henoe : — 

If the subgroup H formed by the trandations of a group G 
contains no inftnitesimal traridation^ the poi/rU-group svmply 
isomorphic with 0/H contains only 2hxZ, 8-aZ, 4-oi, and 6-aZ 
rotatioTis and rotatory-inversions. 

G is not necessarily given when H and G/H are given. 
If JS' is generated by tnree finite independent translations, 
G is one of 280 different types (of which 165 contain rotatory- 
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inversions). For the disonssion of these we must refer to 
Schoenflies' KryetalUydeme und KrystaUdmctur, or Hilton's 
Mathematical Crydallography. 

Ex. 1. G/H is one of 82 different types. 

Ex. 2. The moyements bringing a net to self-coincidence and 
not displacing form one of the groups T^, A, A^, A«. 

Ex. 3. The moyements bringing a lattice to self-coincidence 
and not displacing form one of the groups c, r2, A, A3, A4, 

Ae, 0. 

Ex. 4. The only type of lattice brought to self-coincidence by 
Ae is that in which 

OAi = OJ?i, AiOBi = 120°, CjO^i = CiOBi = 90*^ 

(§9). 

Ex. 5. There are two types of lattice brought to self-coincidence 

by A4 ; that in which 

(i) OAi = 0-Bi, A^OBi = (\0A^ = C^OBj = 90°; 

(ii) OAi = 0^1, A^OBi = 90^ 

and the line joining Ci to the middle point of AiBi is perpendicular 

to the plane OAiBi, 

Ex. 6. If CiOAi = CiOBi = 90° and G/H= Cg, G is one of 
two possible types. If G/H = e^y Gis one of two types. 

Ex. 7. If A^OB^ = 120°, CjOAi =:CjOBi:=^ 90°, and G/H^ C3, 
G is one of three types. 

Ex. 8. There is only one type of group for which G/H = c«. 

Ex. 9. Find the groups in which H is generated by only two 
independent translations and G/H is C2, Ca, C4, or C^. 



§ 11. If a given movement brings any point P to the 
position P', P and P' have a one-to-one correspondence. 
Therefore a movement may be considered as a particular case 
of collineation. K (x^, j/, 2/) and (x, y, z) are the coordinates 
of P" and P referred to the same Cartesian axes of reference, 
we have evidently relations of the form 

«'= a^x-^h^y-^c^z-^-d^, yf^a^x-^-h^y-^c^z-^d^, 

z/^a^x^-h^y-^-c^z-^d^ 

(for if P is at infinity so is P'). These relations may be 
considered as defining a substitution. Hence any group of 
movements may be looked upon as a group of collineations, 
while the corresponding substitutions evidently form a sub- 
stitution-gi*oup of degree 3 simply isomorphic with G. 

If G is a holoaxial point-group whose elements leave a 
point unmoved, G is simply isomorphic with a fractional 
linear substitution-group of degree 1. 
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For let 2 be any sphere with centre 0, and et a point P 
on 2 be brought to Q by a rotation of equivalent to 
successive reflexions in two planes through meeting 2 in 
the great circles j^ k. Let Jr , Q', /, 1^ be the stereographic 
projections of P, Q, jj k. Then -P is brought to v by 
successive inversions in the circles /, V (IV 11). Let the 
coordinates of P^, Q^ referred to rectangular axes be (x, y\ 

(of, }/) ; and let z = x-k-iy, 2f=^aif -{-iyf (i = -Z^). Let /, kf 
be the circles 

»' + y* + 2flraj + 2/y + 6 = 0, ar^ + y* + 2sfia; + 2/iy + Ci = 0; 

and let (X, F) be the inverse of (x, y) in / or of {x\ if) in V. 
We verify at once that 

Hence 

^ *^- ^+to+2/) -("•"^'^ly) /+C9.+*/.) ^'^ 

Solving (i) we have a substitution S of the form z^ = -^ 

(where a, 6, c, c2 are complex quantities) which is not altered 
by multiplying a, 6, c, a by a common &ctor (not or oo). 
It is usual to take (id—bc^^ 1. The substitutions similar to 
8 form a substitution-group G' simply isomorphic with 0, 
If we* change the vertex of stereographic projection or the axes 
of reference, we obtain a transform of 0' by some substitution. 

Ex. 1. A point-group is simply isomorphic with a group of 
homogeneous orthogonal substitutions. 

Ex. 2. (i) The substitutions of a homogeneous orthogonal group 
of degree 3 whose determinant is 1 form a normal subgroup H of 
index 1 or 2. (ii) If H is finite, it can be transformed into one 
of 5 given types of group. 

Ex. 3. Find the simplest substitution-groups of degree 3 simply 
isomorphic with A, ds, D4, T, the group generated by an inversion 
and three independent translations, and the group generated by 
two screws through tt and of equal translations about two parallel 
lines. 

Ex. 4. Find the simplest substitution-groups of degree 2 simply 
isomorphic with 64, the group generated by two rotations through 
TT about parallel lines, and the group generated by a reflexion in 
a plane and a rotation through it about a parallel line. 

Ex. 6. Find the simplest fractional substitution-groups of 
degree 1 simply isomorphic with 0^; ^mi ^* 

Ex. 6. Show that there are only 6 possible types of finite 
fractional linear substitution-groups of degree 1. 
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Ex. 7. By what substitution is the group (7' of § 11 transformed 
if (i) the plane of stereographic projection is turned through an 
angle a about the axis of ^, the origin being at ; (ii) the axes of 
reference are turned through an angle ft about the origin, the 
plane of projection remaining unalterod ? 

Ex. 8. Show that a point-group containing rotatory-inversions 
is simply isomorphic with a group composed of substitutions such 
as a?' = (ar+6)-r(cir+d) and 'pseudo-substitutions' such as 
a?'=((w+&)-r{c*+rf). 

§ 12, We shall conclude this chapter by working out in 
detail one example showing the connexion between certain 
groups of movements, collmeations, permutations, and sub- 
stitutions. 

Consider the octahedral group O formed by the rotations 
bringing a cube to self-ooincidence (§ 7 (iv)) . Take as Cartesian 
reference-axes the lines through the centre of the cube 
perpendicular to the faces. The group O may obviously be 
generated by a rotation a through i v about a; = ^ = and 
a rotation b through it about 2/ = 0, x = z. 

Now let (a;, y, z) be the coordinates of any point P. Then 
if the rotation a brings P to coincide with the point P^ and 6 
brings P to coincide with P^y the coordinates of P^ ^^^ ^% ^^^ 
(— 2/»^)^) &nd (^9 ~y» ^)* Hence O is simply isomorphic 
with the homogeneous linear substitution-group of degree 3 
generated by ar== — y, y'= a?, /= z and oc^^z^ y = — y, sf=x. 

Take OP as unit of length and project points on the sphere 
^* + y + ^^=l stereographioally from the point (0,0, — 1) 
on to the plane z = 0. Let (z, y), (z, , jj), (i^, j^) be the 
coordinates of the stereographic projections of P, P|, P, and 

let 1 = z+ V^^y, »i = Zj+ V'— lyi,i2 = Zj+ ^— ly,. The 
rotation a is equivalent to successive reflexions in the planes 
y = 0, x = y and 6 is equivalent to successive reflexions in 
the planes y = 0, x = z. These planes meet the sphere in 
great circles whose projections are y = 0, x = y and y = 0» 
S* + y* + 2a;= 1* ELence it follows by equations (i) of § 11 

that ij = V^Tl 1, a, = (1— i) -r (1 -hi). Henoe O is simply 
isomorphic with the fractional substitution-group generated 

by a/= V^~ix and 0/= ;i ^« 

^ l + OJ 

Again, every rotation of O interchanges the four lines 

* The circle through (0, ±1) cutting s « at an angle of -• 
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x= ±y= ± z (the diagonals of the cube) while evidently 
no rotation of O except identity brings each such diagonal 
to self-ooinoidenoe. Hence O being of order 41 must be 
simply isomorphic with the symmetric group of degree 4. 

Again, suppOBe a rotation r of O brings any line I to 
coincide with I'. Let I, I' meet a given plane in Q, Q'; and 
let the lines x= ±y = ±^ meet the plane in the oomers 
of a quadrangle ABCD, Then the rotation r establishes 
a coUinear transformation of the plane ABOD Huch that Q' 
corresponds to Q. This coUineation interchanges the points 
A, B, G, J) and therefore transforms the qua£:angte ABCD 




into itself. Moreover since a coUineation of a plane is com- 
pletely determined when four pairs of corresponding points 
are given and A, B, C, D can be interchanged in 41 ways, 
O is simply isomorphic with the group formed by all those 
coUineations of a plane which transform a given quadrangle 
into itself. The coUineations of order 2 in this group are 
at onoe seen from Fig. 14 to be the perapeotive coUineations 
'whose fixed point and line are X and TZ, T and ZX, Z and 
XY,E«aA. CA^andD^, Gand J5, fi"&nd fiC, /and5A 
J and AC. These correspond to the rotations through -a 
contained in O as explained in IV 13. 

Ex. 1. Show that 9 is also simply iaomorphio with the 
^mmetrio group of degree 4. 
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Ex. 2. Show that E is simply isomorphic with the alternating 
group of degree 6 and with the group generated by those ooUinea- 
tions of a plane of order 2 which transform into itself the figure 
formed by a regular pentagon and the line at infinity. 

Ex. 3. Show that an Abelian group composed of collineations 
of order 2 transforming (i) a straight Hne, (ii) a plane into itself is 
of order < 4. 

Ex. 4. Show that an Abelian group generated by perspective 
collineations of order 2 is of order < 8. 

Ex. 6. Show that in an Abelian group of collineations of order 
2 the non-perspective collineations form with identity a normal 
subgroup of index 1 or 2. 

Ex. 6. Discuss the groups generated by (i^ two perspective 
collineations with a common fixed point ; (ii) four perspective 
collineations with a common fixed plane; (iii) three non- 
perspective collineations of order 2 ¥dth one fixed line in common 
and the other fixed lines concurrent. 



CHAPTER IX 



GENERATORS OF GROUPS 

§ 1, We defiDed ' an independent set of generators * in Y 3. 
A group may have several such sets, but the group is com- 
pletely determined when we know any one such set of 
eenerators and all independent relations between them. So 
far our knowledge of the properties of generators is confined 
to isolated theorems (see the examples below) except in the 
case of Abelian groups which are discussed in §§ 3 to 6. We 
shall suppose the number of generators to be always finite ; 
this is tne case for all finite groups. 

Ex. 1. The group o^ = 6»* = 1 is infinite. 

Ex. 2. If a, h denote (i) permutations on any finite number of 
83rmbolSy (ii) linear substitutions in a GF[p^\ a and h are 
connected by relations other than the equiUions (j^ = &^ = 1 
giving their order& 

Ex. 8. (i) The relations a^ = 1, 6^ = a^ ab = 6a* * are incon- 
sistent unless Jifi^l =r{k— 1) = (mod A), (ii) If they are 
consistent, {a, b} is of order kft, (iii) aP=bP=l, a& = ba^ 
are inconsistent unless k:=z 1, 

Ex. 4. If {o^ &} is finite and b^ = (a5)^, {a, b] is of the type 
a^ = 62M = 1, a6a = 6 or a*^ = 1, 6«m =za\aba=z b. 

Ex. 6. The relations db = ba^, ba = <ib^ define (if consistent) 
a finite group. 

Ex. 6. If a and & are of finite order and are both permutable 
with their commutator c, {a, &} is finite and each of its elements 
is of the form a^by(f, 

Ex. 7. If aP = ft** = c* = 1, oft = 6a> ca = 6c ; {a, 6, c} is of 
order 2pK * 

Ex. 8. a*"* = 6* = {aby = c^ = 1, oc = co, 6c = c6 cannot be 
generated by < 8 generators. 

Ex. 9. Find in their simplest form the elements of 
(i) 03 = 63 = 1, 6a = a«6«; (ii) o^ = 6« = 1, 6a = a«6«. 

Ex. 10. (i) Piove that if a* = 6* = 1 and 6a = a*6«, a6 = (6a)« 

* This implies that A is the order of a, fi the order of b reUtiye to {a}, 
A>*>0. 



\ 
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and {haf = 1. (ii) Deduce that a* = 6* = 1, ha = aH^ la the 
same abstract group as ^ = A^ = 1, hg =^ gh^ and find its order. 

Ex. 11. Prove that a^ = 6^ = 1, 5a = a^l^ is the same abstract 
group of order 66 as p* = A^^ = 1, hg ^ gh\ 

Ex. 12. a«"» = 6« = {any = 1, {ahy = (6a)»^ and a^"* = ft* = 1, 
a*6 = 6a^ (aft/ = {bay are of order 4mr. 

Ex. 18. Find the orders of (i) a* = 6* = {ahy = a^^ab^ = 1, 
(ii) a« = 62 = c« = {obey = (oc)* (eft)* = (ac)^ {chy = 1. 

Ex. 14. Find the orders of 

(i) a' = 62 = ^ahy = 1, (ii) a* = 6» = (o^y* = 1, 
(iii) 0* = 62 = (a6)3 == 1, (iv) a^ = 62 = (a6)3 = (a*6)* = 1. 

§ 2, Suppose we are given a finite or infinite group G 
generated by any given elements Qi, g^^g^i ••• connected by 
given mutually consistent relations gf'g^ . . . = 1, g^g^ . . . = 1, &c. 
Consider the group T generated by elements yi,y2» V8» ••• 
connected by the relations y^yj^... = l, y^yj.,. = l, &c., and 

also by any number of further relations yjyf . . . = 1, yjyj. . . = 1 , 
&C., not in general all independent but consistent with each 
other and with >^>^... = 1, >fyf ... = l,&c. Now 6 and Tare 
evidently isomorphic ; for to the product of any two generators 
g^, gj of corresponds the product of y^, yj in F, and conversely. 

To each element of O corresponds only one element of F, 
while to identity in F con*esponds every element of G con- 
tained in the normal subgroup H whose elements are 1, 

^gS'-^9igl'-f^' Hence F = (?/jy. 

Ex. 1. (i) The addition of g^^giP ... = 1 to the relations 
connecting the generators g\j g%^ g^^ ••• of any group G involves 
A = 1, where h is any element conjugate to Pa°P&^ *" ^ ^* (^) ^^ 
9a^9h^ ... is normal in G and of order v, the addition of the 
relation ga^g^^ ... = 1 reduces the order of 6r to 1 -r v its original 
valua 

Ex. 2. a^^ = a^62 = 1, aba = 6 is a subgroup of index 2 in 
a2»» = 6* = 1, a6a = 6. 

Ex. 8. Prove that in § 1, Ex. 14 the group (i) is simply 
isomorphic with the alternating group of degree 4, the group 
A(m = 2) in the GF[S] (see YII 10), and the tetrahedral group 
T ; that (ii) is simply isomorphic with the symmetric group of 
degree 4 and the groups O, 6; that (iii) is simply isomorphic 
with the alternating group of degree 6, the group A (m = 2) in 
the GF[b] and the group A(m = 2) in the GF[2^X and the 
group E ; that (iv) is simply isomorphic with the group generated 
by(12 8 46 67)and(12)(47), thegroup A(m = 2) in the ffJF[7] 
and the group A(m = 8) m the GFl2j. 
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Ex. 4. Prove that in § 1, Ex. 14 the group (i) is simply 

4 Sx 
isomorphic with that generated by a?' = =- and x' = ^ in 

iC+1 x-{-2 

Sx 

the GJP[5], and the group (iii) with that generated by o;^ = — 

and a?' = -^^ in the GF[11]. 

Ex. 5. Prove that the group a^ = &^ = {abY = 1 is simply 
isomorphic with the symmetric group of degree 8, the group 
A(m = 2) in the 6rJP[2j, and the groups D3, 63. 

Ex. 6. Show that a« = 6f = (a5)» = (0^6)2 = 1 is simply 
isomorphic with the permutation-group generated by 

a = (1 2 8 4 6 6) and b = (8 6). 

Ex. 7. Show that a^ = 6^ = (a6)« = (a«6)« = 1 is simply 
isomorphic with the general homogeneous linear group of degree 
2 in the ^^[8]. 

Ex.8. Prove that a« = 6« = (06/ = (a*6a5y = 1 is simply 
isomorphic with the symmetric group of degree 6. 

Ex. 9. Find abstract groups generated by two elements simply 
isomorphic with 8, 0, H* 

§ 3. As independent geTierating dements of an Abdian 
group of order n, we can always find elements (/i, g^, gfj, ... 
sa/tisfying the foUowing conditions : — g^gj = gjg^ for all 

values of i and j and g^i = 1, where (i) the order n^ of g^ is 
afactorofn^^^andistheorderofg^relaliveto {gri.Sfj, ...,flfj-i}; 
(ii) gr^ is in {flfuflf,, ...,flf<-i}, 9 being any elemerU of 0; 
(iii) n = T^n^Tij.... 

(1) If n^ is the L. C. M, of the orders of all the elements 
of Oj contains an element whose order is 74. For let 
74 = />°gr^r'y..., where p^q^r^ ... are prime numbers. Then 
contains an element g whose order is p^ni (in iniemd) ; 
and therefore O contains an element ^ of order p^. Simi- 
larly Q contains elements of orders 9^, r*^, ... ; and the product 
g^ of these permutable elements of orders />", 5^, r*^, ... is of 
order n^. If g is any element of (?, we have ^1 = 1. 

(2) Let the L.G. M. of the orders of all the elements of 
(?j = G/ {9\} ^ ''*'%' ^^y factor-group of an Abelian group 
is evidently Abelian ; in particular 0^ is Abelian. Then ^, 
contains an element K of order n^. Let A be an element of Q 
oorresponding to h' m 6^. Then n^ is the order of h relative 
to {g^]. The order of any element of G relative to {gfj^} is 
a fiitctor of n^\ for it is equal to the order of the oorre- 
sponding element of (?i. Hence ^ is {gi]t where g is any 
element of 0. 
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Let h^t = g^. Then ^-7-n,(=«, say) is integral. For 
g^^i^ = A"i = 1 by (1) ; whidi is only possible if 6 is int^raL 
Put gr, = Agrr*, Then gfj^. = (hgcT* = A"f J/r*~« = A**! flf"' = 1. 
Moreover h' is not in {g^} (s < tIj), and therefore g^' = (Aaj"*)' 
= h'gr"^' is not in {gfi} , if s is a positive integer < n^. Menoe 
n^ is the order of gfj <^^ is its order relative to {gfj}. 

Since Tig divides the order of h which divides 74, iig divides 
Til (the case 71^ = n^ is not excluded). It is evident that the 

order of {^19 ^2} ^^ '^i''^2» <^^ ^^^ ^^^ ^^ ^^ elements is of 
the form g^^ig^^^* 

(8) Let the L. C. M. of the orders of all the elements of 
^2 = &/ {^if ^/a} be 7I3. Then 0^ contains an element of order 
7^.3 . Let <; be a corresponding element of 0, Then as in (2) 
7I3 is the order of k relative to {9i> ^j}} and gf^s is in {g^^ g^]^ 
g beinff any element of 0. 

Let X^» = gig^* Then v -r W3 and tt; -7- w, (= gr and r, say) 
are integral. For gi^^^g^^t^ = Aj»a is in {g^} by (2) ; which is 
onljr possible if r is integral ; and gi^i^gj^i^ a= i*! = 1 by (1) ; 
which is only possible if 5 is integral Put g^ = ^{^9%"^' 
Then as in (2) g^^t = k^^gi'^'g^"' = 1, and ^3' = h'g{'^'g^'^' 
is not in {g^, g^} (8 < n^). Hence n^ is the order of g^ and is 
its order relative to {gu g^}- 

Since k^t is in {^x* ^2} ^^^ '^a ^ ^® order of k relative 
to {flfi, flfgli '^ divides n^ (V 1). 

(4) We now apply to {ffi, J/a» Sa) ^^^ process applied in (3) 
to {gif g^] and so on. 

AU the elements of will then be included among the 
71^712* •»ifix elements 

fl^i^>fl^2^«—fl^a^« (ft = l>2,...,n^; i = l, 2, ...,«). 

These elements are all distinct. For if g^^ 92^* '"9x^ 
= 9i^'9i^*'"97p'y fl^/«"f« is in {g^, g^, ..., flf^.i} and hence 
ajg = /y^; and then similarly ^x^i^fix^n ^^ Therefore 

§4. The elements 91,^^2, ^s' ••• '^^ said to form a base 
[9ij92j939 •••] of the Abelian group 0. The base may be 
chosen in many different ways; but, however the base is 
chosen, the quantities ni^n^^n^f ... are always the same. 
For this reason 74, n^y ^9 ••• are called irhvariants of (?, and 
is said to be of the type (tIj, n,, n^^ ...).* Two Abelian 

* An Abelian group of the type (p^, ffi, p^, ...) ii Mid bj tome authon to 
be of the type (a, 0, 7, ...) ; aee f 7. 
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groups of the same type are simply isomorphic and two simply 
isomorphic Abelian groups are of the same type ; so that an 
Abelian group is completely defined as an abstract group 
when its invariants are given. Abelian groups of every 
possible type exist. These statements we shall now prove 
(§§ 5 and 6). 

§ 5. The orders of the demenJte of two different bases of an 
Abelian group are respectively equal. 

If bi> fl^> 9z^ •••] a^d [yj, yj, yj, ...] are the bases, g^ being 
of order n^ and y^ of order v^*, we wish to prove 

^< = «'<» (*' = 1,2,8, ...). 
Now T^ = Vj by § 3 (1). If therefore we can prove n^ = v^ 
when we assume 7i| = V| , ti^ = rj, . . . » n^^^ = ^i-ii ^® theorem 
can be proved by induction. 

Consider the elements obtained by raising every element 
of G to the Ti^th power. They form a subgroup H of (?, since 
g^ih^i = {ghy^if g and h being any elements of G. Every 
element of H is included in 

(3^ = 1,2, ...,We; ^ = 1, 2, 3, .,.); 
i.e. in 

fl'i^i^flr2^«^...flf//-»^ {fit = 1> 2, ..., n^; t = 1, 2, ... , i-1), 
since g^^i = g^H^ = gj^^^ = ... = 1. 

Now gt^i^i{fit^li 2, ..., Ill) takes n^-f-Ti^ distinct values, 

and therefore J? is of order —•—•...- — ^ • 

n^ 7i| n^ 

Again, the elements 

y^B,n,y^B^,_yfi^,n, (^^ = j^ 2, ..., r^ ; f = 1, 2, ..., i-1) 

are all in J7 and are — •—•... • -^ in number on the 

n^ n^ n^ 

assumption 74 = v^, 712 = r,, ..., 'Ji^.j = v^^i. Hence every 
element of H is included among these elements and is there- 
fore in {yi,y2, ....y^-i}. But y^-**< is in if and is only in 
{yi>y2» •••»y<-i} if v^ divides n^. Hence v^ divides n^, and 
similarly n^ divides v^. Therefore n^= p^, and the proof by 
induction can be completed. 

It should be noted in particular that every base contains the 
same number of elements. 
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§ 6. Two Abdian grawpa with the same invariants are 
simply isomorphic. 

Let [gi,92,9zy.]f [yi>y2»y8»'"] ^ bases of the two Abelian 
groups. The g*s are conneoted by precisely the same relations 
as the y s and therefore {gfj, (/», flfg, ...} = {y^ y,, yg, ...}. 

Two simply isomorphic Abelian groups and T have the 
same invariants. 

Let [gr,, g^, g^, ...] be a base of G and let y^ in r correspond 
to 9{ in Cf. Since the y's are connected by the same relations 
as the g'Sj the y s satisfy the conditions of § 8 and therefore 
form a base of T precisely similar to [gfj, g^^g^^ •••]- 

An Abelian group of any given type can always befouni. 

Let the type be (n^ n^, n^^ ...). Taking for g^ the cyclical 
permutation {a^a^ . . . a„^), for g^ (b^b^ . . . 6^), for g^ {c^c^ . . . c„^), &a, 
the required group is the permutation-group {g^ g^^g^t •••}. 



Ex. 1. An infinite Abelian group is not of necessity generated 
by a finite number of elements. 

Ex. 2. The group (7 of § 4 is the direct product of ^ = {^j, g^, 
g^, ^8, ... } and K = {g^, g^, g^^ g^, g^, ... } or of any two similar 
subgroups. 

Ex. 3. Eyery Abelian group is the direct product of cyclic 
subgroups. 

Ex. 4. Two conformal Abelian groups are simply isomorphic. 

Ex. 5. The subgroup formed by those elements of G whose 
orders divide n< is of the type (w^., n<, ..., n<, n^+i, n^+j, ..., n^). 

Ex. 6. The subgroup formed by the n^-th powers of the elements 

of ff is of the type f^, -^ ^, ...Y 

Ex. 7. If ni =|j<^imi, f^^pSmj, ..., «jj=l>°«nia., where m^ 
nij, .... mjB are prime to i>, [5^1*^1, ^2"**, ..., gx^*] i* * base of the 
8ubgroC[|X of order jA+aj+ •" +«* in G. 

Ex^sJ Find a base and the invariants of (i) a* =: b^ = 1 
05 = 55; (ii) a8o = 6«* = l, db^ha-, (iii) a'« = l, 6« = a^^, 
(a> = ha; (iv) a*^ = 1, 520 - ^30^ ab:=^ha; (v) a^ = 6^ = c« = 1, 
5c = c5, ca = ac, a5 = 5a; (vi) a^' = 1, 6^* = a^*, c'^:=^c?V^ 
hc^d>t ca^acj a& = to. 

Ex. 9. Find the types of the Abelian groups C^ h^ Ay F^. 

BILTOI w, a. K 
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J 7. If [^19 ^29 •••> 9x] ^^ ^ ^'^^^^ ^f C'^ Abelian group 6 of 
er^° (jp prime), the orders of gfj, gfj, ..., grj. are evidently 
all powers of p. If these orders are ^°i, />"«, ..., />*"«, 
Qj, Qj, ..., ^^x ^^ often oalled the invariarUs of 6 instead of 

p^fP% p^* as in § 4; and G is said to be of f A« type 

(Op Og, ... , Oj.) instead of the type (p^i , joS , ..., pM as in § 4. 
No ambiguity will arise if we are careful to state in this case 
that the order of 6 is a power of p. Thus ' an Abelian 
group of the type (tIi, iigi •••» ^z)' ^^ generators of orders 
'^^v ^2> •••> ''^xJ while * an Abelian group 0/ order p*"and of the 
type (74, iig, ..., ^a) ' ^"^ generators of orders i?**!* p**«, ...i p***. 
Any element g of the group G of order p° with base 
[9iy 9i* •••> fl'a;] ^^^ invariants a^, a,, ..., a^. is of the form 
9i^'92^*'" 9x^(^1 = 1» 2, ..., p^t). Suppose a^ ^ X ^ 0^+,. 
Then gP^ = 1 if and only if fi^ is a multiple of />°i"^, P2 of 
p°t'\ ..., /5^ of p°r\ Hence G contains 2>*^+o<+i+o<+t+ • ■♦■°« 
elements whose orders divide p^. TSdj ^ X— 1 ^ a^^.j (i ^^'), 

6 contains pi^^"^^'*'°i+i'*"°/+i'*'-'*'°« elements whose orders divide 
p^"^ and therefore G contains 

(= Z say) elements of order p^. 

Ex. 1. G contains p^—1 elements of order |i. 
Ex. 2, If a^ ^ A > A— 1 ^ a^+j, (? contains 

elements of order p^, 

Ex. 8. G contains L -T"l>^"*(i>— 1) cyclic subgroups of order |>^. 

Ex. 4. An Abelian group G contains L^ M, N, ... elements and 
i', M\ N\ ... subgroups of orders ^j q/^, f, ... respectively ; 
p, 9, r, ... being distinct primes. How many elements, subgroups, 
and cyclic subgroups of order jpl^qf^f^ .,, does G contain ? 

Ex. 6. (i) Every element of an Abelian group of order fP^ and 
tjrpe (1, 1, ..., 1) is of order 1 or p ; (ii) conversely, if every 
element of an Abelian group G except identity has the same 
order, G is of this type; (iii) every subgroup and factor-group 
of G is of this type. 

Ex. 6. If every element of an Abelian group G is contained 
in one of a set of subgroups of G no two of which have an 
element in common, 6r is of the type (1, 1, ..., 1). 

Ex. 7. If an element a of prime older q is permutable with an 
Abelian group G of order ja^ but with no subgroup of G, qiB > a. 

Ex. 8. (i) A group G whose elements are all of order < 8 is 
Abelian of order 2^ and type (1, 1, ... , 1). (ii) If a is an element 
of order r permutable with (?, {ff, a] is of <»rder 2**"^ or 2°n 



IX 8] PRIME-POWER ABELIAN GROUPS 181 

Ex. 9. (i) In the group o'' = 6* = 1, W»i = l>^{h4 = a'^baf) prove 

that &,&,+! = hg+m ^^^ ^e = o~'**{&&i&2 ••• K-i)^* {^) Show 
that the group contains a normal Abelian subgroup of order 2^ 
and type (1, 1, ... , 1) where k<m. 

Ex. 10. If [^1, ^2* •••» 9m] ^ ^ ^^^^^^ ^^ ^^ Abelian group &, 
find the condition that 

hi = Qi^^g^i ... ^m°'"> *2 = 9\^9%^ — ^m^"*> — > 

h^ = ^^i^^i^'a"-* ... ^m°"" 
may (1) be independent, (2) form a base of ff in the two cases 
where the invariants are (i) infinite* (ii) all =jp. 

Ex. 11. The marks of a GF[)p>^] form an Abelian group of 
order jp*" and type (1, 1, ..., 1) when combined by addition. 



§ 8. Let 6 be an Abelian group of order p^ and type 
(1, 1, . . . , 1). Then evidently a base of contains a generators, 
every element of except identity is of order p^ and every 
subgroup of is of order p^ (r < a) and type (1, 1, ..., 1). 

A base [A|, A,, ..., A^] of some subgroup of order jf m Q 
may be chosen in 

Z =(p«-l) xp(p«-^-l) xjp*(/>°-«-.l) X ... xp'-^p^-'+i-l) 

ways. For h^ may be any one of the ^° — 1 elements of order p 
in & ; ^2 may be any one of the (/>"— 1)— (^— l)=p(p°~* — 1) 
elements of G not contained in {h^} \ h^ may be any one ^ 
of the (p^ — 1) — (i?* — 1) = p* (/>""' — 1) elements of not con- 
tained in {AijAg} ; k^ may be anyone of the (p°— 1)— (i?^— 1) 
= /?*(p""*— 1) elements of not contained in {hi, A,, h^} ; 
and so on. 

Putting a =r in X we see that, when a subgroup of order p^ 
is given, its base may be chosen in 

F = (p'^-l) xj5(j5'-^-.l) xj^^Q^*-"-!) X ... xp'"^p-l) 

ways. Hence the total number gi^T^ of subgroups of order 
p^ in is 

x_ (joq-i)(pq-^~i)...(pq-^-^^-i) 
y- (y-i)(i>'-^-i)...(P-i) 

Ex. 1. Qlif. = QliQ^f., 

Ex. 2. aNr xjpi''^''+^> = the coefficient of a:'' in 

Ex. 8. An Abelian group G of order i/' and type (at, Og, ... , a,.) 

contains {p*-l)(ii*-i-l) ... (p«'-'^^-i~l)-r(F^--l)(>'-^-l) ... 
(p— 1) subgroups of order jp'' and type (1, 1, ... , 1). 
Ex. 4. The G. C. S. of all the subgroups of index p in 6 (§ 8)=1. 

K 2 
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Ex. &« If Ml dMomt « Cff priiiMr order qm 
AMhut fnwp <r of ordiT j^ «id typo (L I, ..^ 1; bal wiA do 
fiwfcflXMrp <if <r, «»y^ = (mod gX *>>^ q>a, 

EiL^f, Find tho pombtrof gabigpwiiio of orfer j>^ man Ahrfim 
^Mp //f ordor i»^y^' «id tjifl» (2, 2, .... 2, 1, 1, .... 1):— jr2's 

Ex. 7. Find tfao nmntior of fobgroopo of the typo <2^ 1) in ad 
A^mipIuui groap of ordor /i^ and type (2, 2, 1« 1). 

KjiL 8* mnd tbo nombor of sab^^oapo of the tjpe (^ 3, 2) in 
an Abolian group of ordorp^ and type (3^ 3, 3, 2, 2, 1, 1). 

Ex. 9* Find too nambor of diftinet btiwit of an Ahrfian group 
ofofdorpl*»'*»^*> andtjpo(m,M-l, ...,2,1). 



k 



CHAPTER X 

THE COMMUTANT AND GROUP OF 
AUTOMORPHISMS 

The Cohmutant 

§ 1. The commutator of any two elements of a group O 
will be called for brevity a commviator of 0. (See 14.) 

Let h, kf I, ,.. be these commutators; then the subgroup 
A = {hf i, 2, ...} of 6 is called the commutantj commutaior 
bubgroup, ot first derived group of 0. Though A contains 
every commutator of Oy it is not in general true that every 
element of A is a commutator of ; for the product of two 
commutators of is not necessarily a commutator of 0, 

If A coincides with 6, G is called a perfect group. 

Ex. 1. A = 1, if and only if ff is Abelian. 

Ex. 2. The commutant of a subgroup of ff is a subgroup of A. 

Ex. 8. The commutant of the direct product of any number of 
groups is the direct product of their commutant. 

Ex. 4. The direct product of perfect groups is perfect. 

Ex. 5. If A is of order 8, no conjugate set of Q contains more 
than 8 elements. 

Ex. 6. If A is a subgroup of the central of &, any two elements 
conjugate in G are permutable. 

Ex. 7. If G contains a normal cyclic subgroup K^ each element 
of A is permutable with each element of K, 

Ex. 8. If &a = db^ and db = haf^^ the commutant of {a, h] is 
cyclic. 

Ex. 9. Find the commutants of the groups of V 4^ and IX I3. 

§ 2. The commutant /\ofa group G ia normal in G. 

Let a, b be two elements of G; then a^^b'^ah is in A. 
Let g be any other element of G ; then 

g'^a''b''ab)g = (g''agy'{g''bg)''(g-^ag) {g-^bg) 

is in A, for it is the commutator of g'^ag and g^^bg which 
are elements of G. Again, if A, A:, {, ... are commutators of G^ 
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g''^hkl.,,g = g'^Iig,g''^kg.g'^lg, ... is the product of com- 
mutators of (7, and is therefore in A. Hence the transform 
of any element of A by any element of G is in A, i.e. A is 
normal in 0. 

Ex. 1. Every simple group is perfect. 

Ex. 2. The direct product of any number of simple groups is 
perfect. 

Ex. 8. The commutant of a'^Oa is a'^Ao. 

Ex. 4. The commutant of the symmetric group of degree m is 
the alternating group of degree m, and this alternating group is 
perfect unless m = 4. 

Ex. 5. In VII 10 r is the commutant of except when m = 2, 
p'' = 2 or 8. 

§ 8. If H is any normal eubgroup of a group and A is 
the comTOutant of G, {JET, ^} / H isthe commutant of G/H. 

Let A' be the commutant of F = 0/H. Let a, 6 be any 
two elements of 0, and a, fi the corresponding elements of F. 
Then to the commutator a-^/3"'a^ of a and j3 correspond 
the elements of Ha~^b~'^ah^ while to each commutator of 
corresponds a commutator of F. It follows that to the pro- 
duct of any number of commutators of F correspond the 
products of elements of H and commutators of 6, and con- 
versely. Hence the subgroup A^ of F corresponds to the 
subgroup {!?, A} of G, and therefore A' = {JET, A} /if (V 18). 

Corollary I. If any normal subgroup H of a group G 
coincides with or contains the commv^tant A of G, T = G/H 
is Abelian. 

For in this case the commutant A' of F = {H, A} /H = 1, 
and therefore F is evidently Abelian. 

Corollary IL Conversely, if T is Abelian^ H coincides 
with or contains A. 

For if F is Abelian, A'= 1. 

Ex. 1. Every factor-group of a perfect group is perfect. 

Ex. 2. Every perfect group is isomorphic with a simple non- 
cyclic group. 

Ex. 3. We can always find a group G such that ff/A is simply 
isomorphic with any given Abelian group K. 

Ex. 4. The G. C. S. of all normal subgroups of index p in any 
group G contains A. 
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Ex. 5. (i) A normal subgroup H containing the eommutators 
of each pair of generators of Q contains A. (ii) If these com- 
mutators generate a subgroup K and Ky K^, K^j ... are the 
conjugates oi Kin Q, A = {K, K^ K^, ... }. 

Ex. 6. If the commutant of a group G is Abelian, the corn- 
mutant of any factor-group F is Abelian. 

Ex. 7. Find the oommutants of the groups of V 14ia, h and 
IX 1„. 

Ex. 8. Find the commutants of D^^^ T, O, K. 

The Group of Inner AufOHORPHisMS 

§ 4. If C is the oentral of a group G, A = G/Cia called 
the group of inner automorphisms, the group of cogredient 
isomorphiamsj the first cogredient, or the j^r«^ adjoint group 
of G. (See V 7.) 

The group of inner auUymorphisms A of a group G is not 
cyclic, unless G is Abelian when il = 1. 

If il is generated by a single elemeht a of order e, and g 
is an element in G corresponding to a in ^; the elements 
C-^Cg-\-Cg^-^...'^Cg^'^ are all distinct and include every 
element of G. Hence if A is cyclic, G is Abelian : for any two 
elements such as c^g^y Cjgy are permutable (c^ and Cj being 

in C), since c.gr" . CjgV = c^Cj ^gV = c^c^ gVg^ = CjgV . c.gf*. But 

if 6 is Abelian G = C, and hence A ^1. 

Ex. 1. No element of ^ is a power of each of the others. 

Ex. 2. h is an element of G corresponding to an element of 
order t normal in A, and g is any other element of 0. Prove that 
(i) h IB permutable with every commutator of 6r ; (ii) c = g~^h~^gh 
isinC; {\^)gh^ = <^h'^g\ (iy)gV = hig; {v)c«=l; {vi)if Cisof 
V^ order i;^, it is possible to choose h so that c is of order t 

Ex. 8. The group of inner automorphisms of a direct product 
is the direct product of groups simply isomorphic with the groups 
of inner automorphisms of the component groups. 

Ex. 4. The orders of a group G, its commutant, and its central 
C are n, b, y. If the group G/C contains an element a of order c, 
G contains a subgroup of index < d with a central of order ^ c>. 

Ex. 5. Find the groups of inner automorphisms of the groups 
ofVSg, V4i, andVUio. 

§ 5. If the group of inner automorphisms of a group G 
is Abelian, G is called Metabdian. It follows at once from 
§ 3 that the commutant of a metabelian group is contained 
in its central; and conversely, that if the commutant of 
a group is contained in its centrals the group is metabelian. 
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Ex. 1. If the group of inner automorphiflms ii of a group is 
metabelian, its commutant is Abelian. 

Ex. 2. If {o}, {&}, {c}, ... are normal in & = {a, Z», c, ...}, G 
is'metabellan. 

Ex. S. a,h are two elements of a metabelian group G and c is 
their commutator. Prove that the order of c is a fiictbr of the 
order of ab and of the orders of a, Z» relative to {&}, {a}. 

Ex. 4. (i) Every metabelian group of odd order is confonnal 
with an Abelian group, (ii) This is not true of every metabelian 
group of even order, 

Ex. 6. a^^ = &2 - 1^ ^a^ - j^a^ (^)2 .. (^)a [^ metabelian. 



The Qboup of Autohobphisms 

§ 6. If the elements g^, g^y g^i ••• of a group are trans- 
formed by an element y permutable with into gf/, g^^ g^\ ... ; 
then g^gj is transformed into g/g/ since 

y'^9i y-y'^gjy- y'^9i9jy' 

The transformation by y exhibits G as simply isomorphic 
with itself, g^ corresponding to g^ in the isomorphism, li y^ 
transforms gf/ into gf/', yy^ evidently transforms g^ into gr/'. 
Therefore to the isomorphisms of with itself given by y and 
Vi corresponds a definite isomorphism of with itself given 
by yy^. A simple isomorphism of G with itself is often 
called an autoTOorpkiam of G, It is defined as an inner or 
cogredient automorohism, if the isomorphism can be obtained 
by transforming 6 by an element contained in 6 ; if not, as an 
outer or cantragredient automorphism. 

If every possible outer automorphism of G is obtained by 
transforming G by y,y„ya, ..., r = {G,y,y,,y2, ...} is a group 
(not necessarily finite) containing G^ as a normal subgroup. 
Those elements of F which transform each element of G into 
itself evidently form a subgroup H of F. If h is permutable 
with each element of G and a is any element of P, a'^Jia is 
permutable with each element of G ; and therefore H is normal 
in F. The greatest common subgroup of G and H is obviously 
the central C of G. 

If the same automorphism of G is exhibited on transforminfir 
by two elements a, 6 of F, ab'^ transforms each element of G 
into itself, and is therefore in H, Let 

F = l?ai + iTaj + -Hoj + .... 

Then each element of Ha^ transforms the elements of Cr in 
the same way, while the elements of Ha^, Haj transform the 
elements of 6 in different ways {i ^JY ij^ a^ be the element 
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of T/H oorresponding to the elements Ha^ of F. Then if the 
elements Ha^ . Haj transform the elements of in the same 

way as the elements Haj^^ QjO^* = a^^. Henoe T/H is a per- 
fectly definite group such that to each element of T/H 
corresponds one and only one automorphism of 0. It is 
called the group of atUomorphiama or group of iaomorphisms 
of (?• 

If any two elements g, g^ o{ transform the elements of G 
in the same way, g^g^^ is in H and G^ and is therefore in C, 
Hence (changing the notation) if 

(where y, yi, yj, ... are not in G), Now 

is a normal subgroup of T, for E= {Hy G} and JT, G are 
normal subgroups of F. The automorphism of G exhibited 
by transfoiming the elements of G by an element g of F is 
inner or outer according as E does or does not contain g. 
Therefore the group of automorphisms T/H contains a normal 
subgroup E/H = G/C corresponding to the inner auto- 
morphisms of G, This is the reason why G/C is called the 
* group of inner automorphisms ' of G, If 

T=Ebi'\-Eb^ + Eb^..., 

the r outer automorphisms exhibited by transforming the 
elements of G by each element of Eb^ are said to form a class 
of outer automorphisms. 

If G admits of no outer automorphisms and the central 
(7 = 1, G is called a complete group. 

Ex. 1. The identical element corresponds to itself in every 
automorphism of a group G, 

Ex. 2. Those elements of G which correspond to themselves in 
a given automorphism of G form a subgroup. 

Ex. 8. In any automorphism of 6r a conjugate set of elements 
corresponds to a conjugate set. 

Ex. 4. An Abelian group may be exhibited as automorphic by 
making each element correspond to its inverse. 

Ex. 5. A complete group is simply isomorphic with its group 
of automorphisms. 

Ex. 6. If L is the group of automorphisms of the direct product 
G of two complete groups A and B, G^L, unless A =B when 
G is normal and of index 2 in X. 

Ex. 7. If Li, L2, X3, ... are the groups of automorphisms of 
groups Giy G29 &3, ... such that the orders of any two are prime 
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to one another, while {ff^, O^, Ozj •••} is their direet product; 
the group of automorphisms of {Oi^ O^t G^f •..} is the direct 

product of groups simply isomorphic with 2^, Z,' ^z^ "• • 

Ex. 8. In § 6 those elements of T which are permutable with a 
given subgroup X of G form a subgroup H of F. Those elements 
of r which transform each partition of G with respect to X into 
itself form a normal subgroup of B. 

Ex. 9. If the complete group iC is a normal subgroup of a 
group Gy the elements of G not lying in K form (with 1) 
a subgroup M of G; and G is the direct product of K and M. 

Ex. 10. If a, &, c, ... are generators of a group G satisfying 
certain relations, and a^, h\ a, ... are elements of G satisfying 
precisely similar relations but no relations independent of these, 
then an automorphism of G exists in which a^ corresponds to a, 
b' to hj €^ to c, .... 

Ex. 11. The group of automorphisms of a cyclic group of order 
|9° is a cyclic group of order J^~^{p—1) excluding the case 
p = 2, a > 2. 

Ex. 12. The group of automorphisms of a cyclic group of order 
2a(a > 2) is Abelian of order 2«-i and type (a -2, 1). 

Ex. 18. Find the group of automorphisms of any cyclic group. 

Ex. 14. (i) If h^gi corresponds to ^^r^ in an automorphism of an 
Abelian group ff =5^1+5^2 + 5^3+ ••• i^i^ G\ g^ corresponds to h^ 
in an isomorphism of G with a subgroup, (ii) Every Abelian 
group (of order > 4) is isomorphic with a subgroup in such a way 
that no element corresponds to its inverse. 

Ex. 15. 6r is an Abelian group with base [^1, ^2» •••) 9x\' 
Prove that (i) if h^ corresponds to ^^(i = 1, 2, ..., a:) in any 
automorphism of G, [hi, ^, ..., h^] is a base of G; (ii) if [/^y 
^2, ..., h^] is a base of G, an automorphism of G exists such that 
h^ corresponds to g^ ; (iii) the order of the group of automorphisms 
of an Abelian group is equal to the number of distinct bases: 
apply this to the group of 1X8. 

Ex. 16. (i) If an Abelian group G of order jf^ and type (1, 1, 
..., 1) with base [g^ g^, ..., g^^ admits of an automoiphism in 

which gx^rg^ir ,„ g^mr corresponds to g^, 9{^^g%^ *"9m^ 
corresponds to g\^\g%^i •>* 9i^^ in this automorphism; where 
x( = a,ia^ + a^-2^2+ ••• '^^im^m "^ ^^ GT\j^. (ii) The group of 
automorphisms of ff is simply isomorphic with the general 
homogeneous linear group of degree m in the ffF[jp]. 

Ex. 17. If an element of prime order g is permutable with an 
Abelian group G of order ^ and type (1, 1, ..., 1), a is ^ s^ 
where s is the smallest integer such that jp^ = 1 (mod q). 

£x« 18. If o^ = 2^ = 1, and the commutator c of a and & is 
permutable with a and &, every element of {o^ &} is of the form 
o^fci^c* and is of order jp(|) > 2). Prove that o' = aFy(? can 
eorrespond to a and V = a^lP<} to 6 in some automorphism of 
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(a, h} if and only if xs—yr ^ (mod jp). Find the order of the 
group and of its group of automorphisms. 
£x. 19. Find the order of the group of automorphisms of 
(i) a* = 52 = (a5)3 = 1, (ii) a* = 63 ^ (abf = 1, 

(iii) a* = 63 = {abY = 1. 

§ 7. If the group ^ of § 6 is itself simply isomorphic 
with (r, r is caUed the holomorph of 0. For the proof that 
this holomorph always exists we refer to § 8, where we shall 
show how to construct a permutation-group simply isomorphic 
with the holomorph of any given group. 

If every element permutable with G is permutable with 
a subgroup K of G,K is called a chardcterietw subgroup of 0. 
In every automorphism of each element of K corresponds 
to itseli' or some other element of K. A characteristic sub* 
group of is evidently a normal subgroup of the group F 
of § 6 ; and conversely, each normal subgroup of F contained 
in 6 is a chaxacteristic subgroup of 0. 

Ex. 1. Every characteristic subgroup of a group G is normal in 
G, but not every normal subgroup is necessarily characteristic 

Ex. 2. A simple group has no characteristic subgroup. 

Ex. 3. The central and commutant of any group are characteristic. 

Ex. 4. If ^ is the only subgroup in G of a given order, B is 
characteristic. 

Ex. 5. Every subgroup of a cyclic group is characteristic. 

Ex. 6. The subgroup generated by those elements of a group 
whose orders divide a given number is characteristic. 

Ex. 7. An Abelian group of order jo^q^r^ ... (Pt q, r, ... being 
distinct primes) has characteristic subgroups of order jf^, Q^y^^f ••• • 

Ex. 8. The subgroup formed by the A;-th powers of the elements 
of an Abelian group is characteristic. 

Ex. 9. A characteristic subgroup iT of an Abelian group G 
cannot contain an element g of maximum order in G. 

Ex. 10. (i) Every characteristic subgi*oup of an Abelian group 
is contained in the subgroup formed by all the elements not of 
maximum order, (ii) What is the condition that an Abelian 
group of order p^ may contain a characteristic subgroup of index p ? 

Ex. 11. If a group is the direct product of characteristic 
subgroups, its group of automorphisms is the direct product of 
groups simply isomorphic with the groups of automorphisms 
of these subgroups. 

Ex. 12. The order of the holomorph of a group G is the 
product of the order of G and the order of the group of auto- 
morphisms of G. 

Ex. 13. The holomorph of a complete group of order n is of 
order n^. 
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Ex. 14, The holomorph of the direct product of two aimply 
isomorphic complete groups of order fi is of order 2n^. 

Ex. 15. The holomorph of the holomorph of a complete group 
of order n is of order 2n*. 

Ex. 16. Find the order of the holomorph of a cyclic group. 

Ex. 17. The general linear group T of degree m in the OF[p] 
formed by substitutions of the type 

«/ = «iiai+at-2^+ ... +a,m^+^ 
is simply isomorphic with the holomorph of an Abelian group of 
order p^ and type (1, 1, ..., 1). 

6 8. If Qii ^2' •••> 9n ^^ ^^ elements of a group O of 
oraer n, we can readily construct permutation-groups on the 
symbols flf^, 3^2* •••jfl'ii supply isomorphic with the group of 
automorphisms and the holomorph of 0. 

If a, b are elements of F (§ 6) such that 

»-'fl^<» = 9i\ ^^'9i^ = 9i'l W-'fl^<(ab) = 9i'' 
Again, if o-, r denote the permutations 

/9i 92 '"9n\^ (9l 92 '"9n\ 
Wfl^/...i/// ^9l'92'^'^9n)' 

or replaces g^ by (//'. Hence the permutations cr, r, ... corre- 
sponding to each distinct transformation of 6 by an element 
of r form a group L such that F is multiply isomorphic with Z, 
while to each element of L corresponds one automorphism 
of G, and conversely. Therefore L = T/H and is simply 
isomorphic with the group of automorphisms of 0, 
Consider now the group P (VI 2) simply isomorphic 

with formed by the permutations 8i^( ^^ ^2 ••• y« \ . 

^9i9i929i-'9n9i^ 

Let T = ( ^^ ^* *" ^* ) (where ei.e-.....^- are elements 

^^ifl^l ^292'- ^n9 J ^ * * 

of Cr) be a permutation on the symbols a^, ^2 > •••>9^fi P^^~ 
mutable with every element of P. Then T/fef^ replaces g^ by 
. ^x9x9il and ^f^ replaces gf^by e^g^g^ if g^g^ = g^. Now 
because TS^ = S^Ty e^. = e^. But since g^ may be any element 
whatever of &, g^ may adso be any element of 0. Therefore 
e^ = e^ (u = 1, 2, ..., 7i) ; and T is permutable with every 
element of P if and only if 61 = 62 = ... = 6„. Hence the 
only permutations on gr^, gr2, ..., 3„ permutable with every 
element of P are the n permutations of the type 



S^=( 9l 92 '"9n \ 

^ ^9i9i 9i92'"9i9j 



which are readily shown (as in VI 2) to form a group P^ 
simply isomorphic with G or P. 
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The permutation v< = C ^^ , ^* '" ^« iVs^iA 

^ ^9i9i9f^ 9i929i'^ ... 9i9n9i'^^ ^ 

and v^& = S/. Therefore the group K = (i, P} contains P^ 

as a subgroup. Now P and P^ are normal subgroups of Ky 
since 8i<T=^<rx( ^\ ^S'" ^» ,) 

* ^fl^<J7i 9i92'"9i9j 

as is easily verified. Again, X and P have onlv identity 
in common ; for no permutation of L displaces that one of 
the symbols ^j, g^i ..., ^^ which represents the identical 
element of 0, while each permutation of P (except identitv) 
displaces every symbol. Similarly L and P' have only 
identity in common. Hence if o-j, o-,, o^, ... are the permu- 
tations of Z, if = {Z, P'} = {Z, P} = P^<ri + P'<ra + P'<r3+... 
and K /P'zs.L. But the elements of if permutable with 
every element of P are the elements of P^, and P^^P. 
Hence K is the holomorph of P, and is therefore simply 
isomorphic with the holomorph of (7. 

Ex. 1. Z is intransitive, K transitive. 

Ex 2. (i) K is not contained in any permutation-group on the 
symbols g^^ g^f ...y g^ which contains P normally, (ii) Every 
permutation on these symbols permutable with P is in f". 

Ex. 8. The group of automorphisms and the holomorph of 
a non-cyclic Abelian group of order 4 are simply isomorphic with 
the symmetric group of degree 8 and the symmetric group of 
degree 4. 

Ex 4. (i) The group of automorphisms oi if^^h^^ {aby = 1 
is (f* = dl^M = 1, cd = cfe* ; k being prime to m and such that 
A;' ^ 1 (mod m), i < ^(m). (ii) When m = 8, 4, or 6 the group 
and its group of automorphisms are simply isomorphic 



CHAPTER XI 

PRIME-POWER GROUPS 

§ 1. We shall devote this chapter to the properties of 
a group whose order is the power of a prime. Such a group 
will be called a prime-power group. 

Every priTtie-power group corUaina normal elements other 
than identity. 

Let 6 be a group of order p^, p being prime. Then the 
order of every element and subgroup of 6^ is a power of p. 
Let C of order v be the central of O. Let the conjugate sets 
of elements in (other than the v sets containing only one 
element apiece) contain respectively e,, («, €3, ... elements. 
Then ^" = v + ei + (2 + f3+.... Now by V8 contains a 
subgroup of order j:>° -r «<, and therefore each e is a power 
of p. Hence 1; is a power of p and is ^^i^ 1 ; which proves the 
theorem. 

CoROLLABT. Every group of order pl^ is Abelian. 

A group of order p^ can only contain elements of orders 
1, Pj pK If contains an element of order p^, G is cyclic 
and is therefore Abelian. If contains no element of order p^^ 
let ^ be an element of order p normal in 0. Let h be another 
element of of order p, not contained in {g}. Then the 
pl^ elements g^M (x, ^ = 1, 2, ..., p) are all in 6, are all 
permutable, and are all distinct. 

For s^h'.g'hJif = g^hJ^.g^h* since gfA = Aflf ; and /A* = g'hy 
only when fy'' = jf "*, i.e. when x = r and y = « (mod p). 
Hence all the elements of are included among the pl^ permu- 
table elements g^hMy and therefore is Abelian. 

Ex. 1. The direct product of prime-power groups has a 
central ^ 1. 

Ex. 2. No prime-power group is simple unless its order is prime. 

Ex. 8. No prime-power group is complete. 

Ex. 4. In § 1 the order of the commutant of ff is ^ the 
greatest of the quantities cj, c^, C3, .... 
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Ex. 5. If a group G of order joP contains more than one normal 
subgroup of order jp, G is Abelian and non-cyclic. 

Ex. 6. If a group G has a commutant of index p', it contains 
no other normal subgroup of this index. 

Ex. 7. The G. C. S. of all normal subgroups of index jp or j>^ in 
any group G contains the commutant of G. 

Ex. 8. A normal subgroup of a prime-power group G has 
elements in common with the central C of G. 

Ex. 9. The commutant of the group of inner automorphisms of 
a prime-power group 6r is of lower order than the commutant of G. 

Ex. 10. The central C of a group G of order i/' contains at least 
p commutators of G, 

Ex. 1 1. If the conmiutant of a prime-power group 6 is of prime 
order, each commutator of ff is normal in G. 

Ex. 12. Every group G of order |9° contains (i) a normal 
subgroup of index p, (ii) subgroups of orders p, p^y ... , pf^'h 

Ex. 18. No prime-power group is perfect. 

Ex. 14. An element of order jp in a group G of order pP is 
conjugate to none of its powers except the first. 

Ex. 15. If a, 6 are two elements of a group G of order p^ 
having each p conjugates in G, their commutator c is of order p 
and is permutable with a and h, 

Ex. 16. The elements of those conjugate sets of a group G 
of order p^ {p > 2) which contain 1 or jp elements of order < p^ 
form with identity a characteristic subgroup of G. 

Ex. 17. If the central (7 of a group G of order pf^isoi order pf^^ 
and g corresponds in 6r to an element of order p in G/C, {C> g} 
is Abelian of order pf^'*'^ and is the central of a subgroup of index 
<j?*in G. 

Ex. 18. A group of order p^ whose central is of order pf^ 
contains a subgroup of index p^fii^^fi'^) whose central is of order 
^l)«+3, if a^i(2a;-hi8)08-hl). 

Ex. 19. A group G of order pf^ whose central is of order pf^ 

contains an Abelian subgroup of order pP^"^^ if a > ic(2a;+ c— 1)« 

Ex. 20. A group of order jp^^ whose central is of order jp' 
contains an Abelian subgroup of order jp®, and a group of order 
jp^® whose central is of order jp^ contains an Abeliim subgroup of 
order jp'^. 

§ 2. In any group G of order p^ we can always find 
a series of subgroups of orders p,j5*, 2?*, ... sfiich that each 
is normal in and in all the subgroups of the series which 
follow it. 

Let c be any element of order p^ normal in G; then 
gi = cP^~^ is an element of order p normal in G, and {g-^} is 
a normal subgroup of G of order p. Now G/ {gi} is of order 
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p^^'^ and similarly contains a normal element y, of order p. 
Let gfo in (? correspond to yg ^ f^/ iOi)' Then g^^ is in {flr,} ; 



It is of order p^ containing the p^ elements 

which may be shown to be distinct as in the Corollary of § 1. 
Let y^ be an element of order p normal in 0/ {g^, gr,}, and 
let g^ be a corresponding element of G. Then as before g^P 
an<i 9'^9f^g9z *re in {gr^, g^], while {g^, flf,, g^} is a normal 
sabgroup of containing the p^ elements 

9i^9ifi^9z^(^if ^ai ^8 = 1> 2, ..., p). 

These elements are all distinct, since 9i^g^9z^gig%g} would 
involve g^*'^ lying in {flfp g^]. 

We now take an element y^ of order p normal in 
^/ {9i9 929 9z} ^^^ proceed as before. Finally we show that 
every element of 6 is included once and only once among the 
p^ elements gi^ig^^t ...g^^ (^| = 1, 2, ...,»; i = 1, 2, ... , a), 
where for all values of i g^P and g^^gi ggi (i-e. the com- 
mutator of g and g^^ g being any element whatever of 0) are 
contained in {gug^* •••! fl^i-i}« Any one of the subgroups 
.{fl'i}* {fl^i» 92}* {9is 9%y 9z)^ — of orders ^, /)«, ^», ... ib normal 
in all the subgroups succeeding it. 

Ex. 1. If Q is the direct product of prime-power groups and m 
is any factor of the order of ff, Q contains a normal subgroup 
whose order is m. 

Ex. 2. Any normal subgroup P of order p* in a group Q of 
order p° is contained in normal subgroups of orders p''^% l>''''^ 

Ex. 8. A group Q of order fi contains a normal subgroup H of 
index p^. Prove that (i) Q contains a normal subgroup of index 
P^i y < P\ (ii) Ai^y normal subgroup K of index p*^ contains 
a normal subgroup of index p^. 



§ 8. Every 8ubgrou,p H of order pfi in a group O of 
order p^ is oonbaineoL normaUy in a subgroup of order 

Using the notation of § 2, if iT does not contain ^j, 
{H,gi}=H-^Hg^ + Hgi*'^...'^Hgf'^ is evidently the sub- 
group of order p''*'^ required. If H contains {flfufl^g, ...,8^1} 
but not flr^^i, {if, gr^+i} = if + JETgri^^ + If gij^i + . . . + iTflrf + J is 
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the sabgroup required. For gf^^ isiaH; and so is gr^j^ h ^^^.^ 
(h being any element of if), since h'''^giiihg^+i is in 

CoBOLLABT. Every subgroup of index p in a group of 
order p^ ia a normal subgroup. 

Ex. 1. Every subgroup of order p* in 6 is contained in some 
subgroup of given order j>^ where a> p> s. 
Ex. 2, If Kiy K^y K^y ... arc conjugate subgroups of Qy {Kiy 

•^2> -^s* ••• } ^ ^« 

Ex. 8. If every subgroup of order jp^ in & is Abelian, every 

subgroup of lower order is Abelian. 

Ex. 4. If two subgroups Hy K of index jp in 6 are Abelian and 
G is non- Abelian, (i) the G. C. S. of IT and K is the central C of Oy 
(ii) the commutant and group of inner automorphisms of Q are^ 
Abelian of the type (1, 1, ..., 1). 

Ex. 5. Any group containing two Abelian subgroups of index p 
is Abelian or metabelian. 

Ex. 6. If the commutant of ff (§ 8) is of order jp, the G.C.S. D 
of all subgroups of index jp is in the central of G. 

Ex. 7. If G contains only one subgroup F of index jp, ff is 
cyclic. 

Ex. 8. If Cr contains only one subgroup K of order ]^y K \b 
cyclic. 

§ 4. Ifi^ is the order of the greatest common subgroup D ^"^Y^"^ 
of the subgroups of index p in a group O of order p°, G '^rl^^rf^iUr 
contains (p""*— 1) -rCp— 1) »^^A subgroups of index p. 

Let H^y H^y H^y ... be the subgroups of index p. Since 
thev are all normal in G (§ 3), D is normal in G (V 11). Now 
G/Hiy G/H^y 0/ H^y ... aro of order p and are therefore 
Aoelian. Hence H^y H^y H^y ... all contain the commutant 
A of 6 (X 3). Therefore D contains A, and G/ D is Abelian. 

Let g be anv element whatever of Gy y^ the corresponding 
element of G/H^y and y the corresponding element of G/D.. 
Since yj^ = ly gP is in H^. Similarly aP is in H^y flj, ..., 
80 that gP is in Z). Therefore yP =zl. Hence every element 
of G/D is of order 1 or p, and G/D is of the type 

(1, 1, ..., 1). 
It foUows from IX 8 that G/D contains (p^-^-l) -r (p-l) 

subgroups of index p, each corresponding to one of the 

subgroups Hif H^y H^y ... in G^. Hence G contains 

(i>°-»-l)-r(l>-l) 
aubgroups of index p. 



^ 



J \ Li^.j 



MixAoa r. •. 
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Ex. 1. The number of subgroups of index p in a prime-power 
group = 1 (mod p\ 

Ex. 2. If A is the commutant of a non-cyclic group G of oider 
jf^y G/A is non-cyclic. 

Ex. 8. G (§ 4) contains no element of order >jp^'*'K 

Ex. 4. If ^ is a normal subgroup of G such that G/E is Abelian 
of type (1, 1, ..., 1), E contains D. 

Ex. 5. If P is the normal subgroup generated by the p-th 
powers of the elements of G, prove that (i) G/{Af P) is Ab^ian 

of type (1, 1, ..., 1), (ii) {^P}^n. 

Ex. 6. G contains 0, 1, or i>-|- 1 Abelian subgroups of index p, 
unless G is Abelian. 

Ex. 7. It is possible to choose the elementa gif g^, ..., ga of 
§ 2 so that ga may be any given element in G but not in D. 

Ex. 8. Anp group G contains (i) (p^— l)-7-(i'— 1) normal 

subgroups of index p, (ii) CP*-l)(p*-i-l)-T-(i^-l)(l)-l) 
normal subgroups JT^, JTs, K^y ... of index p^ such that G/Ki^ 
G/K29 G/K^t ... are non-cyclic, (iii) pt non-normal subgroups of 
index i> or |r ; ^ being zero or a positive integer. 

§ 5. The number of mbgroups of order p^ ina grov/p G 
of order p^ = 1 (mod p). 

The number of subgroups conjugate to any subgroup H not 
normal in (including H) = (mod p) ; for the index of the 
normaliser of i^ in 6 is a multiple of p. Hence the number 
of subgroups of order p^ not normal in G = (mod p), and 
we must prove that tiie number of those normal in Ci^ = 1 
(mod p). 

By § 2 6 contains at least one normal subgroup of order 
pfi. Suppose that the normal subgroups of order p^ are 
Bii B^y ..., Bg'i and that the subgroups of order p^'^ are 
ilj, Jj, ... , A^. By § 4 r = 1 (mod p)^ and we wish to prove 
8 = 1 (mod p). 

Let a^ be the number of subgroups B contained in A^^ and 
let bj be the number of subgroups A which contain Bj. Then 

^1 + ^« + • •• + ^«=^i + ^«+ ••• + ^r 5 ^^^ ^^'^^ 8^^® of this equation 
represents the number of subgroups A when each is counted 
once for every subgroup B which it contains. 

Now ^^ = 1 (mod p). For the groups A containing Bj are 

the subgroups of G corresponding to the subgroups of index p 
buG/Bj. Hence ai-|-a2-|-...+ay =8 (mod p). 

We know that the number of normal sub^ups of order p^ 
in a group of order p^"^^ = 1 (mod p). We shiul assume the 
same true for groups of orders p^'*'^, jp^**"** ...> 2?°~S and then 



^ 
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by induction prove it true for the group O of order p^. By 
the assumption the number of normal subgroups of order pfi 
contained in il^ = 1 (mod p). These subgroups include a^ 
of the groups B together with other subgroups C7,, (7,, ..., C^ 
not normal in O. Since A^ is normal in 0, A^ contains every 
subgroup conjugate to Cj, C,, ... in (?• Hence ^ = (mod p) 
as before ; and therefore a^ = 1 (mod p). It follows that 
e^di + a^-^.^.^a^^r (mod p). But r = l (mod p), and 
hence 8 = 1 (mod p). Therefore the proof by induction 
holds good. 

Ex. 1. The total number of subgroups of G (including 1 and G) 
= 1 + a (mod|>). 

Ex. 2. A subgroup H of order p^"*"^ normal in G contains 
a subgroup of order i^ normal in G. 

Ex. 8. The number of Abelian subgroups of order jfi"^^ in G 
which contain a given Abelian subgroup K of order p^ is zero or 
= 1 (mod p), 

Ex. 4. l^e number of subgroups of index pk in any group 
6 = 1 or = (mod p) according as G does or does not contain 
a normal subgroup of this index. 

^O.Ifa group of order p° contains only one mbgroup H' 
of order p'^Oia cydic urdeea 2> = 2, s = 1, a > 2. 

(1) First suppose s = a — 1. If ^ is any element of not 
in JJ, 9 is of order p^. For otherwise {g} being contained 
in some subgroup of order p^"'^ would be contained in H. 
Hence if s = a — 1, = {g] and is cydia 

(2) If all the subgroups A^B,Cy... of index p in a group L 
of order p^ are cyclic, L contains a single subgroup of index p^. 

For let X be the greatest common subgroup oi ^, jB, (7, ... , 
and let a be an element of order p^'^ in L. Then aP is in X 
(§ 4), and hence X = {a^} is a cyclic subgroup of index p' 
in L. If Y is any subgroup of index p^jiia contained in 
one of the subgroups A, B, 6, ... (§ 3) and therefore coincides 
with X ; since a cyclic group of order p^'^ contains only one 
subgroup of order p^'^ (see also XI 8^). 

(3) Suppose that contains a single subgroup of order jp* 
but more than one subgroup of order p*'*"^ 

contains a non-cydio subgroup K of order jp*** by (2). 
Let a be any element of K not in H. Then as in (1) a must 
be of order p'"*"^, for otherwise {a} would be in H. Moreover, 
the group {aP} =H since it is of order p*. Similarlv, if b is 
any element of K not in {a}, 6 is of order ©•'•"^ and {oP} =H. 
Suppose aP s b^P^ where u is prime to p, since a and b are of 

l2 
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the same order. Now c = a'^b'^ab is in {a} and {6} by § 4 
and is therefore in H. Hence c is permutable with a and 6. 
Therefore hj 14 cP = a'Pb'^aPb = 1 (since aP = b'^P) and 
{b^^a)P = b'^PaPck'^P^^'P) = c^^Pi^'P). 

If c = 1 (JST is Abelian), or if c ^^ 1 but p is odd, (6-«a)P= 1. 
Now b~^a 18 not in IT, since a is not in {6}. Hence if con- 
tains a subgroup {b'^a} of order j? not contained in H. This 
is impossible, since every subgroup of order < p^ is con- 
tained in H, 

Similarly if c 9^ 1, ;> = 2, (6-«a)* = 6-*«*a*c-«« = 1. Hence 
K contains a subgroup of order 4 not contained in H^ which is 
impossible if 8 > 1. 

§ 7. There is one and only one ahstract noTi-Abelian group 
of order p^ containing an dement of order 2>°"^> if p > % 
and a > 2. 

Let a be an element of order p°~^ in a group of order jt>°. 
Now by § 6 6 contains an element g of order p not contained 
in {a}. Since {a} is normal in the non- Abelian group 
= {a, g} by § S, g'^ag = a*, where A; is an integer such 

that p°-^ > *; > 1 ; and then g-PagP^a'^" (I S). But g-PagP^a, 
and hence kP = 1 (mod p°~^). 

Now from kP ^1 ^mod p) and A:!' = X; (mod p) [Fermat's 
theorem^ we deduce ^ = 1 (mod p). Let A; = 1 + vp^, where 
t is an mteger such that a — 1 > ^ > and t; is a positive 
integer prime to p. Then 

ifc>^-l = [1+Vp-l =2?*+^ [t;+l?^lt;*(p-l) 

+ a multiple of 2?] = (mod p""^). 

This is only possible if ^ = a — 2 ; since kt^(p—l) is integral. 
Now g-'^ag'^a^'; and ifc* = (l+vp°-^)*=:l + t«Bp°-« + a 
multiple of p^'\ since a > 2. Hence, choosing x so that 

va? = 1 (mod p), we have g'^ag^ = a^'*'P^~^. Putting g^ =^b 
we obtain the unique group 0= {a,b}, where 

aP"""^ = 6P = 1, 06 = 6ai+P°-l 

Since b'^aPb = aP'*'P^'^ = aP, b is permutable with oP. 
Therefore a and 6 are permutable with c = a'^b'^ab = ai^°~* 
and ci> = a'Pb^^alPb = 1. Hence by I4 {bVaf = brf^a^c^^^'^) = a^ 
if ^ is a multiple of j9. Therefore i^a is of order p^"^. Hence 
contains p cyclic subgroups {bVa} ^ = 0, 1, 2, ..., 2?— 1) 
and one Abelian non-cyclic subgroup {aP, b] of index j9. 
Since the greatest common subgroup of the subgroups of 
index p in O \b {aP} by § 6 (2), contains no subgroup of 
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index p other than these (§ 4). Now every subgroup of O 
of order 2>°~* is contained in some subgroup of order 2?°"^, 
while every subgroup of {by a] is contained in {aP} and 
therefore in {dP/o}. But {dPfb} is of order j9°"* and con- 
tains an element aP of order p^'^. Hence contains p cyclic 
subgroups {bVaP} and one non-cyclic Abelian subgroup 
{a^i 6} of index p^. Repetition of this process shows at 
once that contains exactly jo cyclic subgroups {bVaP^'^} 

and one Abelian subgroup {aP^^ b] (non-cydic if A :^ a — 1) of 
index p^, 

Ex. 1. The central of ff is {aP}, and the commutant is {a^~^}. 

Ex. 2. Find the conjugate sets of elements in G, 

Ex. 8. Every subgroup of 6i^ is Abelian. 

Ex. 4. 6i^ is metabelian and conformal with an Abelian group 
of order p° and type (a— 1, 1). 

Ex. 5. Every non-cyclic subgroup of 6 is characteristic 

Ex. 6. G contains onlyi> non-normal subgroups. 

Ex. 7. Every factor-group of 6r is Abelian. 

Ex. 8. Any two subgroups of G are permutable. 

Ex. 9. Find the order of the group of automorphisms of G. 

Ex. 10. Every non-cyclic group of order jf^ contains at least 
one normal non-cyclic subgroup of order ja^{8> 1). 

Ex. 11. Find every type of group of order j^{p > 2\ 

§ 8. Tliere are four and only four ahatract novrAbelian 
groups of order 2° containing an dement of order 2°"^, 
if a > 8. 

(1) Let a be an element of order 2°~^ in a non- Abelian 
group of order 2°. First suppose that G contains an 
element b of order 2 not contained in {a}. 

Since {a} is normal in G, b'^ah = a* (2°~^ > A; > 1); and 

then 6-*a6» = a^, so that *« = 1 (mod 2°-^). Now A: is odd ; 
suppose A;=l-l-t;2^, where t is an integer such that a — 1>^>0 
and t; is an odd positive integer. Then 

ifca- 1 = (1 + 1;20^- 1 = 2^+1 (t;+ t;«2«-i) = (mod 2°"^). 

This is only possible if 

(i)^ = a-2, (ii) < = land t;(l+t;)=0 (mod 2°-»). 

In case (i) we have A;=l -|-t;2°"* ; hence t;=l and i=l H- 2°"^ 
since 2°"^ >k. In case (ii) we may put v = —1+^2°"^ and 
get k- -lH-Z2°-*. Since 2«-i>*, we have Z = l or 2 
and A; = 2°-*-l or 2*'-^--l. We obtain thus three types 
of non- Abelian group : — 
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(I) a«°-' = 6« = 1, 6a6 = a*+2°-' ; 
(II) a*""' = 6« = 1, a*"-' = {abf\ 

(HI) a«°"' = 6« = (a6)« = 1. 

Type (m) ia a ' dihedral ' group. 

(2) Now suppose O does not contain an element of order 3 
not contained in {a}* Let h be any other element of 0\ 
so that (? = {a} + {a}6 and 6-*a6 = a* 6^ = a^ Then 
r ^ (mod 2°"*), since 6* tjfc 1 : we may suppose 2**"^ > r > 0. 
Since ar = b^ = h'^Vh = 6-^a'^6 = a*"* r(Aj-l)=0(mod2«-i). 
Now as in (1) there are three cases to consider, since 

fi) Jk = 1 + 2°-«. Thenr = 0(mod2); letr = 2A. Choose 
X so that A+a; (1 + 2°-») = (mod 2°-«). Then 

which is impossible since ha^ is not in {a}. 

(ii) Jk = - 1 + 2°-«. Then r = (mod 2^'\ and therefore 
r = 2°~* since 2°"^ > r. Hence (6a)* = a*'**'*'*"^ = 1 ; which is 
impossible. 

(in) Jk= -1 + 2°-^ Then as in (ii) r = 2°-«. We have 
then the type — 

(IV) a«°"' = 1, a*""* = (a6)« = 6*. 

Ex. If a = 8, there are only two distinct non-Abelian groups of 
order 2o,ie.a* = 6* = (a6)*=:l and «*== 1, a^ = (a6)« = 6«. 

§9.-4. grov/p of order 2° containing only one subgroup 
of order 2 is cyclic or dicydie. 

A dicydie group is defined by the relations a*^ = 1, 
a"* = (a6)* = 6*. Every element of this group not in {a} 
is evidently of the form 6a*, while {a} is a normal subgroup. 
Since (6a*)* = 6*. 6"*a*6.a* = 6*, a^ is the square of every 
element not in {a}. 

(1) The theorem is obvious if a = 2 ; suppose a = 8. If (7 
is non-cyclic> contains two elements a and 6 of order 4 
such that {a*} = {6*} and therefore a* = 6*. Since {a} is 
normal in G, 6~*a6 = a or a*. Now 6~^a6 gfc a, i.^ G is not 
Abelian and non-cyclic ; for then a6~^ would be an element 
of order 2 not contained in {a}. Hence (a6)* = 6*, and 
is dicydie 

(2) Now assume in the general case that every group 
of order 2^ (/3 < a) containing only one subgroup of order 2 is 
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cyclic or dicydic We shall show that on this assamption O 
is cyclic or dicyclic. By § 8 (2) it is sufficient to prove that 
contains an element of order il^'K Then induction may be 
applied to prove the theorem true universally. 

Now if is non-cyclic, some subgroup of order 2^ in (? is 
non-cydic (^3 > 2), for otherwise by § 6 (2) would contain only 

one subgroup of order 2^"^. Hence contains a dicyclic 

subgroup of order 2^ and is non-Abelian. 

(i) First take a = 4. The subgroups of order 4 in (? are all 
cyclic; for otherwise would contain more than one sub- 
group of order 2. Let a be an element generating a normal 
subgroup {a} of order 4, and let 6 be any element of order 4 
in 5 but not in {a}. Then H = {a, 6} is the dicyclic group 
a* = 1, a* = (a6)« = 6^ of index 2 in (?. 

(ii) Now take a > 4. Let a subgroup H of index 2 in (? be 

dicyclic, so that if = {a, 6} where a*"~ = 1, a^^'^ = {ab)^ = 6*. 
Since {a} is the only cyclic subgroup of order 2°'^ in H and 
H is normal in (?, {a} is normal in 0. 

In cases (i) and (ii) let ^ be an element of not in i?, 
so that = Ja-k-Hg and gr* is in Jff. Let g'^ag = a*. Now 
g^ is not of the form ba^. For otherwise 

and therefore ib* + 1 = (mod 2^'^). But this is impossible 
when a > 8 ; for as in § 8 (1) ft*- 1 = (mod 2°-«). Hence jf* 
is in {a}, and as in § 8 (2) ft = ± 1 or ± 1 + 2°-» (mod 2°-«;. 

If ft = + 1 + 2°"^ we show as in § 8 ^2) that {a, g] contains 
an element of order 2 not in {a}, which is impossible. 
Similarly if 

ft = -1 +2«-8, {bgy^a{bg) = g'^a'^g = a^-«°"' = ai+«°"* ; 

and {a, bg} contains an element of order 2 not in {a}. 

If ft = 1, {a^g} is of order 2°~^ and is Abelian. This is 
impossible unless {a^g} is cyclic, when contains an element 
of order 2«-\ 

If ft = —1, {bg)'^a{bg) = a; and therefore {a, bg] is cyclic 
of order 2°-^ 



CHAPTER XII 
SYLOW'S THEOEEIC 

§ 1« Sylow'b theorem is of fandamenial importanoe in the 
theory of finite groups. It may be enunciated as follows : — 

If jf^ in the highest power of a pri/me p which divides the 
(mUr not a yrtmp (?, contavna A^) + 1 subgroups of order p^ 
(k being trUearal), and these form a conjugate set of mbgroups. 
If jjhn is the ordtr of the normaliser in of any ons of the 
subgroujm of order ^", n = ^^"m (kp + 1). 

11) contains at least one subgroup of order 2>°. 

When 71^ = 2, 8, 4, . . . it may be easily verified that a group 

of order n' contains a subgroup of order p^' if this is the 
highest power of p which aivides n\ We assume the state- 
ment true for all values of n^<7i, and use induction to prove 
it true for the group 0. 

Let V bo the order of the central C of (?, and let the elements 
of (/ not contained in C be divided up into conjugate sets 
containing respectively Cp Cg* c^, ... elements. 

(i) Suppose one of the quantities c^, c,, c,, ... (c^ say) not 
divisible by ^ By V 8 (? contains a subgroup T of order 
n -r «{. Now n -r c^ is < n, and is divisible by p^ but not 
by p"'*'^ Hence by our assumption T contains a subgroup of 
ortlor ;/\ and therefore so does 0. 

(ii) Supi>oso each of the quantities Ci, Cg, €3, ... is divisible 
by /); tlien v is divisible by p since n = y+Ci + Cj + Cj + .... 
Honco V contains an element c of order j9 (V 19), and 0/{c} 
imwg of onler n -r p contains by our assumption a subgroup 
of onler /)""^ Corresponding; to this subgroup of 0/ {c} we 
have a subgroup of order p^ in 0. 

(S) The subgroups of order p^ are (ip+ 1) in number, and 
are all ciu\jugate. 

This is obvious if contains a single subgroup H of order 
|>^ ; then i* ss 0, and if is a normal subgroup of O. Now 
suppose that contains at least two subgroups JT, Hj^ of order 
p^. Let D of order p^ be the greatest conunon subgroup otH 
and i/|» and let if =i)Ai+iM,+i)A,+...(Ai=l). Focm the 
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J^a-^ groups H^ = h{''^H^\^ H^^hf^H^h^^ H^ = h^'^Hjh^, ... 
all conjugate to i/j. Then : — 

(i) H^, H^y H^, ... are all distinct. 

Let Fi be the normaliser of H^ in G. The order of h^hj'^ 
is a power of p, since H is of order p^. If h^hj'^ were 
permutable witii jEf^, it would be contained in Fj, and the 
corresponding element of T^/H^ would be a power of p. 
This IS impossible; for the order of T^/Hi is not divisible 
by p. Hence h^hj^^Hi ^ H^\hf'^, i.e. hf^H^k^ ^ hj'^Hihj 
or n^ i Hj. 

(ii) Every element of the partition Dh^ transforms JTj into H^. 

For if (2 IS any element of D, 

Hence on transforming Hi by all the elements of H we get 
p^-fi and only p^'^ custinct subgroups conjugate to H^ 
(including H^. 

Let iTj be a subgroup of conjugate to H^ not included 
among these p^^fi subgroups (if such exists) ; and let E^ the 

greatest common sub^proup of H and K^ be of order p*^. Then 
by splitting H up into the partitions Eki^Ek^ + Ek^-^,,. 
and proceeding as before we get p^"*^ more subgroups of 
conjugate to ^]. These are distinct from H^^ IL* •^> ••• > 
for since K^^ (h^kf^y^Hiihikf^), hj-^K^kj^ hf^HJii. 

This process may be continued till all the subgroups con- 
j urate to Hi are exnaiusted. 

We have shown that H^ is not normal in (?. If we had 
taken H as one of the subgroups conjugate to J7i, we should 
have deduced the fact that contains 2?°""^ + p°"'y+... sub- 
groups conjugate to H^ including H^ but not H\ i.e. that the 
total number of subgroups conjugate to H^ and includin(( 
H and H^ is l+^°"2+^°""'y+.... If, however, it had been 
possible to take if as a subgroup of order p^ not conjugate 
to ^1, we should have deduced that the total number of 
subgroups conjugate to and including H^ is p^'^-^p^"'^ ■{•..., 
These two statements are inconsistent^ and we conclude that 
H cannot be a subgroup not conjugate to H-^. Hence all the 
subgroups of order p^ are conjugate, and they are 

l+»°-^+«°-'y+... = Ajp + 1 
m number. 

(S) n = 2?°m (A^ + 1). 

For the index of F^ in (? = the number of subgroups con- 
jugate to ITi = A^+ 1. 

The kp'\-\ subgroups of order p^ are known as Sylow 
auhgroups of 0. 
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CoROLLABT I. If jF is a 'power of a prims p which divides 
the order of a group G, contains a subgroup of order p^. 

For each Sylow subgroup of order p^ in contains a sub- 
group of order p^. 

CoBOLLABY II. Every svibaroup of order p^ in is con- 
tained in a subgroup of order p\ 

Take IT, H^ as subgroups of orders p^^ p^ respectively ; and 
as in the proof of §1 obtain all subgroups conjugate to H^^y 
p^'fi^p^'y^,.. in number. Since the number of subgroups 
conjugate to fT^ is %> + !, one of the quantities )3, y, ... = r. 
Hence the greatest common subgroup of H and some subgroup 
of order p^ is of order jf; i.e. IT is contained in some 
subgroup of order p^, 

CoBOLLABY HI. A group containing kp-^l Sylow sub- 
groups of order p^ is isomorphic with a transitive permu- 
tation-group of degree ip + 1. 

This is a particular case of the corollary of VI 8, since the 
Sylow subgroups form a conjugate set. 

CoBOLLABY IV. If every Sylow subgroup of a group is 
normal in 0^0 is the direct product of these Sylow subgroups. 

Let (?|, &2, 639 ... be the Sylow subgroups of orders 
p^iy p^\ 03S, ... respectively. Let gi^gj be eler^ents of 
Gi, Oj. Then c = gf^gf^g^gj is in G< since gj'^gigj is 

in (?{, and is in Oj since gf^gf^gi is in Oj. Hence the order 
of c divides the orders of 6^ and Oj^ and therefore c = 1; 
i« 6* Qidj = 9j 9i- Moreover, Q^ and Ctj have only identity in 
common since their orders are relatively prime. Hence 
{G^yOj) is the direct product of 0^ and 6i and is of order 
p^iPji. Similarly we show that every element of {G^, Gj-},.. 
IS permutable with every element of 6j^, and that G^ and 
{&{, OA have only identity in common. Hence {G^^Qj^Oj^] 
is the direct product of il^ and {G^, 0^] and is of^ order 
Pi^iPj^jPk^^ Continuing this process we show that is the 

direct product of 0^, and {Gj, ©„ ..., Gg^^^, G^x+i> •••} fo^ ^ 
values of x, and hence is the direct product of O^, G^^ &3» ... • 
In particular we notice- that every Abeliw_^roup is the 
^;/jdirect product of its Sylow Bubgronpft. " 

Ex. 1. Two Sylow subgroups are eoigugate in any subgroup K 
of G containing both. 
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Ex. 2. A normal subgroup of order p^ in G is contained in 
every Sylow subgroup of order p". 

Ex. 8. The subgroup of Q generated by the elements of the 
Sylow subgroups of order p° is characteristio. 

Ex. 4. (i) The normalisers Fj, F,, F3, ... of ^1, Ha, H^, ... in 
§ 1 are all distinct ; (ii) they form a conjugate set ; (iii) each is 
its own normaliser in Q- ; (iv) every subgroup of T^ whose order 
is a power of |> is in H^. 

Ex. 5. Each subgroup of order p^ in O i& contained in ^+ 1 
Sylow subgroups of order |>°. 

Ex. 6. If kfijpf^'^ is the number of subgroups coigugate to H 
and having with ^ a O. G. S of order p^, the total number of 

subgroups of order p^ is ibip""^+jfc2|j"~*+ ... +1. 

Ex. 7. If a group is the direct product of its Sylow subgroups, 
so is every subgroup. 

Ex. 8. The number of subgroups of order p^qyf* ... (p, q, r, ... 
being distinct primes) in a group which is tiie direct product of 
its Sylow subgroups = the product of the number of subgroups of 
orders j9*, gV, r*, ... . 
I y&Ji, 9. YinA the number of subgroups (i) of order 84 in an 
^^belian group of the type (42, 6, 2), (ii) of order ]^qr in an 
Abelian group of the type {p^g^f^, P^QVf ^Qi Mf Pf !>)• 

Ex. 10. If the commutator of any two elements of a group G is 
permutable with both elements, G is the direct product of its 
Sylow subgroups, 

Ex. 11. 6r is a group of order Pi^p^Pz^ ••• And G^ &£» ^3' '- 
are Sylow subgroups of orders p^^y P^9 Pz^f ••• respectively. If 
the comi^tant A of 6i^ is of order Pi\ riiow that (i) 61^8, G^f ... 
are AbeKn; (ii) {A, G^ is the direct product of A and Gi 
provided ♦ > 1 and Pi* ^t 1 (mod p^), c < A. 

1^. Ex. 12. (i) If a group G contians cyclic Sylow subgroups of 
even order, G contains a normal subgroup of index 2. (ii) If the 
order of a group is divisible by 2 but not by 4, the elements of 
odd order form a subgroup of index 2. 

Ex. 13. A group of order p°g^ (p and q prime) is decomposable, 
ix^^ 14. Use the method of § 1 to prove that every subgroup 
^of index p in a group G of order p^ is normal. 

Ex. 15. (i) If jp^s is the degree of a transitive permutation- 
group G of order jffist {s and t being prime to p), a Sylow 
subgroup H of order p° has 8 transitive sets each containing pP 
symbols, (ii) If « = 1, 61^ is decomposable and H transitive. 

Ex. 16. Those elements of a group G of order n whose orders 
divide a factor e of n generate a group L whose order A is a 
multiple of e. 

Ex. 17. If two conjugate subgroups E and F of & are both 
normal in a Sylow subgroup H, they are conjugate in the 
normaliser F of H. 
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Ex. 18. If ^e 18 the order of a group 6, where e^O and ^ 1 
(mod p\ G contains a normal subgroup of order |j". 

Ex. 19. Show that the only poeaible types of abstract group of 
order pq^ p and q being primes such that p> q, are (1) a cyclic 
group ; (2) the group o^ = &9 = 1, a5 = &a* ; where ic is a positive 
integer < p sud^ that k9 Hi {modp), but k^^I (modi>) if e<q.* 

Ex. 20. Find all possible groups of orders 2|>, 35, 89, 55, 57, 
18^ 185, 889. 

Ex. 21. Show that a group of order 825 contains normal 
su bgrou ps of orders 25 and 11, but not necessarily one of order 8. 
^ ^x. 22 ./Show that there is no simple group of order 20(V ^^f 
260, 880, 864, 2228, 2540, 8042, 9075. 

Ex. 28. Show that a group of order 1001, 8825, 6125 is the 
direct product of its Sylow subgroups ; and find every group of 
this order. 

Ex. 24. Show that there is no simple group of order 520, 80, 
880, 495, 546. 

Ex. 25. Show that there is no simple group of order 616, 
56,851. 

Ex. 26. There is no simple group of order 450, 12, 80, 150, 
800, 12875. 

Ex. 27. There is no simple group of order 90 or 806. 

Ex. 28. Find every absteict group of order < 16. 

Ex. 29. Find the Sylow subgroups of (i) a^ = l^=z (a5)« = 1, 
(ii) («*• = 6^ = c^ = 1, o6 = 6a*, bc^cb^^ ac = ca. 

Ex. 80. Find the Sylow subgroups of the alternating group of 
degree 4. 

Ex. 81. There is a homogeneous linear group of order pi^^^'^^ 
and degree m with coefficients in the GFlp^]. No one of its 
substitutions except identity can be transformed into a multi- 
plication. 

Ex. 82. The normaliser of a Sylow subgroup of order 8 in the 
point-group Q is ds. 

§ 2. If the order n of a group G is divisible by p^, G con* 
tains (p + 1 subgroups of order p^ (l iniegral). 

Let p^ be the highest power of p which divides n ; then G 
contains a subgroup H of order j?" bv § 1. The theorem is 
true if r = a, suppose then r < a. Now H contains ap-k-l 
subgroups of order 2>^ x being integral (XI 5) ; it is then only 

* « is called a 'primitive root of the congmenoe x^ = 1 (mod p)*. It is 
readily shown that such a root exists only if j^ is a fsctor of p— 1, and that 
the roots of the congruence are «, «',«*,..., «*. If we replace k by another 
primitive root «' in the relations oi* i- bff « 1, a6 « ha% we only obtain 

group (2) in another form ; for since at^ ^b^a** the new relations are 
obtained from the old by writing b for b^. 
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necessary to prove that contains yp subgroups of order j?*" 
besides uiese. 

Let J7i be a subgroup of order p^ not contained in H (if 
such exists). If a, o are two elements of H permutable with 
^p a6 is also permutable with H^. Hence those elements 
of H which are permutable with H^ form a subgroup F of H. 

Let p^ be the order of F^ and let p' be the oraer of the 
greatest common subgroup of i'and H^, Since every element 
of F is permutable with IL, F and H^ are evidentlv per- 
mutable groups. Hence {E\ HA is of order j>*'+^-* (V 18). 
But {F, III} is a subgroup of &, and therefore r+/3— ic < a. 
Since k< r, fi < a. 

Now let H = i^Ai + l%, + 1**8+ ..-, and let hf'^HJii = H^. 
Then just as in § 1 we see that on transformmg H, by the 
elements of U we get p^'^ and only ^°~^ distinct suogroups 
of order p^ not contained in H. Taking now any other sud- 
group K^ of order p^ not contained in H^ we derive p^"'^ (y < a) 
more subgroups of order p^ not contained in H. Repeating 
the process we obtain p°"^+2>°'''*^+««. = yp subgroups of 5 
not contained in H. 

Ex. The subgroups of order jf do not necessarily form a 
(Conjugate set 



CHAPTER Xni 

SERIES OF GROUPS 

§ 1. We shall discuss in this chapter the properties of 
various series of groups which may be derived from a given 
group 0; namely, the composition-series, chief-series, series 
of derived groups, and series of adjoined groups. 

The Composition-Sebies 

§ 2. If &i is a normal subgroup of not contained in any 
other normal subgroup (other tmui itself), (7^ is called 
a TTiaaimu/ni normiJ subgroup of 0, This does not imply 
that there is no subgroup normal in of greater order than 
(7i ; only that if such a suogroup exists, it does not contain Oi • 
Let 0^ he a, maximum normal subgroup of O^ 0^ of G^* 
(?4 of 63, &c. Then the series 0, (7j, 0^, 0^, ... is called 
a compoifition'aeriea of 0. It should be noticed (i) that O 
may have more than one distinct composition-series, (ii) that 
every composition-series termicates with the identical group, 
(iii) that (r^, though normal in O^^i, is not necessarily normal 
in (?|.^. 

It will be proved in § 3 that, whatever composition-series 
of & is taken, the groups 0/Gi, 0^/0^^ ^«/^8> ••• *re always 
the same (considered as abstract groups) except as regards 
the se(^uence in which they occur. They are known as 
composition-factiyr'gToupa of (?, and their orders are called 
conptrntion-factors of 0. These groups are all simple; for 
to a normal subgroup of 0^/G^^^ would correspond a normal 
subgroup of 0^ containing O^^i; and this does not exist. 
Conversely, if G^ is a normal subgroup of &, 0^ of G^. O^ of 
(?„ .,., and O/Oi, O^/O^, ^a/^a* ••• ^"^ ^ simple; 
0, G|, Ga, &3, ... is a composition-series of G. 

Ex. 1. For example, 6, 0, IT, {6}, 1 is a composition-^eiies for 
the ffroup & of Y 4}. is normal in 6, H in (but not in G\ 
{h} m H. The groups 6/0, 0/H, £r/{6}, {6} are simple, bemg 
all of order 2. 

Ex. 2. 6j, Gi^ii Gr|>8) ... is a composition-eeries of Gi. 
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§ 3. The c(yinpo8Uion'factor'graups of any tvx> campoaitiorir 
series of a group are iderUical except as regards the sequeru^ 
in which they occur. 

(1) Let (?, (?i, ..., Oi, (?<+,, ••. and (?, 0^, .,., (?i,i<+i, ... 
be two composition-series of 6. Let D be the greatest common 
subgroup of G/+1 and F^^^; then D and (G^+i, -^i+i} a^'o 
normal in 0^ (V 11). Since {0<^i, ^{+i} is normal in (}^ and 
contains (?,+i, G< = {G^<+i, -^<+i}. 

Let (?^+i ^Dg^-^-Dg^^Dg^-^.... Since i\-+i is normal in 
{(?<+!, -P^'+i}, all the elements of 0^ = {G<+i, F^+i) are in- 
cluded among the elements ^j+i&j+i, i.e. among F^^iDgi 
+ -'^<+i%2+^i+iJ'&+--->i-©- among ><+igri + /;^.i^^ 
+ .... Moreover, JF'ij+iff^ and ii+jgr, have no element in 
common (t^^s); for otherwise gigf^ would be contained in 
both G^'+i and J^-+i, and therefore in D. Hence 0< = F^^^g^ 

+ -^i+i?2 + -^<+i?3 + — (see VIS). 
It follows at once that O^/F^^^ = O^^i/D. Similarly 

(2) ^ is a maximum normal subgroup of O^^i and F^^^. 
For since F^^^ is a maximum normal subgroup of 0^^ 

^%/^i+i ^ simple. Hence Oi^i/D is simple; and therefore 
Z) is a maximum normal subgroup of 0^^^^ and similarly 
of Fi^,. 

(8) By (1) and (2) the two compositionnseries (?, G|, ..., 0^^ 

^r+i> ^r+8) *** a'^^ ^> ^i> *•*> ^r* -^r+i» -^r-i-8* **' have the Same 
composition-factor-groups if (7.^.^ and F^^, have only identity 

in common so that 0^+2 ^ -^r-i-a ^ ^' ^^ shall show that 
they have the same factor^groups when r = i, on the assump- 
tion that thev have the same factor-groups when r < i. 
Then the required theorem follows at once by induction. 
Let two composition-series of (? be 

(i) G, ©ii ...i G^, G^+i, G<+2> G<+8> ••• 

and (ii) G, Gj, ..., (?^, -P^+i, -P<+a>-^<+8> •••• 

Let D be the greatest common subgroup of 0^^^ and F^^j^ ; 
then 

(iii) 0,0^,...,0i,0i^^,D,D^,D2,... 

and (iv) G, G^, ..., G<, F^^^, D, D,, D^, ... 

are also composition-series of G by (2), if D, D^, D^, ... is part 
of a composition-series of G. 

Now by our assumption the two composition-series (i) and 
(iii) have the same factor-groups, and the two series (ii) and (iv) 
have the same factor-groups. But since 0^/F^+i = 0^^^/D 
and O^/Oi^^ = F^^^/D the two series (iii) and (iv) have the 



160 COMPOSITION-SERIES [XIH 8 

same factor-groups (two faotor-ffroups being interchanged). 
Hence the two series (i) and (ii) nave the same factor-groups ; 
and the proof by induction can be completed. 

CoBOLLARY I. The campoeUiovrfactors of any two compoai" 
tvon-eeries are identical except as regards their sequence. 

Corollary II, The order of a group is equal to the product 
of its compo&itioTirfactora. 

Ex. 1. A composition series of Q can always be found containing 
a given subgroup H^ifHiB normal ; but not in general if ^ is 
not normal. 

Ex. 2. (i) A prime-power cyclic group has only one distinct 
composition-series, (ii) Conversely a prime-power group G with 
only one distinct composition-series is cyclic. 

Ex. 8. The only composition-series of a simple group 6r is 6r, 1. 

Ex. 4. A non-cyclic group G of order pq (where p, q are primes 
such that p > q) has only one composition-series. 

Ex. 5. The symmetric group has only one composition-series 
unless it is of degree four. 

Ex. 6. Use § 8 to prove that the symmetric group G of degree 
m (m 9^: 4) contains only one normal subgroup, assuming that the 
alternating group H of degree m is simple. 

Ex. 7. Every composition-factor of an Abelian group G is 
prime, and a composition-series of G can always be formed in 
which the composition-factors occur in any given sequence. 

Ex. 8. A cyclic group has only one composition-series in which 
the composition-factors occur in an assigned sequence. 

Ex. 9. (i) A cvdic group G of order jf^qfir^ ... (p, q, r, ... being 
distinct primes) has e = (a-h)8-Hy-H ...)!-T-a!xi8!xy!x ... 
distinct composition-series, (ii) An Abelian group K of order 
jf^q^ry ... with only e distinct composition-series is necessarily 
cyclic 

Ex. 10. Show that a non-cydic group G of order jffi{p > 2) 
containing an element of order jfi~^ has {a—l)p-^l distinct 
composition-series. 

Ex. 11. Show that an Abelian group G of order pf^ and type 

(1, 1, ...,1) has (i>«-l)(|^-^-l)(|^-*-l)...(i>-l)-T-(l>-l)« 
composition-series. 

Ex. 12. Any group in a composition-series of a group G whose 
order is prime to its index in 6i^ is normal in G. 

Ex. 18. If a group G has a composition-series in which each of 
the last a composition-factors is p, while every other composition- 
factor IS prime top, G contains a normal subgroup of order i>°. 

Ex. 14. (i) If every subgroup of 6 is contained in some 
compoeition-seiies ot G, G ia the direct product of prime-power 
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groups, (ii) Oonyenelyy if 6 is the diraot produet of its Sylow 
subgroups, every subgroup of 6 is contained in some composition- 
series of G. 

Ex. 15. Find the number of composition-series of each group of 
order 8. 

Ex. 16. Find aU composition-series of the groups dg, 0, H. 

§ 4. Oiven any normal subgroup H of a group &, a com" 
position-aeriea of which includes H can always be found. 
The composmon-factor-groups of are the composition-fa/^tor- 
groups of 0/H together with those of H. 

Let G/ H = r, and let r, r^, Tj, Tg, ... be a composition- 
series of r. Let 6ri, (?2, (?3, ... be the subgroups of G corro'- 
sponding to the sul^roups Fj, T,, T,, ... of T. Then 

G/G^ = r/Fi. GJG^ = rj/r,. GJG^ = r./Fg, ...(V 18). 

But r/r,, ri/Tj, r^/rj, ... are simple, and hence G/Oi, 
Oj/G^, ^j/(?3, ... are simple. Therefore G, Oi, G,, G,, ... 
is a composition-series of including H^ and its composition- 
factor-groups are those of F together with those of H. 

Ex. 1. If Gf H, JST, X, ... is a series of groups each normal in 
its predecessor, a composition-series of G can be found containing 
H, JST, L, .... The composition-factor-groups of & are those of 
G/H, H/K, K/Ly .... 

Ex. 2. Gf &i, &29 ^3» ••• ifl ft composition-series of G, and H is 
a subgroup contained in Gr-i but not in ff,.. If JT^ is the O. G. S. 
of Gr and H, prove that {(?,., H}/Gr = H/Hi- 

Ex. 8. If IT is any subgroup of a group (7, every composition- 
factor-group of ^ is simply isomorphic with a subgroup of some 
composition-factor-group of G. 

Ex. 4. Find the composition-factor-groups of the group G 
of Vn 10. 

§ 5. A group all of whose composition-factors are primes is 
called a soluble group. Evidently all its composition-factor- 
groups are cyclic Since every group of order p^ contains 
a normal subgroup of index p, every prime-power group is 
soluble. Every A belian group is also soluble ; for if p is any 
prime dividing the order of an Abelian group 6, G contains 
a normal subgroup of index p (Y 20). 

Ex. 1. No soluble non-cydic group is simple. 
Ex« 2. No perfect group is soluble. 

HixAOv r. a. II 
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• Ex. 8. Eyery aubgroup of a soluble group k soluble. 

Ex. 4. Eyery group of order pq is soluble (j> and q being prime). 

Ex. 5. The direct product of soluble groups is soluble. 

Ex. d. The direct product of any number of groups, one of 
which is insoluble, is insoluble. 

Ex. 7. No perfect group is the direct product of groups one 
of which is soluble. 

Ex. 8. Eyery factor-group of a soluble group is soluble. 

Ex. 9. The group o^ = 1, &3 = a^, a5 = bar is soluble. 

Ex. 10. The groups of V 14^0' ii <^^ soluble. 

Ex. 11. Eyery finite point-group except E and H is soluble. 



§ 6. If is a minimum nornnal subgroup of a group r, 
the composition'f(ictor'groups of are au simply isomorphic. 

B^ a * minimum ' normal subgroup of T we mean one con- 
tainmg no normal subgroup of T except itself and identity. 

Let ^1 be a maximum normal subgroup of 0; and let 
Hi, JTg, H^y ... be the subgroups conjugate to if | in F. If y 
is any element of T, evidently y^^Hiy is normal in y~^ Gy =(? ; 
while G/y'^Hj-y = y'^Gy/y'^Hiy=: G/H., snd 18 simple. 
Hence H^jH^^H^,.., are aJl maximum normal subgroups of O, 
and G/Hi = G/H^ = G/H^ = .... 

Denote by xT^.^... tne greatest common subgroup of 
H^, H^y H^y .... Then as in § 8 we have H./H^ = G/R., 
and therefore HJE^^ = G/H^. Similarly JSV/^C G/B[. 

Now the greatest common subgroup of M^, Ja,, jHg, ... =1, 
for it is normal in G (V 11). Hence H^^ cannot contain all of 
^X8> -^149 -^ifty ••• unless H^^ = 1. Suppose H^^ does not 
contain H^^. Then as in § 8 G, H^, H^^, fr^, ... and 
Gy i/j, ^1,., J7^i2r> ••• ^^ composition-series of G^ and 

As before if^^ does not contain all of H^^, H^^, ^i26> •-• 
unless J7„^ = 1. If H^^ does not contain Hj^^, we may- 
repeat the above reasoning and prove that G, if, H^^, -^un 
-Hiarf > • • • 18 a oomposition-senes of 6 and that H^^/H^^^ = G/M^, 
By repetition of this process we may establish tne theorem. 

Each group of the composition-series is normal in G, for it 
is the greatest common subgroup of normal subgroups. 

CoBOLLABT I. G is the direct product of groups simply 
isomorphic with its compositionrfactor-grouj/s. 

Let jB = (?£ be the gj^^V ^^ * composition-series G, G^^G^y... 
of G preceding 1. Then B is simple, is normal in G^ and 
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is simply isomonphio with any one of the composition-faotor- 
fn^ups of 0. Let By B^, B^y ... be conjugate groups in F. 
Then {S, B^^ B^^ ...} being a ^n^up normal in T and -con- 
tained in 6 must coincide with 0, 

Since B and B-^ are normal in 0^ their greatest common 
subgroup is normal in and therefore in B. But B is simple, 
and hence B and ^^ ^▼^ o^y identity in common. Moreover, 
every element of ^ is permutable with every element of B^. 
For let 6 be any element of B, and h^ any element of B^, 
Then 6"^ ftj"^ 66, is in B since 6, "^66, is in 5, and is in jB^^since 
6-1 61-^6 is in 5i. Hence 6-16,-^661 = 1. Therefore {B,B^] 
is the direct product of B and B^. 

Now let ^2 ^ ^^^ ^^ ^® groups conjugate to B which is 
not contained in {By B^}. Then just as before, since B^ and 
{By B^} are both normal in &, we may show that B^ and 
{By By} have only identity in common and that every element 
of B^ is permutable with every element oi {ByB^]. Similarly 
B and {B^y B^} have only identity in common, and every 
element of £ is permutable with every element of {B^^ B^}\ 
and so for B^ and {By B^}, Hence {By B-^yB^} is the direct 
product of By £| , and B^, Now let jBg be a group conjugate to 
B not contained ir\.{ByB^yB^}. Then as before {By B^ , S^y B^ } 
is the direct product of the simply isomorphic groups B, By , 
B^,B^\ and, proceeding in this way, we show that is the 
direct product of ^ + 1 simply isomorphic groups 

By jB|, jBj, ..., B^. 

Corollary II. Let GyH be normal subgroups of a group r, 
such that contains jH", bv4: contains no normal subgroup 
of r containing H, Then the composition'foictor'groups of 
G/H are all simply isomorphiCy and 0/E is the direct 
product of groups simply isomorphic with these composUion" 
factor-groups. 

For 0/ H is evidently a minimum normal subgroup of 
T/H. 

Ex. 1. If 6r (§ 6) is a prime-power group» it is Abelian* 

Ex. 2. If G is of order pr {p prime tor), G is simple. 

Ex. 3. Assuming that the symmetric group of degree m (m 9^ 4) 
contains no normal subgroup except the alternating group of 
degree m, deduce from § 6 that this alternating group is simple. 

Ex. 4. If P is a primitive permutation-group of degree j^ and 
order pr {p prime to r), the group H generated by the elements 
of order J? in P is a minimum normal subgroup of P and is simpla 

M 2 
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The Chief-Sebies 

§ 7. Let J7. be a maximum normal subgroap of a group O^ 
ana let H^n^, H^^ ... be a series of normal subgroups of O 
such that n^ contains ^^^but contains no normal subgroup 
of contaming H^^^, Then 6, fTi, H^ -^^'** ^ cafied a 
chief -series or chi^-composUian-eeries of 0. llie group (? mav 
have several distinct chief-series ; each such series ends with 
the identical group. 

As in § 4 we may prove that a chief-series of G can always 
be found containing any given normal subgroup of 0. 

The groups Q / H^, H^/ H^, H^/H^, ... are called chief-- 
factor-grovkps of 0, The first G/Hi is simple, each of the 
others is simple or is the direct product of simply isomorphiq 
simple groups. This follows at once from § 6, Corollary IE. 
If /j, jl^,/3, ...,/j are the subgroups of H^ corresponding 
to the members of a composition-series of H^/ H^^i ; &, ^j, . . . , 
If^, /j, /j, /a, ..., I^y Hi^\y ••• is ft composition-series of O. 
The chief-factor-group Hi/H^^^ is the direct product of ^ + 1 
ffroups simply isomorphic with any one of the composition- 

factor-groups HJI^, A/-^2. h/h^ •-. ^t/^i+i- 

The orders of the chief-factor-groups are called chief-factara 
of 0. 

Ex. 1. For example ; ff, N, JBT, {a«}, 1 and (?, 0, A {c}, 1 are 
cliiefHseries of the group G of Vij, each group of either seriea 
being normal in G. 

Ex. 2. Hi, H^+if Si+29 ••• is not necessarily a chief-series of H^. 

§ 8. The chief-ffictor-graups of any two chief -series of a 
group G are identical except as regards the sequent in which 
they occur, 

(1) Let G, Hj, ,,,y H^i H^^.1^ .*, and 6, ^j,..., J2{,iiL{^29 ••• 
be two chief-series of G. Let D be the greatest common 
subgroup of i/,-4.-| and iT^.^.^; thenDand {lf|^.i,ir,-^j} are normal 
in & (V 11). Since {-^»>i, ^<+i} is a normal subgroup of 
G containing -ff^+x, Hi= {^t+i> ^i+il- Then as in § 3 (1) 
we prove H^K^^^ = H^^J D and H^/Hi^i = K^^J D. 

(2) iTj^j contains no normal subgroup of G containing D. 

For if J were such a subgroup, (J", iT^+i) would be a 
normal subgroup of G contained in and not identical with 
{jH^+i, -K'|+,} =-fl,.. Similarly K^^^ contains no normal sub- 
group of G containing D. 
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(3) The proof of the theorem is now completed exactly as 
in § 8 (8). 

Ex. 1. A composition-series can always be found ocmtaining 
the terms of any chief-series. 

Ex. 2. It is not always possible to obtain a chief-series by 
suppressing terms of a given composition-series. 

Ex. 8. Any element permutable with a given group transforms 
every chief-series into a chief-series and every composition-series 
into a composition«series. 

Ex. 4. Every composition-series of an Abelian-group is also a 
chief-series. 

Ex. 6. If a group has only one composition-series it has only 
one chief-series. 

Ex. 6. Every chief-series of a prime-power group is a composition- 
series, but not conversely. The same holds for the direct product 
of prime-power groups. 

Ex. 7. Every chief-series of a group G of order jP ends with 
the groups K, 1, where K is some subgroup of order p in the 
centnd of 6. 

Ex. 8. If i7 is a normal subgroup of G, the chief-£ftctor-groups 
of G are the chief-factor-groups of G/H together with direct 
products of groups simply isomorphic with the chief-factor-groups 
ofH. 

Ex. 9. (i) If every chief-factor-group of a group G is cyclic, the 
samei8trueof(?/Zr,jEr being any normal subgroup of (7. (ii) Every 
element of the group preceding 1 in any chief-series of Cr is 
permutable with each commutator of G. 

Ex. 10. A non-Abelian group of order jaP{p> 2^ a>2) con- 
taining an element of order |]0~^ has (a— 2)|>+ 1 chief-series. 

Ex. 11. Find the number of chief-series of each group in 
XIII 8i5, ij. 

The Chabactebistic-Sebies 

§ 9. Let G be any group, and let J^^ J^y J,, ... be 
characteristic subgroups of &, such that X contains Ji^^ but 
contains no characteristic subgroup of containing J^^^. 
Then 6, «/i, t/j, Jo, ... is called a cnarcLcteristic-Beries of G. 

Let r be the holomorph of G or any finite group containing 
G of the type described in X6. Then &, J\, J,, J,, ... is 
part of a chief-series of F, so that properties of a characteristic- 
series can be deduced from those of a chief-series. 

Ex. 1. A group with no characteristic subgroup is the direct 
product of simply isomorphic simple groups. 

Ex. 2. Show that Ji/Ji+i is the direct product of simply 
isomorphic simple groups. 
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Exr 8. A charaoteriBtie-cierieB oan always be formed containing 
any given oharacteristio subgroup. 

Ex. 4. A ohiefseries can always be formed containing every 
member of a given oharacteristic-eeries. 

Ex. 5. Every characteristic-series of a complete group is also 
a chief«erieB. 

Ex. 6. Every composition-series of a cyclic group is also a chief- 
series and a characteristio-series. 

Ex. 7. If a group has only one chief-series, it is also a character- 
istic series. 

The Sebies of Derived Qboups 

§ 10. If Aj is the first derived group (commutant) of any 
group &, Ag the first derived group of A^, A3 the first derived 
group of Aj, &C., A^, A3, ... are called respectively the ' second, 
third, ••• derived groups' of 0. 

All the derived groups are characteristic mbgroupa of 0. 

The proof of X2 shows at once that A'^A^A is the com- 
mutant of h'^Ohy whatever element h may be. Hence any 
element permutable with G is permutable with A^. Similarly 
any element permutable with A) is permutable with Aj, and 
so on. Hence any element permutable with G is permutable 
with Aj, Ao, A3, ... ; Le. A^, A^, A3, ... are characteristic sub- 
groups of 6. 

§ 11. Each of the groups &, A^, Ag, A3, ... is oontained in 
the one preceding it. Hence ihefd are two possibilities only ; 
(i) for some value of i A^ is perfect, and (ii) for some value 
of i A,* = 1. We shall prove that in case (ii) G is soluble. 

If the series of derived groups of a group G ends with the 
identical group^ G is soluble. 

For since all the derived jnroups are normal in &, a com- 
position-series of G may be formed containing all the groups 
Aj, A2, A3, ... ; while the composition-factors of G are the 
composition-factors of G/\^ Ai/A,, A2/A3, ... (an obvious 
extension of § 4). But tnese latter groups are Abelian (IX 3), 
and are therefore soluble (§ 5). Hence G is soluble. 

Ex. 1. If a group G is soluble, its series of derived groups ends 
with identity. 

Ex. 2. Every soluble group contains a characteristic Abelian 
subgroup. 

Ex. 8. If A,- is perfect, Cr/A,- is soluble. 
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The Sebies of Adjoined Qboufs 

§ 12. If Ai is the first adjoined group (group of inner 
automorphisms) of a ^oup (?, A^ the first adjoined group 
of ill, A^ the first adjoined group of A^, ko. ; A^y A^^ ... are 
called respectively the 'second, third, ... adjoined groups ' (or 
* cogredients ') of G. If any one of these A^^^ is Abelian (of 
order > 1), il| = 1 and G is said to be of claaa or speciality i. 
In this case none of the groups &, A^, A^, ..., A^^^ can be 
Abelian. 

Since A^^^ is the first adjoined group of the non-Abelian 
group A^^29 A^^j is non-cyclic (X4); hence: — 

No adjoined group of a non-Abdian group is cyclic. 

If the centrals of &, ilj, ilg, ..., A^^i are of the types 
(A,^,i;, ...), (Aj,/*!, vi,...), (A^, /X), v^i ...)i •••>(Ai-ijMi-i>''i-i> •••)» 
G is said to be of the type 

(X,/A,y,...)(Xj,/uii,Vi,...)(Aj,/ij,yj,. ..)•.. (A<.i,M<-i»»'<-i>—)- 
There are in general several distinct groups of a given type. 

Let (7| be the central of G; and let C^ be the normal 
subgroup of G corresponding to the central B of A.^ so that 
B = CJC^. Then G/G^^/C./Cjo^^ A^/ B:^ A^(y IS). 
Let (7. be the normal subgroup of G corresponding to the 
central of A^. Then as before G/C^ = A^. Let u. be the 
normal subgroup of G corresponoing to the central of A^, 
then G/C^ = A^^ and so on. The central (7| is sometimes 
called tne * first central' of &, while C,, C,, ... are called the 
'second, third, ... centrals' of G. 

Ex. 1. The direct product of prime-power groups is of finite 
class. 
Ex. 2. A metabelian group is of class 2, and conversely. 
Ex. 3. The commutant of a group of class 2 or 8 is Abelian. 
Ex. 4. Every non-Abelian group of order |^ is of the type 

(1)(1,1). 

Ex.5. If & is of class f, (i) Mi-i#0 unlessf=l, (ii) C,- = &, 

(iii) the class of ^^ ^ ^^^* 

Ex. 6. If & is of class t, (1) Ci^i contains Aj , (ii) (7, .3 contains A^. 
Ex. 7. If G^ is of order joP and A^ of order p^y the class of 

e</8+l. 

Ex. 8. Every element of C^ is of the form CjC^ ... c^ where c^ is 
in C( but not in C^.j. The commutator of c^ and any element of 
(r is in Q.j. 



168 ADJOINED GROUPS [Xm 13 

§ 13. If the first adjoined group A of a group O is the 
direct product of its Sylow subgroups, is also the direct 
product of its Sylow subgroups. 

Let G be of order p^q^r^,..; |>, g, r, ... being disiinet 
primes. Let P, Q, J2, ... be Sylow subgroups of orders 
p^,q^,r\ .... 

The order of il is a factor of the order of 0. Let A be 
of order p^ q^\ r\.... Then A must be the direct product 
of prime-power groups Pi>Oi,iii, ... of orders|>^,5^,r''^i,.... 

Let a, o be elements of P and Q respectively ; and let Oj, &i 
in A correspond to a, 6 in &. Then the order of o^ is a power 
of p and the order of 6^ is a power of q. But A is the direct 
product of P,, Oi. -Ri, ... , and therefore h{'^a^h^ = o^. From 
this we deduce D'^ab = co, where c is some element in the 
central of G. Hence if m is the order of a^ 

1 =r 6-^ a**6 = (ca)** = c'^a^ = c** (since ca = a«). 

It follows that the order of c is a Seustor of m and is therefore 
a power of p. Similarly from a^'^h^^a =3 c6~' we see that the 
oraer of c is a power of q ; and hence = 1. 

Therefore every element of P is permutable with every 
element of Q, and similarly with every element of R^ fte. 
Hence every element of P is permutable with every element 
of {Q, ii, ...}, and these two croups have only identity in 
common. The same is true of Q and {P, iZ, ...}, &c. Hence 
O is the direct product of P, Q, ii, .... 

CoROLULBT. If one of the adjoined groups of a group O is 
identity J O is the direct product of its Sylow subgroups. 

If ^{ = 1, A^_j^ is Abelian, and is therefore the direct 
product of its Sylow subgroups (XII 1, Corollary IV). Now 
A^^i is the first adjoined group o{ A^^^, and therefore A^_^ is 
also the direct product of its Sylow subgroups. The same 
reasoning may be extended to show that A^^^, ^i^9 •••9 ^1, Cf 
are all direct products of their Sylow sul^roups. 

Ex. 1. A group of finite daas is soluble. 

Ex. 2. If each chief-fnGtor-group of a group G is ejcHcy the 
eommutant A of G is the direct product of its Sjlow subgroups. 
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CHAPTER XIV 

SOME WELL-KNOWN GROUPS 

§ 1. Suppose that {a} is a normal cydio subgroup of the 
groap 6 = {a, 6} generated by the elements a and 6. Let 
A, fi DO the orders oi a, 6 ; and let a, /9 be their orders relative 
to {b}, {a} respectively. Suppose 

It follows at once from the relation b^^cJ) = a^ that every 
element of 6 is included once and only once among 

bVa'ix = 1, 2, ..., A ; y = 1, 2, ..., /3), 

and hence that 6 is of order A/9. 

Since a** is in {6}, r-ra and similarly s -r /9 are integral 
(V 1). Hence 6^+° = a**^*" = 1, and therefore A -i- a is a 
multiple of /A -r /9- Similarly /a -r /9 is a multiple of A -f- a, 
so that A -r a = ^ -r /9. 

Now the order of6^ = fi-r^ = A-ro, while the order of a** 
is evidently A -r (the H. C. F. of A and r). Hence a is the 
H. C. F. of A and r, and similarly ^9 is the H. C. F. of /a and 8, 

Since a"^6~^a6=a*""S we have by 14 

Hence a (X;»l) = (mod A) or r (A;— 1) = (mod A), since a is 
the H. C. F. of A and r. 

Since b'^ab = a*, b^Vahy = a*' (18); hence 6^ is permu- 
table with a if and onlv if A^v = 1 (mod A). If 6* is the lowest 
power of b permutable with a, c is tne smallest positive 
integer such that i^ = 1 (mod A), i. e. X; is a ' primitive root of 
the conf^ence x*=\ (mod A) '. Since b^ is permutable with a, 
it follows as in y 1 that c is a factor of fi and ^ = 1 (mod A^. 

We shall show in § 6 that every group whose Sylow sud- 
groups are cyclic is of the same type as : the converse is 
not true. 

Ex. 1. Every element of Q- is included among 0^6^(0;=: 1, 2, 
..., A; y= ly 2, ..., p\ or among a'6y(xs 1, 2, ..., a; ys 1, 2, 
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Ex. 2. If d is the H. G.F. of A and k-1, (i) the central of G is 
|(iX-i-<i| • (ii^ the commutant of Cr is {o^} ; (iii) G is metabelian if 
A is a factor of cP. 

Ex. 8. Find a group of the type of § 1 with non-cyclic Sylow 
subgroups. 

Ex. 4. {c^} and {a, V} are normal subgroups of G ; {cf, b} is 
normal only if it contains the commutant of G. 

Ex. 5. Every subgroup of ff is of the type {of, fry a'} where y 
is a factor of A Z is a factor of A and r + rr(A;^— l)-r(j(^»l), and 
l> x^O, No two such subgroups are identical. 

Ex. 6. Every subgroup and factor^oup of Cr is of the same 
type. 

Ex. 7. (i) G is soluble, (ii) The chief-factors of ff are prime. 

Ex. 8. If every Sylow subgroup of & is cyclic, X; is a primitive 
root of a;^ = 1 (mod X), provided a and b are chosen so that G is 
not generated by two elements a, h where {a} is normal in G 
and of order greater than A. 

§ 2. The foUowinjp; four important groups are included 
among the groups of § 1: — 

(I) a*^ = 6« = 1, 6a6 = a^+«~; 
(II) a**» = 6« = 1, a^ = (a5)«; 
(ra)a« =6«=(a6)« = l; 
(IV) a^^ = 1, a« = (ah)* = bK 

Group in is the dihedral group of order 2 m, and group IV 
is the aicydic group of order 4 m. The case in whicn m 
is a power of 2 has bisen discussed in XI 8. 

Ex. 1. Find the centrals and commutants of the four types. 

Ex. 2. (i) Every element of any one of the four groups is of the 
form cF or baP^. (li) Find the order of each element (iii) Find 
the conjugate sets of elementa 

Ex. 8. (i) {a^} IB a normal subgroup of each type, (ii) Every 
non-cyclic subgroup is of the form {a\ ba^}, 

Ex. 4. Every sul^^roup of group I is Abelian or of the type L 

Ex. 5. In group II the subgroups {of, ba^} are of the type II, 
III, IV according as Hs odd, { and x even, I even and x odd. 

Ex. 6. In groups III and IV the subgroups {a^, ba^} are respec- 
tively dihedral and dicyclic, and they form one or two conjugate 
sets for a given value of Z as { is an odd or even factor of m. 

Ex. 7. Find the orders of the groups of automorphisms of the 
four types. 

Ex. 8, (i) If m = 2^ 8 6*7* ..., the number of composition* 
series of III is 2'^Uyt ! -r d ! c I { I ... , where U7 is the coefficient 
ofx'' in the expansion of (l—a;)"^(l—ijr)"^"^ and < = 6 + c+C+.... 
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(ii) The number of ohief-serieB is 

(8y+0x(y+<-l)I-ryl»l cICI..- 

(iii) Find similar theorems for group lY. 

Ex. 9. (i^ The dihedral and dieyelio groups are the only groups 
generated by a and b, where a^ = (a5^ =: 6^. (ii) A group of 
order 2]fi with cyclic Sylow subgroups is either cyclic or dihedral 
{P>2). 

§ 3. Another important special case of the group in 6 1 is the 
metacyclic group v = {a, 6} where aP = bP"^ = 1, oo = 6a* ; 
k being a primitive root of the congruence rci^^ = 1 (mod p). 
As in § 1 & is of order pip—iy 

Every automorphism of {a} is completely given when we 
know the power of a corresponding to a in Uie automorphism. 
Now kyk^^ ...y kP^^ leave oifferent remainders when divided 
by jp; for k^ = kf (mod j?) (p>e>f>0) would involve 
i^~/ = 1 (mod p)y contrary to the hypothesis that X; is a primi- 
tive root of ocJ?~^ = 1 (mod p\ Hence these remainders are 
the numbers 1, 2, ...^ p^l in some order or other. But 

b^yabv ^af^* (18), so that every automorphism of {a} is 
established by transforming {a] by a power of 6, and no two 
powers of b establish the same automorphism. Hence {6} 
= the group of automorphisms of {a}. Also since the <nily 
elements of permutable with a are the elements of {a}, 
is the holomorph of {a}. 

Ex. 1. The commutant of & is {a] and the central is 1. 

Ex. 2. There is only one abstract metacyclic group of order 

j>(p-iX 

Ex. 8. The order of Vfa^ is (p-1) -r (the H.G.F. of y and p-1), 
unless y = (mod p). 

Ex. 4. The subgroups of ff are cyclic subgroups {b^a^} not 
normal in &, a normal cyclic subgroup {a}, and normal subgroups 
{a» 24^}, where y is any &ctor of p— 1 and x = 1, 2, ..., or j>. 

Ex. 5. A metacyclic group contains a dihedral subgroup. 

Ex. 6. Every Sylow subgroup of a metacyclic group is cyclic 

Ex. 7. Every composition-series of & is a chief-series. 

Ex.8. Ifi?-l = 2T8'6'7f ..., ff has 

(y+i+c+ ...)I-ryl^lcI... 
composition-series. 

Ex. 9. Every metacyclic group is complete. 

Ex. 10. G is simply isomorphic with the group of auto- 
morphisms of a dihedral group of order 2jp. 

Ex. 11. G is simply isomorphic with the doubly-transitive 
permutation-group of degree p generated by iS» = (1 2 ...p) and 
T = (A^i A^s — \-'ih where Tc^ is that one of the symbols 1, 2, ... , 
p~ 1 which satisfies X;« = A^ (mod jp). 
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Ex. 12. G is simply isomorphic with the substitution-group in 
the GF[p\ generated bya/ = rr;+ly a/ = Aix; Le. with the group 
in the CrJP[pJ composed of every substitution of the form 

§ 4. If the Sylaw mibgraups of a group are cydie groups 
of orders Pi\ p^S, ..., ^JJ* iPi<Pt< ••• < Pm)* ^ contains 
a nonnal subgroup of order p/P^pP^}* ••• i^^* ^^^^^ 
taining every element of whose order divides 

Pt Pr'ir Pr^V - P»" (« ^ °r)- 

(1) Let n =2>i°il>2°* ...l> "• be the order of 0. The number 
of elements in whose orders divide n is n, and by the 
corollary of V 21 the number of elements in G whose orders 
divide n-rpjisAn-rl^i (A integral). Let g of order Pi^k be 
one of the {Pi^^) Pi^'^P^^ ***p^^ elements of G whose 
orders divide n but not n^^p^. Such an element exists; 
for G contains by hypothesis an element of order p^. ^ Then 
the order of g^ (Pi°iA; > e > 0) divides n but not n -r Pi if wid 
only if « is one of the p^"^ (Pi""l) ^ integers less than Pi^'ii 
ana prime to p^. 

Let h of order p^d be one of the (Pi-A) p^^"^ p^ ... o^* 
elements of G whose orders divide n but not n-J-Pi which 
is not a power of a (if such an element exists). Then as 
before Pi°,~^ iPi^Vr" ^^ ^® powers of h divide n but not 
n-ri>i. Now take one of the (Pi— A) ^jV^ ^a°i .••^°~ 

elements whose orders divide n but not ti -rl>i which is not 
a power ot g or h and reason as before. Continuing the 
process till all the (Pi— A) pi°i"^ j9j°t...po« elements are 

exhausted, we see that (Pi— A) Pih"^ p^t ... j9"« is a multiple 
of Pi^i'^CPi— 1) and is not zero. Since Pi— 1 is prime to 
P^ '••P^^i "w® must have A = 1. 

(2) By (1) and the Corollary of V21 the number of 
elements in G whose orders divide ii -r J^i but not n 'Z'Pi is 
iP\^^) Px^"^ P%^ ...i?°« (ft integral). Then exactly as in 
(1) we may show that (p|— fi) Pi^'^ p^^ ... ^^a* is a multiple 
of j9|°i~^(P2— 1) and is not zero; from which it follows that 
M = L 

(3) This reasoning may be repeated to show that G con- 
tains exactly !>/ j?^^+i ...J9**« elements whose orders divide 
p/ p^^+> ... p^*; and finally that G contains exactly jp^-« 
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elements whose orders divide jp°». Hence O contains only 
one Sylow subgroup P^ of onfer J5 ""• ; for if contained 
two, would contain more than p °* elements whose orders 
are powers of p^. Since P^ is the only subgroup of order 
/>«" in (?, P^ is normal in 0. 

(4) If r is any factor-^oup of 0, the Sylow subgroups of T 
are cyclic. For that Sylow sul^^up of T whose order is 
a power of p^^ is generated by an element of F corresponding 
to an element of order p^m in 0. 

Hence Q/T^ contains a normal subgroup of order pJJ^. 
The corresponding subgroup P,»_i of (? is of order p^^^ p "^ 
and is normal in (?. Again, contains a normal subgroup P„|., 
of order p^^ J^m^T* P^ corresponding to the normal sub^ 
group of onler p^^ in ^/Pm-i- Continuing this process 
we see that Q contains a normal subgroup P^^i of order 

P^+i^P^i* •••^m"' ^^® group / Pf^i contains a normal 
cyclic subgroup of order p^^^ and hence 0/ P^^^ contains 
a normal cyclic subgroup of order p/. The corresponding 
subgroup P of (? is of order p/ p^^+i ... p^^ and consists 
of those Pr* p^p ***P^ elements of whose orders divide 

Ex. 1. If Cr is Abelian, it is cyclia 

Ex. 2. The subgroup JP is characteristia 

Ex. 8. If Pi, P2» —9 9m <^^ elements of orders p^^i, p^^^ ..., 

K"" ^ ^' ^- ^^r^ ^r+n -M 9m}f where u ^p^. 

Ex. 4. Any subgroup H of G has all its Sylow subgroups cyclic. 
Ex. 5. The result of § 4 holds good even if the Sylow subgroup. 

of order p^'^ is non-cyclic, provided r 76 w. 

Ex. 6. Prove that G is soluble. This is true even if the Sylow 

subgroup of order j> °"» is non-cyclic. 

Ex. 7. The chief-factors of G are prime. 

Ex. 8. Assuming only that G contains a normal subgroup 

of order j>"'", deduce from ¥14 that G contains exactly 

JPAP°+i* •••JP°"' elements whose orders divide Pr^rp^+i — 'l^m*^ 

Ex. 9. If a group G (with non-cyclic Sylow subgroups) 

contains exactly |)/jp°^+» ...j?^* elements whose orders divide 

Pr'P^V '"P^^^t ^ contains exactly J>°^* "'Pm^ elements whose 
orders divide P^^i^'^P^'^l where Pi^ipJ^ *.. p^"* is the order 
of G and 8 < a,.. 
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i 5. A group with cyclic Sylow svJbgroups is generated 
}?y two demeTita a, b such thcU {a} is normal in and 
contains every normal cyclic subgroup of (?, while the lowest 
power of b permutable with a is in {a}. 

(1) We assume that the result is true for any group whose 
oraer is the product of powers of m— 1 distinct primes. We 
ohall then prove that the result is true for a group whose 
order is the product of powers of m distinct primes. Then 
the theorem can be proved by inductipn ; for it is evidently 
time when m = 1 (6 being identity). Let G be the group 
of § 4. It contains a subgroup H of index 2>A with cyclic 
Sylow subgroups formed of those elements of Cr whose orders 
divide ii-rPi^* Since H is the only subgroup of its kind 
in 6, every element permutable with G is evidently permu- 
table with H; i.e. iT is a characteristic subgroup of &. By 
our assumption H = {a, 6}, where oA = 1, 6^ = a*", a6 = ba^ ; 
while {a} is normal in H and contains every normal cyclic 
sul^oup of H, and b^ is the lowest power of b permutable 
with a. Since every element permutable with {a} is per- 
mutable with each subgroup of {a}, {a} contains no cyclic 
subgroup not normal in H] and since {a} is the only subgroup 
of its kind in H, every element permutable with n is permu- 
table with [a] ; i.e. {a} is a characteristic subgroup of if. 

(2) Let a cyclic Sylow subgroup of order p^^i in G be 
generated by an element g; and let g^ be the lowest power 
of g such that {<7^}is normal in 6. AsinVlpisa factor 
of Pi^i. Since H and {gf*} are normal in G, g^^b'^gf^b ia 
both in jff and in {/}. Hence g'^b^^g^b^ 1 ; for if and {/} 
have only identity in common, since their orders are prime 

to one another. Therefore ^ is permutable with 6, and 
similarly with a. 

Since the orders of a and </ are prime to one another, the 

order of a^ == the order of the Abelian group {a, ^} ; and 

hence (a, g^} = [ag^] is cyclic 

(3) Since {a} and {^} are normal in (?, {o^^} aiid every 

subgroup of {ag^} is normal in G, Conversely, every normal 

cj^dic subgroup of & is contained in {ag^]. For suppose h 
generates such a subgroup of order j:>/m, where m is prime 

to Pi- Then {hP\} ; being a normal cyclic subgroup of 
order m, is in {a} ; while {A^}, being a normal cyclic sub- 
group of order p^*, is in {^}. Hence {h} = {A^i*, h^] is 
in {a/}. 
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(4) Now g^ is the lowest power of g permutable with a. 
For if ^ is permutable with a, b'^g^h is permutable with 
h'^ah = a* and therefore with aK Hence o'^g^b is permu*- 
table with a ; for we can choose e such that ke = l (mod X), 
^ince k is prime to X. Now since g^ is permutable with n, 
every element of {g^^ H} is of the form g^^h^a^^ which is not 
permutable with a unless 2^ = 0. Hence b'^g^b is of the 
form g'^a^. But since the order of gf*' is prime to the order 
of a, we must have a; = 0, so that 6 is permutable with {g^} 
and {g^} is normal in 0. 

(5) Again, g is permutable with {a} ; suppose g'^ag = aK 
Then since </ is the lowest power of g permutable with a, 2 is 
a primitive root of o^ = 1 (mod A), rfow 

(bg)'^a(bg) = g'^a^g = a^ ; 
hence by 13 

(hgY^afbgY = a(W)' = a^^. 

If {bgY is permutable with a, i^2' = 1 (mod X) ; and then 

1 = (iy^y = Jfc*^ and 1 = {my = l^» (mod X). Since /3 and ^ 

are prime to one another, we deduce that < is a multiple both 
of p and p if {bgf is permutable with a. Hence the lowest 
power of bg permutable with a^ is a multiple of ftp \ for 6 
and g are permutable with ^. 

(6) Write now a for a^, b for bg. Then {a} is normal in 

{a, b}, and the order of {a, b} = {a} + {a}b+ {»}b* + .,. is 

^ n. For the order of a is n -f- /t^p ; while the order of b 
relative to {a} is ^ p)9, since the lowest power of b permu- 
table with a is a multiple of pp. But {a, b} is a subgroup 
of 0. Hence V^ is in {a}, and 6 = {a, b} where {a} is 
normal in and contains every normal cyclic subgroup of G, 
while the lowest power of b permutable with a is in {a}. 

Ex. 1. A group r whose order contains no square factor is of 
the type o^ = &^ = 1, a5 = hah^ where X; is a primitive root of 
0^* = 1 (mod X^ and X is prime to /yu 

Ex. 2. (i) Fmd the conditions that Val^ should correspond to 
a, hya^ to 5 in an automorphism of H. (ii) Find the order of the 
group of automorphisms of r in Ex« 1. 



Hamiltoniak Qboups 

§ 6. A non-Abelian group all of whose subgroups are 
normal is called a HamMonian group. The simplest type 
of Hamiltonian group is the quaternion group a^ = 1, 
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a' s (ahf = 6* which is identical wiUi the dieyclie group 
of oraer 8. It contains one 8ulmx>ap {a*} of order 2, and 
three snbgroaps {a}, {6}, {ah} oi order 4. 

# 

Ex. 1. Verify directly that every sabgroap of the quaternion 
group is permutable with a and h. 

Ex. 2. Every subgroup of a Hamiltonian group is Hamiltonian 
or Abelian. 

Ex. 8. Every element of order 2 in a Hamiltonian group is 
normaL 

Ex. 4. A Hamiltonian group is the direct product of its Sylow 
subgroupa 

Ex. 5. Every fiEu^r-group of a Hamiltonian group is Hamiltonian 
or ^Lbelian. 

Ex. 6. If a> = {aby = h^, {a, b] is Abelian of order 4 or 
quaternion. 

Ex. 7. If bob = a and ab = (a^ {a, b} is, Abelian of order 4 
or quaternion. 

Ex. 8. The quaternion group is the holomorph of a cyclic group 
of order 4. 

Ex. 9. (i) The group of inner automorphisms of a quaternion 
group is non-cyclic of order 4. (ii) The group of automorphisms 
is simply isomorphic with the symmetric group of degree 4. 

Ex. 10. The quaternion group is not the group of inner auto- 
morphisms of any other group 



§ 7. The direct product of an Abdian group A of odd 
order x,an AbeliangroupB of order 2"* and type (1^1, ...,1), 
and the quaJtemion group C is Hamiltonian, 

Let H be any subgroup of 0, let h = abc be any element 
of H, and let g = afiy be any element of ; where a and a 
are in A^b and fi in B, and c and y in (7. Then 

g'^hg = y'^fi'^a'^ahcafiy = y'^abcy = y'^cyab. 

Now since c* = 1 and {c} is normal in (7, y'^cy = c or c*. 
Hence g'^hg = h or c^h. But H contains 

h^=:(abc)^ = a^b^c^ = c^ = c^ (since c* = 1 and a: is odd). 

Hence H contains g'^hg and is normal in 0. 
The converse of this theorem is proved in § 9. 

Ex. 1. Every element of {B, C} is of order 1, 2, or 4. 

Ex. 2. The central of G is the direct product of A and J7, 
where H = {B, e} is Abelian of order 2^+^ and type (1, 1, ... , 1^ 
4^ being the element of order 2 in C. 



XIV 8] HAMILTONIAN GROUPS 177 

§ 8. There is no HamiUonian group of order p^ if p > 2. 
If p=i2, there ie one and only one aJmract HainiUoman 
grou/p of order p^ (a > 2) / U is the direct product of the 
quaternion group and an Ahdia/a group of the type 

(1, 1, ..., 1). 

(1) Let 6 be a Hamiltoniiui ffroap of order p^. Let g of 
order j9^ be an element of whioh is not normal in but 
is Buoh that every element of lower order in & is normal 
Let h of order j^'* (/a ^ A) be any element of not permntable 
with g. 

Let c^g'^h'^gh. Since is Hamiltonian h'^gh is in {a}, 
and therefore c is a power of g. Similarly, c is a power of ^. 
Hence c lies in the greatest common subfpronp D of {g} and 

{h}. Since c#l, D contains the snbgroups {g^"^} and 

{W^"^} of order 2) in {g} and {h}. Therefore gP^''^ = h^P""^ 
where u is prime to p. Since h is not permatable with g^ 
D ^ {g} and hence X > 1. 

Now by 14 g'^h'^^h = cP. But gP is normal in G by 

hypothesis, and hence cP = 1. Again, (Wflf)' = kif^g^c^^^^'^* 

Putting y=-up^"\ tz:zj^-\ we have {h^gY ^c^^^'^^^ 

Hence if ;> is odd, or if p = 2 and y is even or X > 2, (Ay^/ = 1. 
Now since hJifg is not permutable with A, we cannot have 
{h}fgY = 1 ; otherwise Mg would be of lower order than g 
contrary to hypothesis. Hence p = 2, j/ is odd and therefore 
A = fA,and A = 2. Therefore A = /a = 2 and 5f* = A* = l,gf* = A*. 
The group {g,h} is evidently a quaternion group. 

(2) We have shown that any two non-permuti&ble elements 
of a Hamiltonian group of order 2^ generate a quaternion 
subgroup. Now every element of order 2 in (? is normal; 
for if 9 is such an element, {g} is normaL These elements 
of order 2 form an Abelian subgroup IT of the type (1, 1, .•.,!)« 
Let a^ = 1, a^ = (ah)^ = 6' be any Quaternion subgroup C. 
If c2 is any element not permutable with a^ {a^d} is a 
quaternion group and d* = a\ 

Let y be any element of permutable with a and 6. Then 
yb is not permutable with a, and hence a*=(y5)*=)^6*=y*a*. 
Therefore y* = 1 and y is in iT. 

If y is an element of not permutable with a and b, three 
cases can arise since y is permutable with {a} and {6}, 

namely (i) y'^ay = a, y""^5y = b\ (ii) y'^ay = a\ y~^5y = 5, 

(iii) y'^ay = a\ y'^by = 6*. It is at once proved that a and 6 
are both permutable with (i) ay^ (ii) 6y, (lii) oiv. Hence as 
before H contains (i) ay, (ii) 6y, (iii) aby. In eadi case y is in 
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CH. Hence O = {C, IT}, aad IT is the oential of O. The 
greatest common sal^group of O and H is {a^}. Let B be 
a subgroup of index 2 in IT not containing {a*}. Then 
G = {%, (7} and is the direct product of B and (7, Le. of an 
Abelian group of order 2°"^ and type (1, 1, ..., 1) and the 
quaternion group. 

Ex. 1. The oommutant of 6r is {a*}. 

Ex. 2. Q contains 2^~'— 1 sul^Kroups of order 2, 8*2^'' of 
trder 4, 2«-i-l of index 2, J(2«-i-l)(2a-«-l) of index 4, and 
2^°~^ quaternion subgroups. 

Ex. 8. If every subgroup of order >|? in a non-Abelian and 
noB-Hamiltonian group K of order pO is normal {f > 2\ iT contains 
only one normal subgroup of order jp. 

§ 9. Every HamUtanian group is the direct product cf an 
Aodian group of odd order, an Abelian growp of order 2^ and 
type (1, 1, ... , 1), and the quaternion group. 

By Corollary IV of XTT 1 a Hamiltonian group G is the 
direct product of its Sylow subgroups. Now each of these 
subgroups is evidently Hamiltonian or Abelian. Hence by 
§ 8 the Sylow subgroups of odd order are Abelian, and there- 
fore their direct product is an Abelian group A of odd order. 
Again by § 8 the Sylow sub^oup of even order is the direct 
product of an Abelian group n of order 2^ and type (1, 1, ... , 1) 
and the quaternion group C. Hence G is the direct prodnot 
of A, j5, and (7; which proves the theorem. 

Ex. 1. The oommutant of G is of ordw 2. 
Ex. 2. The central of Gr is of index 4. 
Ex. 8. is metabelian. 



CHAPTER XV 



CHARACTERISTICS 

§ 1. If a group is simply or multiply isomorphic with 
irreducible homi^neons linear substitution-groups S, iST, S^\ 
•..(yiI4), then slS^^S^^, ... are called represerUcUionB of 0. 

Let g be any element of 0, and let a, / be the corresponding 
substitutions of 8, S^ respectively. Then if a fixed substitution 
t can be found such that t''^8t = / whatever element of Q 
g may be, 8 and 8^ are called equivalent representations of ; 
if not, 8 and 8^ are called distinct representations. 

Every substitution conjugate to s in iSf has the same 
characteristic equation (III 6). Hence the substitutions of 8 
corresponding to each element conjugate to 9 in 6 have the 
same characteristic equation ; for to an element of conjugate 
to g evidently corresponds an element of 8 conjugate to s. 
Hie sum of the roots of the characteristic equation of a is 
caUed the characterietic in the representation 8 of the set 
of elements conjugate to g. 

Suppose 8 is of degree ni. Let a be transformed into the 
multiplication («ia^, <*>2^t> •••» ^m^m) (mB)> ^^^ ^"^ ^ 
transiormed into (a>i~^^, ^t'^^^i •••» ^m'^^m)* If s is of 
order q; a>i, a>,, ..., «^ are 9-th roots of unity and are the 
roots of the characteristic equation of «. Hence the character- 
istics a>| + a>2 + «*« + «»m *^^ «,"*+o),~^ + ... +o)^~^ of the sets 
of elements conjugate to g and g'^ are conjugate imaginaries ; 
for a>{ is conjugate to »f\ If the conjugate set containing g 
is self-inverse (V 6), its characteristic is reaL 

If ,7 = 1, 8 is {x^, X2, •••} ^m)- Hence the characteristic of 1 
is the degree m of 8. 

If we replace each coefficient of every substitution of 8 
by the conjugate imaginary, the substitutions so obtained 

obviously form a group 8 simply isomoi^hic with 8 which 

is also a representation ot 0: 8 and 8 are called inverse 

representetions. If 8 and 8 are equivalent representations, 
S is called a edf-inveree representation. 

n2 
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Ex. 1. The following table akown the 8 distinet lep M e ntati oM 
and the oorreeponding eharaeteristios for the group 

a* = ft* = (06)* = L 



Elements 
of groap 


Substitations of the representation Ghmncteristie in| 


5 


ar 


sr 8 


ar 


sr 


1 


X 
X 

X 


X 


(*.») 


1 
1 


1 
1 


2 

-1 




a 


X 
X 


/I V'S V^ 1 \ 
V"2*" 2 »• 2 * 2V 


a> 


/ 1 -/s VI I \ 

(-2*+ 2 »' 2 • 2«') 


6 


X 


(^-y) 


1 


-1 


ki 


X 
X 


— X 


( 2*+ 8* 2*+2V 


Uf 


—X 


/I -/Z V^ 1 \ 
(-2*- 2* 2 '+2') 



Ex. 2. One snd the sune groop 6i linesr sobsiitiitioiiB msy 
giTe rise to two or more representstions of G. 

Ex. S. Hie ehsnetedsiie of a set of elements of order 2 is 
integraL 

^ 4. Erery lepraecntation of ^ is sin^ilj isomoiidue ifith 
a fact or -gro tt p of G. 

Ex. 6l Etotj reprnseniation of a fiMior-groiqi <tf fir Is a rmpt^ 

itatioaofa 

Ex. 6L The snhstitatioii-groi^ of degree and order 1 Is a 

presentation of erery gwwp> 

Ex. 7. Ereij representation of an Abelian groop is of degree 1. 

Ex. & A group is not neeeosanlj simplj iaoaoiphk witii any 




% % Somae G is a groop whose 

of irtttdi the fii8( is the eei 

Ihii iiliTiitn nf thn fr th 



fcnn T eoigngaie 
only identity. 
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Let 8if S^t 8^i «•• be the distinot representations of ; where 
8. is the homoffeneous linear {proup of degree and order 1, 
which is evidenuy a representation of every group. 

We denote by xj^' the oharacteristic of Cj^ in tne represen- 
tation 8^. Then Xi' is the degree of 8^^ and x^^ = 1. 

We denote by v jb^ the oharacteristic in 8^ of the set inverse 
to Cj^. Then Xk t XjJ <^^ conjugate imaginaries, and are real 
and equal if C]^ is a self-inverse set. 

We denote by Xk^ tiie characteristic of Oj^ in the repre- 
sentation inverse to 8^. Then Xh* <^<i Xu^ ^^^ conjugate 
imitginaries, and are x^ and equal if Sf^ is a self-inverse 
rcTOesentation. 

The r characteristics Xi» X2^ •••» x/ ^"^ called the set of 
charcicterUtica of & in the representation 8^. 

Ex. 1. Xfc*' = Xfc'* and xi/j=i xfc*. 

Ex. 2. The modulus of y;^^ £ xi * 

Ex. 8. If xi* = Xa' = X^ = •••» ^i ^ simply isomorphic with 
0/Hj where ir=Ci + Oa+Ci+ .... 

Ex. 4. Let xi» Xs' Xs* ••* be a set of characteristics for the 
conjugate sets Ei, E^^ JBj, •'• of a factor-group F of G ; and let 
Cjff Cjc% C^j ... be the conjugate sets of G corresponding to the 
elements JE^ of F. Then there is a set of characteristics of 6 in 
which Xk is the characteristic of each of 

^> Qfe, CjI'i ... (*= 1, 2y 8, ...). 

Ex. 5. Every characteristic of a symmetric group is reaL 

§ 8. Suppose & is an Abelian group of order n. Then 
r = n, and each conjugate set contains one element only. 
Any representation 8^ of (being inedueible) is of degree 1 
by VII 8 ; hence Xi* = 1. 

I^t [oTi, ^2' •••> 9t\ be a base of 0, and let a^ be the order 
of 9^. Let ^= (A^x be the substitution of 8^ corresponding 
to gf^ ; so that a>^°« = 1 and a>^ is the characteristic of g^ in the 
representation 8^. Then the substitution of 8^ corresponding 
^ 9i^^9i^* *•• 9t^* is a/= oi^^oij^s ... oi^iO/, and ati^na^t ••• tof^t is 
the characteristic of 9i^\9%^^ ... 9 fit in the representation 8^. 

Now a>^ may be any one of the ct^ o«-th roots of unity; 
hence there are a^ a, ... a^ = t^ distinct representations of 6. 
If 0^ is any primitive a^-th root of unity (so that 6^* =: 1, 
OJf ^\ a y< aj, the charaoteristiGs of 9fii9fit ... gfit in the 
n representations are 

efii^OfiJ^t ...efi^t {k^ = 1, 2, ..., a,; 6 = 1, 2, ..., 0- 

The representations of may be considered as elements if 
we define the product 8^8j as follows. Let the characteristics 
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of 9x9% •••gt in the representations S^^Sj be respectively 
^i<i^,<f ... B^ti O^hB^h ... ^^ii; then the prodoet 8^8^ is defined 
as the representation in which the characteristie of g^^g^ ... g^ 
18 Sih^Ji B^H^t ... SfU^^t. It is at once seen that the represen- 
tations considered as elements form a group 2 simply iso- 
morphic with &»the element g*ig^..*g^ in Q corresponding 
to tne element /S^ in 2. 

Ex. 1. If ereiy characteristic of an element ^ in an Abelian 
group is real, g^ = 1. 

Ex. 2. The number of representations of any group G of the 
first degree = the index of its commutant A. 

Ex. §. The substitution-group st^ssx, —a? stands for 2°»1 
distinct representations of an Abelian group of order 2° and type 
(1, 1, ..., 1). 

Ex. 4. The multiplication table of an Abelian group of order 
n considered as a determinant of «' elements is ttie product of 
n linear fitctors. 

Ex. 5. (i) The multiplication table of any group considered as 
a determinant has q linear fMstors, where q is the index of the 
commutant (ii) Find these linear factors in V l^. 

Ex. 6. The sum of the characteristics in any given representation 
of all the elements of an Abelian group is 0, uxdess eadi character- 
istic is 1. 

Ex. 7. The sum of the characteristics of a given element of 
an Abelian group in every representation is 0, unless the element 
is identity. 

§ 4. Let H be any subgroup of the Abelian group 

and let 8 be one of the u distinct representations of G/H. 
Since G is multiply isomorphic with U/Htjxd G/HwitiiS, 
8 is A representation of G. The characteristic of every 
element of i? in the representation 8 of Gib 1. Conversely^ 
if the characteristic of every element of iT in the represen- 
tation iSf of G is 1, iSf is a representation of G/A For 
evidently in this case the characteristic of every element 
in Hy^.Hyj is the same. 

Now let 0^ 6jH ... 6/^t be the characteristic of g^ g^ ... g^ in 
the representation 8. Then the u elements of the type 
gi^gj^^'-g^i form a subgroup K simply isomorphic with 
G/ A For they evidently form a subgroup simply isomorphic 
with the group L whose elements are the u representations 
of G/H, gi^gj^...gfi corresponding to 8: and i#=0/ir(§8). 
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The subgronp Hhesn the same relation to K that K does to 
H. For Qihg^h ... 9^ is in IT if and only if 6Jhh$Jf^...$^^l 
for each of the u sets of values of k^^i^, ...yk^» Again, 
$ih$Jt...$/t is the eharacteristio of giQ^.^Qt i& & represen- 
tation of 0/K if and only if S^VhS^V^ ...SMt = 1 for each of 
the u sets of valdes of k.^ A;,, ..., k^ ; which is the same con- 
dition as before. For this reason R and K are oJled re- 
ciproccU subgroups of 0. 

Ex. 1. The subgroup of G reciprocal to H depends on the base 
[9if 9%9 •••> 9t\ ^^ ^^ ^^ quantities 61, 6^, ..., $f. 

Ex. 2. iT is a subgroup of the group redprooal to any subgroup 
ofJET. 

Ex. 8. An Abelian group contains as many subgroups of index 
g as it does subgroups of order q, 

Ex. 4. An Abelian group contains as many subgroups with 
given invariants as it hiu9 factor-groups with those invariants. 

Ex. 5. An Abelian group of order p° with t invariants has 

(|,^-l)(p«-i-l)...(|/-«-M-l)-j.(pg-l)(|,g-i-l)...(j,-l) 

factor-groups of the type (1, 1, 1, ... to q terms). 

Ex. 6. An Abelian group of order jj^ of the type (2^ 2, 2, ... , 
1, I9 1, ...)— jr 2 's and 1 'e— contains 

(j.>^»-i)0^^»-^-i) ?»-i _, 

(y-i){p-i) +j»-i'' 

subgroups of index p*. 
Ex. 7. (i) Any group eontains 

(p«-l)(p-l) '^p-'l^ 

normal subgroups of index jo^ where jr and are zero or positive 
integers, (ii) Emd jr and in the group of XI 7. 

§ 6. The discussion of the properties of characteristics of 
non-Abelian groups is too difficult to be included in an 
elementary treatise. We shall confine ourselves to a statement 
of the fundamental relations between the characteristics and 
to one application. 

Using the notation of § 2 it may be proved that there are 
r distinct representations of 0.* Let Aj^ be the number of 
elements Oj^; so that 7^ = A2+A3+. ••+&!.• Now if any 
element g is contained among the hj^hi elemente C^C^, we 
prove immediately that Cj^Ci = CiCj^ includes every element 

* For a proof of these important thearems eee two papers by Prof. W. 
Bumside ; Ada MathemaHeaf zxriH (1904), p. 869 and Proe. Londm Math. 5oc., 
2i (1908), p. 117. 
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conjugate to g. Suppose that the hi^hi elements Cj^Ci include 
the elements (7^ ^kli times, the elements (7, cj^i^ times, ..., the 
elements C^, C;^^ times; i.e. C^fcC'j = CjtjiC| + c;y2(72+... + Cjyy(7,., 
where C;^^, Cj^j^, ..., Cj^i^ are zero or positive intc^rs. Then 

as^ = t' 

or j gfc i' (ii)* 

In (ii) keep i fixed and let / take the r values 1, 2, ..., r. 

Solving the r equations so obtained we get hj^Xk*^ = ^^ft^# 

where Xj/ is the co-factor of x^^ iii 



XS 



Xi' 
Xi* 



x% 



x/ 

Xr* 



Xi Xi • • • Xr 

Now 2rj^^v+^fc''xi* + ...+J^/V 

= x.^V'+^/xir + ... + J^*'V= ^ or 

according as 2' b A; or l'^ j;, i. e. as 2 = ^ or Z ^ A^. Hence 
X»'X|'+X*V+...+X»'xr = for as l=J,f or li^kf (ui) 



In (i) keep h fixed and let I take the r values I, 2, ..., r. 
[iminatinff A^Xi^ ^ 
so obtained we get 



Eliminating ^xA^Xa^ •.•} ^rX/ between the r equations 
" " Led 






^klr 
^k%r 



^krl 



^fcra 



^Jkrr-'^ 



= 0, 



where ic= *^.* ftv) 

Xi 

Ex. 1. The alternating group on the cfymbols 1, 2, 8, 4 contains 
4 conjugate sets 

C, = 1, C, = (1 2)(8 4)+(l 8)(2 4)+(l 4)(2 8), 
Ci = (1 2 8) +(1 4 2)+(l 8 4)+(2 4 8), 
C4 = (182)+(124)+(148)+(284). 

* See footnote on p. 188. 
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The table gives the value of Cj^^. Puitiiig A; = 8 in (iv) we have 

K^s 64ic. Hence ic == 4, 4<0, ^af, or 0, where 2a> = — 1 + V^— 8. 
Putting these values of ic in the 8 equations (i) where h^S and 
2 = 2, 8y 4 we get for tiie ratios A^Xi • ^X2* • ^Xs^ • ^4X4^ ^® ^om 
values 1:8:4:4, l:8:4a>:4a>^, l:8:4a>':4cOy and 1: —1:0:0. 
Substituting in the result of Ex. 4 (noting that C^ and C^ are self- 



ofk,L 


Value ofe. \ 


/ 


2 


3 


4 


/,/. 


/ 











A2. 





/ 








/.A 








/ 





/-/. 











/ 


2,2, 


3 


2 








2,3. 








3 





2^. 











3 


3,3. 











4 


3^. 


-4 


-4 








-*,^. 








4 






y 



Valm 
ofi 


Value ofk 


/ 


2 


3 


4 


/ 


/ 


/ 


/ 


2 


/ 


/ 


CO 
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ca 
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Value Qf X^ 



\ ^ ■r'K 



«V- 



Value of Cjiig ^Ci^e 



inverse, while C3 is inverse to O4) we obtain the values 1, 1, 1, 8 
for Xi^ resi>ectively. Hence we get the above table for y^. 

l^e corresponding representations are those generated by rr^ = ^, 
0^ = (oa;, vf -=• ft)*a:, (y, jer, a?) and (a:, — jr, — jbt). Of these S^ ^^^ 
8^ are self-inverse representations, while 8^ is inverse to 8^. 
There are 8 representations of degree 1, since the commutant 
Ci + Cs is of index 8 (cf. XY^). 
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Ex. a (i) hi = V; (") hh = ^fcn*i+%2^+ - -i-^^kirK ; 

(iii) c«^ = Cft,; (iv) Cjoe-e^u; (▼) Cija = 1 <>' 0, as e==l or 
e :3fr { ; (yi) ^^=sAj^ orO, as {s=]br or Is^J^; (vii) C;u/^ s if 
0« 18 not in the commatant : (viii) Cjgi^\ ^ ^k^t^i* 

Ex. 8. Prove AiXi*+*«X«^+ - +*rXr* = (t ^ifc 1). 

Ex. 4. Prore *jXi*Xi'*+*aX«*Xi'*+ — +*rXr*Xf'* =*^ 

Ex. 5. Verify (i) when the elements Cj^ and C( are in the 
normal subgroup of G corresponding to identity in 8^. 

Ex. 6. Verify (i) and (ii) for an Abelian group. 

Ex. 7. Find the characteristics and corresponding representations 
for the group (i) 0^ = 6« = (a6)2= 1; (ii) a*=:6« = (a5)« = 1 ; 
(iii) a« = 6« = (a6)« = l. 

Ex. 8. Find the characteristics for the groups 
(i) a« = l, a8 = (ad)« = 6«; (ii) a* = 1, a« = (ad)« :s: 6«. 

Ex. 9. Find the characteristics for the group a^ ss &^ = 1, 

Ex. 10. Find the characteristics for the symmetric group of 
d^pree 4. 

Ex. 11. Find the characteristics for (i) the alternating group, 
(ii) the symmetric group of degree 5. 

§ 6. No aim/pie group contains a conjugate set of p' 
eUmeTVts, 

Suppose that in the group & of § 6 the conjugate set Cj^ 
contains p^ elements, i. e. Aj^ = p^. Put 2 = 1 in § 5 (iii) then 

Xi'Xfc' + Xi*Xfc' + ..- + xrx/ = (i) 

If Xi^ =s 1 (i ^ 1), the representation 8^ is of decree 1 and is 
therefore Abelian. Hence 0, being isomorphic with 8{ is not 
simple. 

I^ext suppose Xi^^ ^ unless i = 1. Since Xi^Xik^ ^ ^> ^^ 
follows from (i) that not all of Xl*Xfc^ x/x*'> •••» XiXk^ can be 
divisible by p. Suppose Xi^x** ^^^ divisible by p. 

Let <r of ordef 9 be an element of 8^ corresponding to an 
element of (7;^. Then 0- can be transformed into a multiplica- 
tion of the form {m^ix^, coSo;,, a>°3 a?,, ...) where 09 is a primitiTe 
g-th root of unity, and x*' = ««>°* + *«>°« + «°t + . • • . Denote by 
»i(=Xfc*)>«>a> •••>«>g-ii«g(=XiO *^® quantities obtained by 
putting «\ «•,..., ««~\ »« for o> in x**- Let 

(oj— a>i)(a?— Wj) ... («— «g) = a55+tiaj2"^ + ...+^g. 
Then t^, ^s, ... , ^g are integers ; for they are integral symmetric 
functions of the roots of x^ == 1. 

Now by § 5 (iv) hj^Xk^ -r Xi^ is a root of an equation of the 
form of +2)iaf~^+ ... +P,. = 0, where Pi,^,, ...^jp^ are integers. 
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Then the H. C. F. of aj'+Piaf-^ + .-.+p, and 

is of the form a^^+Jia/~^ + ,..+5y, where Jn Jj, •••>?/ are 

rational ; fisi^O since the H. C. F. is divisible hjx ^^-^ - 

Let af +Piaf"^ + ...+|:>r 

where r = e+/. Then ^^ is int^^raL For let X and m be 
the L. C. M.'s of the denominators of the rational fractions 
?i> ?a> •••> 9/ *^^ ^^ ^i> ^i> •••» ^« respectively. Then 

and therefore by Qauss' theorem 'i' A = /yi = 1. 
Now the int^;er qf is the product of/ quantities 

h^i *fc»a *^ikn 



i i i 

Xi Xi Xi 



9 ... 



»i.«a.n 



Since At = p* and Xi is prime to p^ the product -^ • -?• -^ ... 

Xi Xi Xi 
must be integraL But since »^, to^^ o>5, ... are each the sum 

of Xi* quantities with unit modulus, the moduli of a>|,o>g,i»5, ... 

are each £ xi^.f Hence the modulus <^ ^ = ^ is integral, 

since the modulus of ^ • — ^ * ^* ... is integral This is only 

possible if 01 = 0^ = 03= ..., and then the substitution a is 
a similarity. Hence S^ contains a normal element <r and is 
not simple. Therefore being isomorphic with 8^ is not 
simple. 

Ex. Prove that a group O of order jjf^^ (p and q prime) is 
(i) composite, (ii) soluble. 

* 'If theooeffioientsof aQa^+aiX^*^+...+a« areintegenwiihnoeommon 
factor, and the aame is true of 6o^+^^^+">+^iy ^® eoeffidents of their 
product e^x^*"* + c^of"^*^^ + . . . + c^+n htkve no common fiMtor.' In fiust, since 
C| = ao*i+*h*i-i + — +«f-i*i+*i*o» * gi^«tt prime dividing Oq, o,, ..., OpLj and 
ht h» •••> ^iUt Dut not oy or bk diyides c^, C|, ..., e^4Jb-i ^^^ ^^^ ^+k* 

t For the som of the moduli of two or more quantities ^ the modulus of 

their sum. This is at once cTident from the graphical representation of com- 
plex quantities. 



HINTS FOR THE SOLUTION OF THE 

EXAMPLES 

CHAFTEB I 

§ 1. Ex. 2. (i) a. aa ss ea = ae, •'• aa^^e. (ii) gaa = Aaa, 
.\ g:=h, 

Ex. 8. db ... W, I'^lr^ ... ft-»a-i = ab ... h. h'^ ... b'^a'^ =r ... 
= ab . b'^a'^ = a . a'^ = 1. 

Ex. 4, 5. Prove as in ordinary algebra. 

Ex. d a^b =s aba =s boa = ba^ ; and this can be at once 
extended. 

Ex. 7. Prove as in Ex. 6. 

Ex. 8, 9. Prove when 11=1, and then use induction. 

Ex. 10, 11. The identical element is zero when the law of 
combination is that of addition^ unity when the law is that 
of multiplication. 

§2. Ex.4. (ii)Kir=ibi+i(n>l^O),l = a*-*»=a'. .-. i = 0. 
Ex. 7. Use 1 1^(1). 

Ex. 8. (i) If « = *»+/ (n>l^O), flF-** is permutable with b. 
. \ { = 0. (ii) Prove as in (i). (iii) Find integers x and y such 
that or = 1 (mod n) and jr« = 1 (mod m). Then since a** and b* 
are permutable, so are a^ = a ana b^' = b. 

Ex. 9. ah.ba=i db^a = a' = 1. 

Ex. 10. ba^ba. dbaib =s baobab = l^ab = a&. 

Ex. 11. (i) Find integers x and jr such that xr-k-yq = 1 and put 
a = ar, /3=y3. (ii) a« = (l>c)« = ft«c« = c*. 

Ex. 12. Use I IgO) and At). 

Ex. 18. Use 1 19, putting ^ = 1. 

§ 8. Ex. 1. If a* = 1, (6-^06)* = ft-la»6 = 6-^5 = 1, and con- 
verselvj^ 

Ex(^ od = b^H^)^- Now use Ex. 1. 

Ex. 4. c"*(a5)c = c"*ac . tr^bc 

Ex. 6. If a"*ai=:ft""*c&, ba^^.c^c.ba"^ and a6~*.c=sc.a6^^ 

Ex. 6. (i) Use induction ; 
(ii) (&»aO"^ (h^a^) (ft'aO = 6^ . ft-y a-^6y • b'^a'^V . a^. Now use § 8. 

Ex. 7. Puty = m in ft-yoWsa*** 
Ex. 8. 1 or 81. 
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Ex. la b'^ab=ia'^ and a'^U = h'\ 

HeDM ^ =: o^ = a'^a^a =: a'l^a =:s 6'* and .•.>*= 1. 
Ex. IL If a'^ea = e" and 6-*c6 = €0, {ab)'^elab) == &-*<J"^ 

§ 4. Ex. 2. tf-»6-iaft . d'^a'^te « 1. 

Ex. S. ^'^(a'^6'^a()^ b tfaa eu mumUt or of ^"^ay and y ^^0^. 

Ex. 4. U 6 =r a-n-^ab, 6= L 

Ex. 5. Use 1 8^ 

Ex. 6. a-'d'^ofr = (ba)'^. (ab\ How aae 18,. 

Ex. 7. a-»6-»a6 = (ki)-H«6a-»6-^)hL 

Ex. a a-'6-*fl6 = a6a6.' 

Ex. 9. If offa"^ = ^ and hgb'^ =? ^, ^ = a" V« = 6'*^^- 
Hmee c~*pc = fr-^a-^fca.^. a-*5->aft = h'^a'^b.gr. b^^ab 

= 6^»a-».^. ab = ft'V^ = ^• 

Ex. 10. Pat a = the oider of a in a-^h'^tfih s= if^. 

Ex. 11. (i) and (ii). Use indaetion <v Ex. 2. (iH) Kakiiig 
repeated nee of ifib^ = }fiifi(P^ we have 

Ex. 12. Uae indnctum and g^gj s= gjg^c^- 

Ex. 18. (i) i^C**-*)-^t*t-i). (i£)|^CkrH--*n-*^(*w-*n. 




CHAFTEB n 

1 1. Ex. 2. e. 

Ex. 4. Can the rows of the board 1, 2, ..., m and call tlio files 
a, /9, ..., fju Place a queen on the equaie oommon to eaeh row 
and file with the aame name. 

§ 2. Ex. 7. Of (ab) and (6c). 

§3. Ex.1. (18649)(285)(710), (1 1110 96 27 8 5) (4 128) 
(18 14), and (ae){bgcf). 

Ex. 5. (i) (a b ... rj{mn ... a;), (ii)(a be ... xgs ...). 
Ex. 6. Use Ex. 5. 

Ex.8. {i)(hjxgz...i(riC'''), (ii) (*if i| C...)(«* «y ^ •••)• 
Ex. 9. £f^ replaces a^ by a^^^. 

Ex.10. (abc...l){a^y...k){ABC...L)... contaiiiixig k 

cycles = (a a J. ... 6 ^^...c 7 C I Xi...)*. 

Ex. 11. (1 2 4 8 7 8 5 6 10 12 11 9^. 

§ 4. Ex. a 6, 20, 2. Resolve into cydes. 

Ex. 8. By n 87 the statement is true for areolar pamniatioiiab 
Suppose 8 = ABC..., where A^ B, C, ... are circular pennuta- 
tiona, no two of which have a symbol in common; and let 
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A. ^ A.iA,^j S ^ SiS^y C^ ^^f •••$ whoro A,if A.^f Si^ S^^ Cif 
(7,, ... are of order 2. Then 8^ AiA^BiB^CiC^ — = (^1^1^ 
...)(A2B2C2*'*\ which is of order 2. 
Ex. 4. mt-i-rsi ... is integral if r+«+<+ .«« ^m. 

f 5. Ex. 1. (5 6 8 4) (9 8 1) (2 7), (4 1 8) (7 8) (6 2). 
Ex. 8. It A = {a be ...) (him ...) ... and 

J5 = (a/3y ...) (fcA|A...) ... 
are the two similar permutations, B s l^^AT where 

*"^a/3 y ... « A fi / 

Ex. 4. C is the commutator of A and T, 

Ex. 5. Let A = {abc...l) {mno ...) ... and J9 = (a /9 y ...) ... 
be the permutations. Then A'^B'^AB = -4"* . B'^AB = 
(c 6 a { ...) (onm ...) ... . (/3& c ... Q (mno ...) ... = (a/9b). 

Ex. 6. If the 2 symbols are not oonsecntiye in a cycle of either 
permutation, the commutator is of order 8 as in Ex. 5. Similarly, 
if they are consecutiye in (i) both, (ii) one and not the other, the 
commutator is of order (i) 2, (ii) 5. 

Ex. 7. By § 5 if T-ifir= iS, Tis a power of iS. 

'Ex.S. H A = (abede\ £ = (1 2 8 4 5), the permutations 
required are the 26 permutations of the form A^B^ together witii 
the 25 transforming A into B and B into A^ Le. 20 of the form 
(a2(2568elc4)and6 of the form (a 8) {b 4) (c 6) {d 1) {e 2). 

i 6. Ex. 2. (1 8) (1 6) (1 4) (1 9) (2 8) (2 5) (7 10) and 

(ac){ae)(a/){bh){bi){bd). 

Ex. 8. {rs) = (1 r) (1 s) (1 r). 

Ex. 4. Assume the result true for the product of any number 
of transpositions < A;. Let 2\, 2,, ..., Tj^ be transpositions 
whose product is a permutation C of degree m with 8 cycles. 
Then i; T, ... T^.^ = CT;^ has by II 84, 5 «±1 eydes; so that 
ife— l^m^^^l and .*. A;^m— s. Now use induction. 

Ex. 5. Use § 6 and Ex. 4. 

Ex. 6. Use Ex. 4, 5. 

§ 7. Ex. 2. Use $ 6. 

Ex. a Use Ex. a 

Ex. 5. By II 63 any permutation can be expressed as ihe 
product of transpositions all having a symbol in oommoni and 
the product of any two of these is circuLu: of order 8. 

Ex. 6. By Ex. 5 every even permutation is the product of 
permutations of the type (1 rs), and (1 r «) = (1 2 s) (1 2 r) (1 2 af. 

Ex. 8. If it contains a cycle of even degree, it is permutable 
with that cycle considered as a circular permutation. If ijt 
contains two cycles of equal odd degree, use II5|. 
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CHAFTEB m 

fa. Ex.4. a^ = (-cir+6)^(«c-a), (5jr+8j!^ 8jr+18jf), and 
(— 4jr+8jf+6#, JT— jf— #, 5jr— 8jf— 6#). 

Ex. 6. % % 8, 8, 12, 8, 4, 2, 4. 

Ex. 7. Itsi^thpoweri8ar' = u^jr+6(tf»-l)H-(a-l). Henoe 
the required condition is that a ehoiild be a root of unity and ^ 1. 

Ex.8. (ii?»a; iia*"^6jr+ii?*jf, ••a*"^c«+ii?»#)L 

Ex. 9. {^x^ _ , CjP+cT^f). a and d are roots of unity, and 

if a = d, e := 0. 

Ex. 10. (-i;+2|f+2#,|f,#); {-8ar+7jf+8#, -jr+jf+8#, 

-2jr+7jf+6#). 

Ex. 12. (i) Prove by induction, (ii) ^ -r v is rational but not 
integral 

Ex.18. 9i^-\a -3 — -J ... — r^fto n+1 oon- 

TergentSy wliere A =: od— ^ 
Ex. 14. Put in the form ':P^ ^ k -^, • 



Ex. 15. T" is derived from 8^ by putting 

d4=l,a4:=64=:e4S=d|:=d|:=d| = 0. .\ T^ = I if 8^ =i 1. 

Ex.16. (i)yi'=-yi-f-(yi+iXy/=f«-r(sfi+iXfs' = f»,-r 

1 , ym-3 ym-4 yi 

" ^^ -1 + -1 +-+-1 

(ii) Obvious from (i) ; or notice that the m I -r 4 1 anharmonie 
ratios of m points in a line are equivalent to m~8 independent 
anharmonie ratios, i.e. each such ratio can be expressed rationally 
in terms of any m— 8 independent ratios. 

§ 3. Ex. 2. (i) *'= [(aa+6y)«+(a«/3-.a6a+a68-6«y)l 

(ii) and (iii) {(c^x^, WjiCj, ... , io^xj, (iv) («, 2y, 8#) ; 
(v) (-82x-25y, 41a;+82y). 

§4. Ex. 1. 5ji 01^+5^,0,^+ ... -^hi^Of^szanbij 

Ex. 2. The determinant of ^^'^ is 1. 

Ex. 8. The determinant of £-i^Pis|&|'^|a|.|5| = |a|. 

Ex. 4. The determinant of J.** is {| a \}^. 

Ex. 5. Prove by induction. 

Ex. 9. Use Ex. 5 or Ex. 8. 

Ex. 10. (ii) U AA'^BV^ 1, (XT^ABVA'^l by Ex. 8; 
or note that since A and B leave q^-\'X^-\' ... -^x^ unaltered 
00 does AB. (iii) Prove as in (ii). 
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Ex.11, (i) If 4 =ir and ilii'=l, Ai' = AA':=zl; (ii) and 
(iii) prove as in (i). 

Ex. 15. (ii) If C= AA^ we have readily c^ = c^ and c (a?, x) 
^ a?! iTj + Xj x^ T • • • + ^m fl/fn • 

Ex. 16. (i) By Ex. 7 the determinant of AA' ia \\a\\^; 
(ii) the product of | a | and its conjugate ia 1 ; (iii) | a | is not 
altered by changing a^ into A^ ; see also § 5, 

Ex. 17. If ^ is orthogonal, so is A\ 

Ex. 21. (i) Use Ex. 10 (i) ; (ii) B'AB is symmetric if A 
is symmetric by Ex. 6 ; and if £ is orthogonal, B' ^ B^^ ; 
(iii) prove as in (ii). 



a^a^ 



^m' 



Ex. 22. Xi = aiXi+c^z^-k- --.^a^Xj^f x^'^a^x^-^ * ' x^-^ 

ai±l ' ^«i±l ^ «i±l 

Ex. 28. (i) Let x^ = /3nfi+ftaf2+ ... +i3<mfm- Then a{x,y) 

= Sa^.y,. X. = 2 [Sft^a^/dJ^Jry^ft = 2 |;26^.a^.A(;,] -q^^i = d(fc r/) by 

Ex. 6. (ii) As in (i). 

§ 5. Ex. 8. If a (^, ^ = Ql Xi Xi + . . . • + (XY^r^r ^ ^r-f-1 -^r-f-l -^r-i-l 

— ... — a,^X„|X,„ = ^1 Yi Yx + ... +/^« ^, ^«~^«+i ^»+i ^5+1 
where all the a *s andj3's are positive, then ^ 

aiXiXi+ ... '^Ckr^r^r'^Pg^xY^^iY^'k- ... +^ri„r,„ _ 

= Qr+l-^r+l^r+l+ ••• +0„|X|„X,„ + ^i I\I'i+ ... -{-fi^Y^Yf. 

Now if m—«+r > m— r+« we can choose 0^,0:29 •••y^m ^ ^^^ 

Xjp+i = ... s= JCm = ±1 :^ ... = Jfj ^ 0, 

while not all of X^ ..., X,., F^+i, ..., F„| are zero. This is 
impossible, and therefore r <8. Similarly r ^ « ; and .*• r = «. 

Ex. 4. Every positive form is > 0, and •*. the sum of any 
number of positive forms is > 0. 

§6. Ex.2. |a|9^0. 
Ex. 8. Use equations (iii) of § 6. 

Ex. 9. Transform A and B so that (1, 0, 0, ..., 0) is the 
conmion pole. Then using Ex. 6 the result is obvious. 
Ex. 10. Use Ex. 9. 

Ex. 11. 0(X) is not altered by writing A^j for a^-. 
Ex. 12. Put XX, for a:/, X^ for x^ in III 4^. 

Ex. 14. 2XZ = ^ 2(0^X1+0,2X2+ ... +a<,^XJZ; 

= jj 2 (oiyZj + a^jZ^ + ..• + ttwyZm) ^j = X"^^^- 

Ex. 15. If ^/:= a|-iXi + CI|'2^S+ ••• '^^im^my ^il^' + ^i2^'+ ••• 
+ ^fm^m' ^ ^il^'*"^il^«+ ••• "^^im^m* Now put AX^- for .T^, X^ 

for X,- in these equations and eliminate Xx, X2} •••» X^. 

BiLTOv r. «. 
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Ex. 16. (i) Use Ex. 10, 18 ftnd A' = A'\ (ii) Use Ex. 10, 14. 

Ex. 17. 2!\AXjXj = 2!(a{iXi+ ... +aj„|2|||)(a|iX|+ •••_ 

_ +a<^^) = 2 Z^X^ .•. AA ss 1. 

Ex. 18, 19. Put Vi-Xi in Ex. 12; notieiiig that, if B = I>'\ 
B is real and sjrmmetric or Hermitian when JD la 

Ex. 20. Prove aa in Ex. 19. 

Ex. 21. Use equations (iii) of $ 0. 

Ex.22. Let I!iir~i = X. I!il changes «^ into (a^i Zi + Oj, X« + ... 
-^a^X^Xi-^ ... s= XX^Xi-k- ... ; and LT chaises x^ into (X^ln 

+^1^11+ ••• +^i^m)*i+ •••• Hence AX^s Z^{|i+In^is+ ••• 
+ ^i^iMi, (•= 1» 2, ..., m). Solving these m eqnationa for ^,, 

^i> •••» ^m w« get ^1 = ^ ^1 = ^1= — =^iii = 0- H«noe by 
Ex. 6 (1, 0, 0, ... , 0) is a pole of TAT'K 

Ex. 28. Use equations (iii) of § 6. 

Ex. 24. Use Ex. 28 and III 4^, ss- 

Ex.26. (i)e±^<;( ±1,1). (ii) ±f ; (1, 0\ (1+t, 2V (iii) ± 1 ; 
(1, n (i 1). (iv) 1, 2, 8 ; (1, 1, 0\ (1, -1, IX (1, 0, 1). (t) 1, -1, 
-1; (8, -2,4),(l,-.l,Z)foraUvalueeof^ (▼!) -1, -1, -1; 
(8, 1, 2). 

§ 7. Ex. 6. The fi^th power of (a^x^ a^x^ ... , (i^^^ ^ (^**'i9 
aj^x^f ... , »m***m)- 

Ex. 7. Use Ex. 6. 

Ex.12. If S'^AS^A, OsiSOnss ... ssoMsa Hence 
(1, 0, 0, ... , 0) is a pole of A. 

§ 8. Ex. 2. The substitution is obtained by tranaforming 
a similarity and is therefore a similarity. 

Ex. 8. The a's and e's are the roots of the characteristic 
equation of either substitution. 

Ex. 4. The practical method of $ 8 can always be carried out in 
this casa 

Ex. 5. Transform one of the substitutions with two distinct 
poles into a multiplication. 

Ex. 6. Transform by (i) (5a?-(8-f)y, 6«-(8+f)y); 

(ii) (2«-(l+»>, y) ; (iii) («-ty, a:-jf) ; 
(iv)(«-ir,«-y-#, -a:+jf+2ir); (v)(«+jf,2«+y-#,4a?+4jf— jr); 

(vi) (xi, €,rri + (a),-o>i)a?„ ..., <««m+(®m-»i)^- 

Ex. 7. (i) If X = (AjO^, AjiKj, ..., \n«,n)» where A,, A,, ..., A^ 
are the roots of (A) s= corresponding to the m poles, we prove 
at once TA = XT. (ii) In equations (iii) of § 6 the determinant 
formed by the T's = | 6 | xthe determinant formed by the X'& 

Ex. a (ii) Use HI 4^, „ ; (iu) use HI 614. 

Ex. 9, 10. Prove by induction exactly as in $ 8. 

Ex. 11. (i) Prove by induction as in § 8, using m 6^ and 
noting that the product of two orthogonal substitutions la ortho- 
gonaL (u)U8em4tt. 
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Ex. 12. Prove by induction as in § 8. 

Ex. U. Transform by (i) (8x+2y, 4«+8y\ 

(ii) (-4«+ 8y+6#, «-y-f, 5a:— 8y-6f). 

i 9. Ex. 5. Use III 8^. 
Ex. 7. Use § 6. 

Ex. 8. (i) a, /9 are roots of ea^+(ci— a)a;— 5 = 0. 

«.v . aa;+6 aa+5 re— a 

(u) ar— a = 



cx+ci ca^d (cd:+d)(ca+d) 
(iv)Use(ii). (v)Transformafby«'=:^- (vi) Use (ii). 



x—a 



x—a 



(▼ii) Transform iS by a?'= — -- . (viii) and (ix) Use (vii). (x) If 

i^*z=zft^^ where r and ^ are real, iSfis the product of -7 — -j = r -^ 

af— p a?— p 

and :y — 5 = e** — 3 , which are respectiyely hyperbolic and 
af— p a?— p 

elliptic (xi) Use (vii) or prove directly, (xii) Use (xi) and Ex. 7. 
(xiii) Transform 8 into a multiplication, (xiv) Use (vii). 

5 10. Ex. 1. 11^, V<i>-a)» V-'-i* 

Ex. 2, 8. Every other function of the type 3i^+PiS^+p% is re- 
ducible mod p. 

Ex.4 (i) 
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AddUUon 



Ex. 6. tig and tig, u^ andwy, 115 and tie. Use the table. 

Ex. 7 (ii). Express ^ (n odd) or ^^ (n even) in de, 
^ ' '^ sin<^ ^ ' 8m29 ^ 

scending powers of 4 cos* ^ ; then put 4 cos* <^ = ^-^ — j-- and we 

get the required condition ; cf. Ill 2x^, 

Ex. 8. The number of mibstitutions on given variablee with 
coefficients in a given Field is limited. 

Ex. 9. 8, 4. 

Ex. 10. 2, 2, 5. 

Ex. 11. 2, 2, 2, 4, a, 7. 

Ex. 12. 2, 2, 2, 5, 6, 11. 

Ex. 18. 2, 5. 

Ex. 14. 8, 4. 

Ex. 15. If we equate two of these marks we get an equation for 
u of degree lower than A;. 

Ex. 16. Use Ex. 16. 

Ex.18, (i) Assume the resulttrue; replace F(ti) by (u-fi;^^.i).J'(ti); 
and use induction, (ii) and (iii) Prove as in the case of ordinary 
equations, using (i), 



§11. Ex.1. Use 1112^,9,,. 

Ex. 2. 82, 108. 

Ex. 8. Use m lOie, 17. 
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Ex. 5. Every power of an integral mark is integpraL 

Ex. 6. (i^ 2, 6, 7, 8; 6. (ii) 8, 5, 6, 7; 4. 

Ex. 7. (i) It is a power of {uxu ux^^ ..., ux^ where u is any 
primitive root 

Ex. 8. If a given mark «* is the square of u^, 2x^8 (modj)*'— 1). 
We can always find an integer x satisfying this congruence if 
jp s= 2 ; but only when 8 is even if |> > 2. 

Ex. 9. Prove jM in Ex. 8. 

Ex. 10. (i) aa = Oi^— o^'ti which is the di£ference of a square 
and a not-square unless Oi := o^ = 0. 

(ii) If %i^0, aab = M5i + M&2* =7^0 unless &i = &2 = 0. 

(iii) (oi+o, $)!>•' = aii'''+V''tP'' (modi)) = ai+a,fuCi'''-i)+« 

= 01—0,1 = a. 

(iv) Prove as in (iii) that a^'*' = a. 



CHAPTEB IV 

§ 2. Ex. 4. OC lies in the plane AOB and sin BOC = m sin AOC. 

Ex. 5. Let be at infinity. 

Ex. 7, 8. Put /3 = -a in Ex. 5. 

Ex. 10. OA, OB, OC are brought into the positions Oa, Ob\ Oc' 
by a rotation through ir about OA followed by a rotation about 
OB. .'. DiOAy DO A are perpendicular and JDODi bisects the 
angle between JDOA and DOa. Now consider the intersection of 
all lines and planes of the figure with a plane perpendicular to OD. 

§ 4. Ex. 1. (i) The point about which the inversion of the 
equivalent rotatory-inversion takes place, (ii) When the rotatory- 
inversion reduces to a reflexion or gliding-reflexion. 

Ex. 2. iSi = (a) . (b) . {c\ where a and b are parallel planes and 
c is a plane perpendicular to them. Let d be a plane perpen- 
dicular to a, b, c. Then 8^{a).{d). (d) . {b) . (c), and (a) . (d) = a 
rotation through it, {d) . {b) . (c) = an inversion. 

§ 6. Ex. 8. Rotations about Unes through ; rotatory- 
inversions whose inversions take place about (including inver- 
sion about and reflexion in planes through as special cases). 

§ 7. Ex. 1. The product is equivalent to successive reflexions 
in 4r+8« planes. 

Ex. 4. 5[8-(-l)"]. 
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§ 8. Ex. 1. A screw is equiyalent to successiye roiations through 
V about two straight lines. Take a pair of such lines to represent 
the screw (§ 5). 

§9. Ex.8. ^ = S-iT& 

Ex. 4. If the lines Ox, Qy represent T and t geometrically, B is 
a rotation through the angle xOy about a line perpendicular 
to Ox and Oy» 

Ex. 5. T is a translation bringing I to coincide with V. 
s = T'^ST; now use Ex. 8. 

Ex. 6. J3 = sr, where « is a screw about V similar to 8 and r is 
a translation paxallel to {. Now use Ex. 5. 

Ex. 8. Find by Ex. 6 translations t, r such that 5 = £^, s = rr ; 
then find t^ such that tr = r/. Then 

Ss = Btrr =r Br. /t = Br. T. 

Ex. 10. Use Ex. 8. 

Ex. 12. Use Ex. 10, taking a vertex of the parallelepipedon 

as (y. 

Ex. 18. Use Ex. 10, taking (/ as the point on a at a distance 
2 X from the point of a nearest to h. 

Ex. 14. Use Ex. 10 and 11 taking A as the point (/. A rota- 
tion through V about a line through D perpendicular to AD 
and making an angle of 80° with CD. 

§ 10. Ex. 1. The lines through the centre perpendicular to the 
faces are 4-al rotation-axes ; the lines joining the middle points 
of opposite edges are 2-al rotation-axes. 

six. 2. (ii) The axis of a spheroid. 



i 



§ 11. Ex. 1. The circles in which the inyersions take place are 
i) two intersecting straight lines, (ii) two parallel straight lines, 
iii) two concentric circles. 

Ex. 2. Invert the circles into a pair of straight lines or a pair 
of concentric circles according as they meet in real or imaginary 
points, and use the theorem ' a circle and a pair of inverse points 
inverts into a circle and a pair of inverse points '. 

Ex. 8. Use stereographic projection and § 2. 

Ex. 4. Prove as in § 9. 

Ex. 6. (i) Inversion about (Jd, 0), (ii) Inversion in aj*+y* = 6 
followed by reflexion in y = 0. Beplace inversion about (^ d^ 0) 
by successive reflexions in a; = ^d^ ^ = 0, and use Ex. 2. 

Ex. 6. See VIII 11. 

Ex. 7. If i is fl?*+y2+2^a:+2>Sf+m = and I is 

xcoaO+yBinS = tf 
we have 

c c 

whence the result follows. 
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Ex. 8. (i) Use Ex. 7. (ii) Proye for the case in which 
ad^hc^l noting that {a-k-df is real. Now multiplying a, b, 
c, d by the same quantity is equivalent to magnifying the figure 
ABCD with respect to the origin and turning the axes of 
reference through some angle. 

§ 12. Ex. 1. We have a5' = (Jia?+miy+%)-r (i^+ilfy+JV), 

Ex. 2. If Xy X are the distances of corresponding points from 
fixed points of the lines, we have a relation of the form 

a^ = {ax-k-b) -f- (cx-k-d). 

Ex. 5. The points whose coordinates are the poles of the 
substitution defining the relations between the coordinates of 
corresponding points when referred to the same (i) points, 
(ii) triangle, (iii) tetrahedron of reference. Exceptions : — a rotation, 
reflexion, translation, screw. 

Ex. 6. ^i) and the circular points, (ii) the point at oo on I 
and the circular points in a plane perpendicular to 2, (iii) 0, the 
point at 00 on 2, and the cireolar points in a plane perpendicular 
to I 

Ex. 7. Use § 6. 

Ex. 8. Beferring to rectangular Cartesian axes with correspond- 
ing points as origins the collineation is represented by a 
homogeneous substitution multiplying x^-¥$f^+i^ by a constant, 
since the plane at infinity and the cone ^^+^+«^ = are fixed. 

§ 13. Ex. 1. Put a + c2 = in the solution of IV 122- 

Ex. 4. The two fixed lines are I and the line at oo in a plane 
perpendicular to /• 

Ex. 6. The fixed point or fixed plane are at oo . 

Ex. 6, 7, 8. Prove as in § 9. 

Ex. 9. Use Ex. 8 ; or transform one collineation so that it is 
defined by a?' = — x. 

Ex. 10. Use Ex. 6 ; or transform o-j into the plane at oo . 

Ex. 12. The collineations can be transformed into (i) inversions, 
(ii) reflexions in parallel planes, (iii) rotations through ir about 
parallel lines. 

Ex. 18. Transform the intersection of the given plane and 
conicoid into the circle at infinity. 



CHAPTEB V 

§ 1. Ex* 4. p = a-^by h = ba^K 
Ex.8. See §6. 

Ex. 9, 10. The elements of order > 2 can be divided into 
pairs each consisting of 2 elements inverse to one another. 
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Ex. 11. Let a« = 53 = (oft)* = 1. Then a'n'^db = dbab = 1. 

Ex. 12. See VI 2. 

Ex. 22. (viii), (x), (xii). 

Ex. 23. 2, 4, 6, 8. 

§ 2. Ex. 4. 6ya*(a? = 1, 2, 8, 4, 5 ; y = 1, 2, 8). 

Ex. 6. Use 1 8. 

Ex. 6. Since a^A H A and contains r distinct elements, A 
contains a,~^, &c 

Ex. 7. (^J?)^ contains U^.a.l; .*. £^ =ilP, &c 

Ex. 9. {Gf g} = Qg-k-C^-k- ... +6^, where r is the order of ^ 
relative to G. 

Ex. 10. See § 19. 

§3. Ex.4. Put^5 = a,5 = 5-Mna'» = 6« = (a5)« = L Every 
element of the group is of the form ABABAB ... • 

Ex. 6. Put ^5 =r o, J5 = 6-1 in a» = 5» = (ad)« = 1. 

Ex. 8. Let POX be the angle, P^OX and P2OX its supplement 
and complement. Then OPi and OP^ are the reflexions of OP in 
lines through making angles of ]^ir and \it with OX. 

Ex. 14. Any element of either group is of the form bVa*. Its 
order is found by 1 8. 

Ex. 15. Prove as in Ex. 14 using 1 4i2. 

§ 4. Ex. 4. Use Ex. 8. 

Ex. 6. If gf^H and gf^ H have an element in common gjgf^ 
is contained in H^ and .*. t => 

Ex. 7. Take L in Ex. 1 as an instance. 

Ex. 8. If H is such a subgroup and ^ is in but not in Hj 
G^H+Hg-k-Hg^-^ ... -^HgP'K 

Ex. 15, 16, 17. Use 127. 

Ex. 19. ^he subgroup composed of (i) the even permutations, 
(ii) the screws, {iii) the substitutions with determinant 1. 

Ex. 22. iV' = (l4-a«)(l+a+6+6a) = (l + 6)(H-o+a2+a^). 
= (l + a«)(l + 5+c+c5) = (H-5)(l + a«+c+ca«). 

Ex. 28. H+H(284)+iff(248)+iff(1284)+H(1824)+iff(14). 

§ 5. Ex. 6 (ii). Let n = n'd, r = r^cL Choose integers x, y such 
that f^x-n'y = L Then {oT} contains a*"* = a^+»»y = cfi. 

Ex. 7. (i) They are a'^'''{x-ly 2, ...jp"). (ii) {a} contains 
p^ elements whose orders divide p^ and p^'^ whose orders 
divide p^'^j and .*. p^^p^^^ of order Jp^ 

Ex. 8. (i) Prove as in Ex. 7. (ii) No two subgroups have an 
element of order m in common. 

Ex. 9. See § 19. 
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Ex. 10. IS ayb, Cj ... are elements of prime orders Py q, r, ... 
in an Abelian group of order pqr ... (Ex. 9), abc ... is an element 
of order pqr .... 

Ex. 11. SeeXIVl. 

Ex. la (a6)»/» = o^6*/» = a^{r+0i. 

Ex. 18. 21, 8. 8, 2. 

§6. Ex.8. SeeI8i. 
Ex. 4. ha = a'^{ab)a. 

Ex. 5. {G, o} = 00-^00^+00,^+ ... +(?a'' where r is the 
order of a relative to 0. 
Ex. 6. g'^hg = A . h-^g'^hg. 

Ex. 7. (i) Use Ex. 8. (ii) If g^^hg = A« ^-<V = h< 

Ex. 8. Use Et. 7, noticing that o^(«>») = 1 (mod m). 

Ex. 9. Ithy hi are elements of J5, hi'^hhi = A (being in H and 
conjugate to A). 

Ex. 12. Prove as in § 1. 

Ex. 18. (i) The elements of O excluding 1 can be divided into 
sets ofp elements such as ^, ^i, ..., g^^^. (iii) Iga'^y = ggi ... ^„_i 
is permutable with g(^-^ and . \ with a. 

Ex. U. Let a« = 68 = (a6^)» = (6a)» = 1. •.• a6«a6«a6« = 1, 
a5'a5 = 50^6^ = h^ahoj since borate = 1 or baba = a^C Hence 
a.5"^a6 = 6~^a6.a. 

Ex. 15. (i) If a is permutable with b''^ahy a is permutable 
with the product c = o^^b'^ah of a"^ and ft'^od. (ii) By 1 4 if 

a« = 6« = 1, c« = a-«6-V6 := 1 and {boY = 6«a»c*«(«-i) = 1. 

Ex. 16. O contains an element of 0I^der 2 by V I9. 

Ex. 19. 1 + c, 1+dy 1 + e and {6, c}, {6a*, c}. 

Ex. 20. 1, a« and o^«, a", a+a» and o«+a", a^+a^^ and 
a«* + a**, a» + a", o^^ + a» and o* + a» a'+a^^ and a" + a^, o» + a", 
6a**, 6a«+** 6a^+*« and 6a8+**. {6a}, {6a»}, and {6a«}. 

§ 7. Ex. 5. See § 12. 

Ex. 10. H = g'^^Hg contains g'^Kg^ g being any element of O. 

Ex. 11. See § 11. 

Ex. 12. If J7 is of index 2 in 0, 0=H+Hg = H+gH where 
g is any element of O not in J?. .*. Hg = gH or g'^Hg = H. 

Ex. 14. SeeX2. 

Ex. 16. See § 17. 

Ex. 17. H+Hg+H^+ ... is a subgroup of Oj and .*. its order 
k divides the order of O. Now Jb = m X a factor of the order of 
g (§ 1), Ac. 

Ex. 18. Let g, gi be any elements of O, h and ghg'^ =: ^ 
elements of H. If 

^1^ = ^^1, r^9i9 . h = g'^gihig = A . ^'"^Pi^i &«• 

Ex. 28. The only permutations permutable with the circular 
permutation are its powers. 



\ 
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Ex. 25. The subgroup is obrioudy permutable with a and 5, 
and therefore with {a, 6}. 

Ex. 26. Since 
5-ia«6 = {dbY . a*, h'^a^ = a», a-^{dbYa = h'^{abYb = a*(aft)«tf*, 
the subgroups are permutable with a and b and hence with {a, b}. 

Ex. 80. (5a')' = a<'^'*'')' which is permutable with a and 6 
by 18. 

f 8. Ex. 5. Let be of order n. Then {G, a) = 0+Oa, and 
the elements Oa are the n elements conjugate to a in {O, a}. 

ii^ The order of each element of 6a = the order of a = 2. 
ii) If ^ is an element of G, a^^ga = (a~^p)"^a = g'K (iii) g is 
not of order 2m, for otherwise a'^^a = ^"** = ^. (iy) If g 
and ^ are elements of 6, a transforms gh into g'^h"'^ and also 
into {gh)''\ Hence gh = hg. 

Ex. 7. Let Pi, g^j g^f ... be the remaining elements and a an 
element of order 2 in &. Then ^^ a is of order 2 ; . *. giCT^gia s 1 

and a- V<« = Pi^^« Hence iSigj)^ = ^r^^I;"'^ w*<i 9i9j = il[|P< »» 
in Ex. 6. 

Ex.8, l+a+b, {a, &} and [l], {a\h} and {&}, {cfi.h}. 

§ 9. Ex. 5. Use V %. 

Ex. 8. See XI 1. 

Ex. 9. Use Ex. 8. 

Ex. 10. Let Hiy H^i ...» i7j^ be a set of conjugate subgroups 
of order m in a group Q or order «. Then J7i, H^^ ..., Hi^ 
contain at most X(m— 1)+1 distinct elements between them, 
since each contains identity. Now k{m^ 1)+ 1 < n ; for m— 1 < 
the order n -7- A; of the normaliser of Hi in 0. Hence Hi does 
not contain an element from every conjugate set in Q. 

Ex. 11. If ^ is an element of order g^ia Q such that g'^hg = h^^ 

h = g-^hg9 = h^" ; and .-. ifc« = 1 (mod p). But kP'^ = 1 (mod jp) 
and .*. k=l. 

Ex. 12. Let g be any element of 0. Then we can find an 
element k of K such that g'^Hg = h'^Hk ; L e. i7 is permutable 
with gk"^. Hence ^ is in kV. 



§ 10. Ex. 2. When J? is a subgroup of O. 
Ex. 8. If A; is an element of K, k^^Dk is the G. C. S. of 
k-^Hk = JJ and k'^Kk = K. r. k'^Dk = 2>. 

Ex. 9. (i) l + {xw){yz). (ii) of- ±x, ±K (iii) 1 + 6. 



§ 12. Ex. 4. If ^ is any element of prime order in G and 
fft 9\i 9%f ••• <^ro ^he conjugates of ^, G = {p, ^1, ^2> — }• 
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§ 13. Ex. 4. If 

{GfH} contidns the mn -7- ddistiuct elements G^ + 69^^ +G^/i^+.... 
If kb = mn, {(?,iJ} =6*1 + 0^ + 0*8+ ... =jBl^i+fi^,+J3^,+ ..., 
and.-. GH^HO. 

Ex. 5. (i) If the indioes are g^ r and the order of G is n ; the 
order of tne G. G. S. of the subgroups ^ n -r- ^. But the order 
of {Hf K} <n; now use Ex. 4. (ii) As in (i). 

Ex. 6. By § 13 the order of the G. G. S. is ^^~'r, where gfr is 
the order of {G, H}. 

Ex. 7. Prove as in Ex. 6. 

Ex. 8. If d is an element of 2) and cot C, de^ CjO, where Ci is 
in C and a in J.. But a = Ci'^dc is in J? and •*. in 2). Hence 
2>C= CD. 

Ex. 9, 10. = {H, K] and ^, IT are permutable. 

§ 14. Ex. 4. {sT-^^y = 1 and .% p~+« is in -A. 

Ex. 5. If * is any element of Hy h'^Ah is of order a in 
h'^Gh = G. Hence h'^Ah = A. 

Ex. 6. Use Ex. 5 repeatedly to proTe that A is normal first in 
(7, then in 2>, .... 

Ex. 7. Let il be a subgroup of order a, and B a normal sub- 
group whose order ft divides a. Now proceed as in § 14. 

Ex. 8. Let ^ be an element of G not in P. Then g'^Tg ^ F, 
for otherwise T would contain two subgroups H and g'^Hg of 
order prime to index, H being normaL 

Ex. 9. {a"}, {a«}, {a}. 



Ex. 10. 
Ex. 11. 






M, {a\ h). 
6), {a}. 



$ 15. Ex. 9. 7 ; use Ex. 8. 

Ex. 12. Take any element gi of &, take any element g^ of O 
not in {gi}y take any element ^3 of not in {pi, g^]j &c. Then 
& is the direct product of {^1}, {^^It (^3)9 **•* 

Ex. 18. Let OyhyCy ... be elements of A, B, C> ... such that 
abc. is in G\ Then &^ contains (a&c...y = a^, where < is the 
order of be ... • Hence G^ contains a, since t is prime to the order 
of a (V5q); and similarly G^ contains by c, .... Hence G^ is 
contained in AB^C ...y and •'. since G' contains A'B^Cy ...<, 
G' = A'B'Cr ... . 

§ 16. Ex. 6. K 06 = c = 6a, a'^b'^ = c'^ 

§ 17. Ex. 6. The order of y is the order of ^ relative to H. 
Ex. 7. If a is an element of A such that a'^Ua ^K, K is 
normal in a^^Ga^G and G/H z::^ ar^Ga/a'''^Ha, 

Ex. 8. If gr^gj-^gigj = 1, yf'^yfhiJj = 1. 
Ex. 9. If yf^yf^yiy^ = 1, gr^gf^gj i» in -ff. 
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Ex. 10. If ff = i2(jfi+i3rp,+fli7,+ ... and 7. = ^^ yi¥^yjf 
for then {g^gf^J^ = 1 and gigj'^ is in -ff. Agiiin, if ^^^ = hg^ 
where A is in IT, y^yj = fif^yk = Yk* Henoe y^, y^f y^f ••• are the 
elements of 0/H. 

Ex. IL Let 
6? = X^i + X^a+X^,+ ... and 0? ^Vg^^Vgl-vVg^-h- .... 
Then if g^ corresponds to g( so does every element of Ijg^j while 
since gl corresponds to ^^ so does every element of X^/. Hence 
the above partitions have a (1, 1) correspondence. 

Ex. 14. o* = 6« = (a6^=L 

Ex. 16. o^ = 6« = (ody = 1. 

Ex. 16. a« = 6»=:l, abz=,ha and a^» = 6»=l, ab^hcf. 

Ex. 17. a^ = 6^ = 1, a& = &a. 

§ 18. Ex. 6. 0/L—O/H/L/HmA a factor-group of an Abelian 
group is Abelian. 

Ex. 7. If ir=2>iki+2)ibs+ ... +2)*^, 

6 = J3*i+-e*,+ ... +fiily+iJ^i+fli7,+ .... 
The partitions Hk^ combine according to the same laws as Di^. 

Ex. 8. Assume that such a group Q contains a normal sub- 
group H of order p^^i ...l>f. Then since Q/H is of order 
P\Pt '''Pr ^^ contains a normal subgroup of order p^^y and to this 
corresponds a normal subgroup of order PrPr-^i '"Pt ^ ^* Ilow 
use induction ; and then V 14). 

$ 20. Ex. 2. (i) If contained two subgroups P, P^ of order 
pP, {Fy P'} would be a subgroup of order y^, k>a. (ii) P and 
Q have only identity in common, (iii) If o^ d, c^ ... are cdements 
of order pPy g^, f^ ... in 6, & = {dbc ...}. 

$ 21. Ex. 8. (i) Each element of order qr can be put into the 
form db^ha where a, b are of orders g, r (1 2ii). (ii) G contains 
at least qr elements whose orders divide qr ; now use (i). 

Ex. 4. J7 is of order ^ a by § 21. Agiun, £f is of order ^ a, for 
otherwise H would contain an element whose order divides k 
by V 19. 

Ex. 6. Since no two cyclic groups of order p^ have an element 
of order p^ in common, the number of elements of order p^ in O 
is (p*— jp*"^)!*,. Now put r = |)* in the corollary of § 21, and 
use induction. 

Ex. 7. There are in the group 15 elements whoee 8rd power is 
1, and 8 whose 8rd power is conjugate to a or a\ 



CHAPTEB VI 

§ 1. Ex. 8. The symmetric group of degree m = {Ay (1 2 ... m)}, 
where A is the symmetric group on 1, 2, ..., m— 1. A and 
{(1 2 ... m)} are permutable by Y 184(u). 
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Ex. 4. {(1 2 ... m)} is s truiaitiTe group of order m. 

Ex. 5, (ii) Since either (}4 l!! (mil/ (m^ly m) ^' 
/I 2 ... (m-2) (m-1) m \ . ^ , 

\r2^ ... (m— 2/ m (m— 1// *^ 

tation of the alternating group replacing 1, 2, ..., m~2 by any 
given 83rmbol8 1', 2^, ..., (m— 2)'. 

Ex. 6. If ^j is a permutation of O replacing Xi hj x^^h replaces 

Ex. 9. Any permutation permutable with the transposition 
(1 2) has the cycle (1 2) or (1)(2). Hence Q is the direct product 
of {(1 2)} and a group acting on symbols 8, 4, 5, ... . 

Ex. 11. {(1 2 8 4)}, {(1 2)(8 4), (1 8)(2 4)}, {(1 2\ (8 4)}. 

Ex. 12, 18. Use II 63, 3. 

Ex. 15. (i) The number of distinct permutations on the m 
symbols with the given cycles is evidentiy ml-rlZ- (ii) If 
Ci, 0^, C3, ... are the cycles, every permutation of P is of the 
form Ci^Ci^CA ... (a, = 1, 2, ..., t). (iii) When a, y, c, ... = 

or 1, ^ = 8 = C= ••• =0. 

Ex. 16. 87,887,800. 

Ex. 17. The number of ways in which a, Pf y, ... can be 
chosen so that a + 2^+8y+ ... =tn. 

Ex. 18. If p"*J»^ = a, (pc)~^6(pc) = a; and either ^ or ^c is 
even. 

Ex. 19. (i) The two conjugate sets are the transforms of a by 
the odd and even permutations respectively, (ii) Use II 7g. 

Ex. 20. Use Ex. 15, 19. 

Ex. 21. «i) 158,400. 

Ex. 24. T^^ changes /^ into / a permutation of Q leaves / 
unchanged, T changes/ into /^. 

Ex. 25. (ii) Use Ex. 24. 

Ex. 26. (i) l+(ac)(M)+(a6)(<xi)+(ad)(6c)+(aftcd[)+(ac) 

+(a<ic&)+(5c0. 

Ex. 27. Let the function be changed into fi,/%,fzf ••• by the 
permutations of the enrmmetric group. Choose X so that the 
discriminant of {x'-fl)(x^/2){x^fJ^) ... = is not zero. 

Ex. 28. Let the function of Ex. 27 be changed into^, ^39 ••• 9 fr 
by the permutations of G ; fi/2 ...fr is a solution of the problem 
if X is suitably chosen. 

Ex. 29. Use the properties of the polar triangle. 

§2. Ex. 1. SeeXS. 

Ex 2. a^ is odd or even as /S^ is odd or even, since 8^ contains 
n -7- e^ cycles of degree e^. 

Ex. 4. (iii) ah ah c ah c d ahc d ah c d ah cd 

&a' haCf hade hade hdae heda^ 
cha edha* edah* eadh* cdah* 
deah deha deha dahe 
and those obtained by permuting rows in these squares. 



i 
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§ 3. Ex. 6. The subgroup [h] is of index 8 and order 2, and it 
eontains no normal subgroup. 

Ex. 7. {a, h} ^H-i-Hh+Hba+Hba^, where H^ {a}. Denoting 
the partitions by 1, 2, 8, 4 we have a correepondixig to (2 8 4) 
and & to (1 2)(8 4) ; since hab^a^. &a^ ba^h :=za.ha. 

Ex.8, (i) a» = (&a«62)2 = (6a«6«.a)« = l; now use Ex. & 
(ii) Denotmg the partitions by 1, 2, 8, 4, a corresponds to (4 8 21 
5 to (1284) ; since ha = a«. &», 6«a = ha^l^. 6, Va = a. 6a«6«. 6^. 

Ex. 9. (i) 6« = (a»62a)* = (6.a»6«a)» = l; now use Ex. 7. 

ii) Denoting the partitions by 1^ 2, 8, 4, 5, a corresponds to 

,12845) and&to (254); since db:=b^.a\ an^V.cfiVa.cfi, 

Ex. 10. If / is an element of O not in J7, the order of / 
relative to H is 8. Hence G contains an element g of order 8. 
Take as the partitions of § 8 the partitions of G with respect 
to {g}. 

Ex. 11. Take the conjugate set of subgroups as Hif J?,, ... of 
the Corollary. 

§ 4. Ex. 4. 2, 8, 4. 

Ex. 5. 4, 2, 2. 

Ex. 6. (i) A red-sided decagon, (ii) Phwe inside a red-sided 
pentagon a parallel rednaided pentagon. Draw arrows round the 
pentagons in the same directions. Join adjacent vertices by 
black lines (cf. Fig. 9). (iii) As in (ii) but with the arrows in 
opposite directions round the two pentagons, (iy) A decagon 
with sides alternately red and black. 

Ex. 7. Draw four parallel concentric red-sided squares. Put 
clockwise arrows round the two inner sqiiares and counter- 
clockwise arrows round the two outer. Join adjacent vertices 
of the two inner and two outer squares by blue lines, and join 
adjacent vertices of innermost and outermost squares and of the 
other two squares by black line& 

Ex. 8. (i) Draw fi parallel regular concentric X-sided red 
polygons. Join adjacent vertices of consecutive polygons (and 
of the innermost and outermost polygons) by black lines. Put 
clockwise arrows round each polygon, (ii) Consider the common 
vertices of one red-sided and one black-sided polygon. 

Ex. 9. (i) Draw four parallel regular concentric red-aided 
octagon& Put clockwise arrows round the first and third and 
counter-clockwise arrows round the second and fourth. Join the 
first, third, fifth, and seventh vertices of the first and second 
octagon and of the third and fourth by black lines. Join 
similarly the second, fourth, sixth, and eighth vertices of the 
second and third octagon and of the first and fourth, (ii) As 
in (i) but with all arrows clockwise. 

Ex.11. a^ = h^ = (dbf = l. 

Ex. 12. a» = 6» = {abf = L 
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Ex. 18. (i) d»» = 5^ = 1, aft =s fto. (ii) 0^ s 6« = 1, oft = fta*('*+«). 
Ex. 14. (i) a** = ft« = (aft)« = 1. (ii) c^ = 6« = 1, oft = ftaiO»-«). 

(ui) tf» = ft2 = l, a« = (aft)« = ft». 
Ex. 15. See Afnerican Ji^mdl MaOLy xviii p. 159. 

§ 8. Ex. 2. Prove as in YI 124* 

Ex. 8. By Ex. 2 the permut&ons of Buch a normal subgroup 
would not displace any symbol 

Ex. 4. Use Ex. 8. 

Ex. 6. (i) {c} is normal in (7. Now use Ex. 8. (ii) If one 
cycle of c is of degree r, if displaces no symbol of that oyde 
and .*. (f = 1. See also the solution of YI 9^. 

Ex. 6, 7. Use Ex. 6. 

Ex. 8. iS is normal in {5, Q]. Now use Ex. 5. 

Ex. 9. No two normal elements e^ c^ replace rr^ by the same 
symbol; for otherwise Cif^ would be a normal element not 
displacing x^ (Ex. 6). Hence the m symbols are permuted by 
the elements of the central in m -f- M ^^ ^f M 0M)h (YI !«). 

Ex. 10. (i) Prove as in Ex. 9 using Ex. 8 instead of Ex. 6. 
(u) The group P' of VI2i. 

Ex. 11. The group formed by permutations of the type 

( ?* ?* .?•• ); for these permutations do 

^9i~^9i9i 9i~^9%9i • 9i ^9n9i^ 

not displace the symbol corresponding to identity. 

§ 6. Ex. 1. Prove as in YI l,*. 
Ex. a See § 2. 

Ex. 4. The subgroup H not displacing one symbol ( YI 6^), 
Ex. 5. Use YI 64. 

Ex. 6. (i) The m subgroups of order n -f- m whose elements do 
not displace one of the symbols have identity in common and 

therefore contain at most mf — — IJ +1 =n— m+l distinct 

elements between them. There remain at lesst n— (fi— m+l) 

= m— 1 elements of G displacing every symbol (ii) Any 

transform of a permutation displacing m symbols displaces m 

symbols. 

Ex. 7. If in one of the subgroups not displacing one symbol 

there are fjL^ permutations not Replacing r symbols, n-f-m = Sfjt,.. 

But each of the fx^ permutations belongs to r of the subgroups 

not displacing one symboL .*. tp^. = mfi^. 

__. 1% 

Ex. 8. Suppose A; ^ 2. Then there are — elements replacing 



mm 

*i ^y *r *^^ ( ^i\ wpl*cing Xif x^ by or^, x^. Hence there 
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are 



at least -, J. = —, ^r ^ q elements replacing x, 

by Xf and displacing every symbol. Ji g^ h are two of these, 
gh~^ does not displace Xi. 

Ex. 9. Since ah = &a^ every element of {a, &} is of the form 
h^a^ ; hence the order of {a, h) is 20. {a, h] is doubly transitive, 
since V^af replaces 1 by 5 and 5 by ^ when u is suitably chosen. 

§ 7. Ex. 2. Every permutation of ff is included in the direct 
product. 

Ex. 3. Use Ex. 2. 

Ex. 4. See § 8. 

Ex. 5. Let A be the subgroup and let g^ g^, ...y gr replace 
Xx by a?j, iTj, ..., x^. Then G ^ Agi-k- Ag^-^ ... -k-Ag^. 

Ex. 6. Xu x^y ... y o;^ are a transitive set 

Ex. 7. UseV4g. 

Ex. 8. [1, 2, 3, 4], [5, 6, 7, 8], [9, 10] . [1, 2, 8, 4], [5, 6]. 

§ 8. Ex. 1. H/K:= G/{K, K'} =: JT/JT'. 

Ex. 2. The permutations formed by multiplying each element 
of H by the corresponding elements of the isomorphic group W 
are all distinct, are all in Gr, and ihSi nimiber = the order of G. 

Ex. 8. ij) H — K cyclic of order 4, JET = iT cyclic of order 2. 
(ii) <r = [9, 10] ; H of order 2, H' = G, K=l, K' non-cyclic 
of order 4. cr = [6, 6, 7, 8, 9, 10] ; B^ = JI' = ff, K^K' = 1. 

§ 9. Ex. 4. See § 10. 

Ex. 5. Let c be a normal element of a transitive group G. 
Every element of G transforms c into itself and hence permutes 
the cycles of c Hence these cycles are imprimitive systems of G. 

Ex. 6, 7. Use Ex. 1, 5. 

Ex. 8. Si replaces each symbol of Hg^ by a symbol of Hg^^g^. 

Ex. 10. (i) [1, 2], [3, 4], [5, 6]. (ii) [1, 2, 8], [4, 6, 6]. 

§ 10. Ex. 2. G/T is of degree r. 

Ex. 8. (i) r = {ixye)(ahc)} or 1 in the two cases respectively. 
(U) {(1 2) (8 4), (8 4)(5 6)} . (iii) {(1 2 8) (4 5 6), (1 2)(4 5}} , 

§ 11. Ex. 2. H is transitive ; now use § 6. 
Ex. 3. The group = {H, JT}, where ^ is a normal subgroup 
and K a subgroup not displacing one symboL 
Ex.4. Use VI 7^ orVI98. 

§12. Ex. 1. Use VI 9i, J. 

Ex. 2. Use II 63. 

Ex. 3. (i) Let e be the first of the symbols 1, 2, ... , m which 
is in an imprimitive system not containing 1, 2. Considering 
the effect of (1 2 ... mf'^ on 1 and 2 we see that {(1 2), (1 2 ... m)} 
is a primitive group, (ii) Apply (i) to (1 2) and h\ 




I 
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Ex. 4. Use in 2ie. 

Ex. 6, 6. Suppose G contains (1 28^ (124), ... , (1 2 e) but not 
1 2/). By II 7^ G contains the alternating group on 1, 2, ... , e. 
f G contains (1 rs) where either r or 5 is not in a, choose t, 
j in <T and distinct from r, & Then {Iji){lr8){lij)^{ir8). 
Hence G contains the alternating group on 1, 2, ..., e, r, e 
contrary to hypothesia Now proceed as in § 12L 

§ 13. Ex. 1. Since (12d) = (12)(45).(45)(ld) G contains 
every circular permutation of order 8. 

Ex. 2. See § 14 

Ex. 8. Let JET be a subgroup of index <jp, and a any circular 
permutation of order p. The elements Jjr+J7a+J7a^+ ... are 
more than ml in number and are therefore not all distinct Hence 
a^ is in H{x < p) and .*. a is in JJ by V 1. Hence H contains 
every circular permutation of order |). 

§ 18. Ex. 1. By YI 1^4 the permutations form a normal sub- 
group of the symmetric group. 

Ex. 2. Let ^ be a group of degree m and index r < m in 
the symmetric group G. Let y^ be a function of the m symbols 
unchanged by each element of H and changed into the distinct 
functions ^,^, •••>/• by the permutations gi^ g^y •'*, gr? where 
G^Hgi-^Hg2+ ... +Sg^ (Yllgs). Since the ml elements of G 
permute /i,/2, ...9/. and rKm, two elements {g^ h say) of G 
permute the /'s in the same way. Hence gh'^ leaves each / 
unaltered. Now by Ex. 1 all the elements leaving each /unaltered 
form a normal subgroup of Q and they are all contained in JJ. 

Ex. 8. If Ay B, Cf D are four points on a line, the cross-ratio 
X of {ABCD) is not altered by any permutation of the normal 
subgroup of order 4 in the symmetric group G on A, B^ C^ D. 
By the other permutations of & 2; is changed into (1— ar)'^, &c. 



CHAPTER Vn 

§ 1. Ex. 1. See end of HI 1. 

Ex. 5. (i) The product of the two given substitutions of order 2 
is of order r if sin r<f> = by III 2^^^ and then the group is of 
order 2r. (ii) Since cos2<f> is rational, 2<f> is a multiple of % 
iw, or Jw. 

§ 2. Ex. The group generated by 

a/ = and a/ = — 



X iC+1 

§ 3. Ex. 2. Use III 8. 

Ex. 5. (i) By a suitable change of variables the invariant may 
be put in the form X-^-^X^-^ ... +2^^ When & is expressed 

mUMUM F. «. P 



210 SOLUTIONS. CH.Vn 

in terms of X^, Xg, ••• » X^ every substitutioQ of G^ 10 orthogonaL 
(ii) Transform by («— y+jr, y+<r, m\ 

Ex. 8. We have Xi^x^ — x^^ s when XiX^ ... a^ = 0. Henee 
when 0^1 = one of o^^^ a;/, •.., x^^ is 0, and .*• one of tiiem 
B OiO?!. Similarly the lest = a^x^f o^o;,, •••, o^^ in some order 
or other. 

§ 4. Ex. 2. Transform the common pole into (1, 0, 0^ ... , 0\ 
Ex. 8. (i) Express G in terms of ^i and m— 1 other Tariables. 
(ii) fi-hfi-^- ... +A ^ <^ invariant of J?; now use (i). 
Ex. 4. Use Ex. 8 (i) and VII 89. 
Ex. 5. x+y +« is a relative invariant of the group. 



§6. Ex. 2. UseIII4g. 
Ex. 4. Use in 4ioi u- 
Ex. 5. Use in 69. 

Ex. & To the substitution x/ = %^+aii^+ ... +ateXi,» i'^^^ 
correspond 

(i = anfi+Oi«f«+ ••• ""*>n^""«<2%"" ••• (1 = 12 mV 

where a^== 0^+0)^^—1, a^ and ^^ being reaL 
Ex. 8,9. Use III 9g. 

§6. Ex.2, {is 2a:5+2y|+^oi^-.l)a;J+(»-.l)5y; 

(ii) 2^5+2y^— (l-«t)«y— (l+t)%; 
(iii) xx+yy-^gz. 

Ex. 8. Choose new variables such that when the positive 
Hermitian invariant of the group is expressed in terms of these 
variables it is in canonical form. Then express the group in 
terms of these new variables. 

Ex. 4. (i) Every substitution of the group changes o^, a?,, ..., Xg 
into functions of Xi, x^, ... , x^. (ii) The hypohermitiiminvariant 

can be expressed in the form XxXx+XsXs+ ... '\'X^Xg* Now 
U8e(i). 

Ex. 5. Take real positive quantities a and /S such that a +^ s L 
^/"^Pf ^ always positive when /3 -r a = and is always 
negative when )3 -f- a = cx>. Hence we can find a value ot p^a 
such that af-^pf is zero for certain values of Xi^ o^, ..., x^ 
but is never negative. In this case af^Pf is a hyponennitian 
invariant of the group. Now use Ex. 4 (ii). 

§ 7. Ex. 2. Every substitution in the completely reduced form 
of the group is a multiplication. 

Ex. 4. One of the variables is a relative linear invariant of 
the completely reduced form of the group. 

Ex.6. Use Vn 64, a. 
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§8. Ex. 2. UBeVIITs. 

Ex. 8. By § 8 if every element of a group G is pennuiable with 
an element which is not a Bimilarity, G is reducible. 

Ex. 4. Transform by (— 4a;+dy+5jr, «— y— jr, 5a;— 8y— 6ir) 
and the generators become 

(-«» -y> 4 (-«> y> ^)> and (-a?, -y, jr). 

§ 0. Ex. 1. The|)i^ expressions 01^+09^2+ ••• +^m^ obtained 
by putting a^ = any mark of the i^eld are permutea by every 
substitution of the general group. 

Ex. 2. (i) Every substitution of P permutes the p^ marks of 
the Field, while is changed into an arbitrary mark u by 
a/ = x-\-u, (ii) Every substitution of Q permutes the p^ marks, 
while and 1 are changed into u and v by a^ = (t;— ii)a;+t«. 
(iii) Every substitution of R permutes the p^ marks together 
witii 00 (L e. any mark -r 0), while 00, 0, 1 are dianged into 

UfV, to hj 0? = • -J — • (iv) We can always find a mark 

vk of the Field such that (od— ftc)t»' = 1 or y, and 

007+ b _flW4£+btt 

cx'\'i ""cttx+du 
(vi) Q = P+ J%+Ps^+ ... where 5 is of ssux^u being a primitive 
root of the Field. 

Ex. 4. We get the substitutions of H^f K corresponding to any 
substitution of J7| by changing 8 into —£^1. 

§ 10. Ex. 1. Let A be any substitution of the centraL Since 
A ispermutable with (X^, iix^^ ... , M^mX <hs ^^s ^ ••• =^ ^hm ^ ^ 9 
and similarly o^ = if i ^j. 

Ex. 2. w = 2; 1?^ = 6, 7, 8, 11, 18, 17, 19, 16 ; m = 8, 1?^ = a 

Ex. 5. K ad-hc =!,»' = ^^^ is sa+<^'yTS«TS(i+«)ir when 

e # and is TS^TS^TS^'^-^^^i when c = ; where cy = dl = 1. 

Ex. 6. Use Ex. 5 and HI 2^. 

Ex.8. Use E* = \', Ill^=^E, DE = E1); C' = E, CE = EC, 
CD = EDC; B» = E,BE = EB,BD = CDB, BC=DBi A> = 1, 
AE^EA,AB = CA, A0= DA, AB = ECB^A. 



CHAPTEB Vin 

§ 1. Ex. 8-7. Use IV 1 and IV 2. 

§ 3. Ex. 8. (i) If a point Q approaches P indefinitely, the n 
points equivalent to Q coincide in sets of in. (ii) Prove as in 
(i) using Vin I3. 

P 2 
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Ex. 4. If 1, gif ^29 ••• '^^ ^^® movements of G bringing P to 
P, Pi, Pj, ... , ^j. brings P^ to Pp where ^j = g^g^. 

Ex. 5. P, Pi, P29 ... are permuted in the same way as the 
qrmbols 1, gi, g^, ... in VI 2. 

Ex. 6-8. Use IV 9. 

§ 5. Ex. 8. The order of JB is n ; of J is g {3-(-iy»}. 
Ex. 4. By Ex. 3 0- contains an element of order n. 

§ 6. Ex. Combine §§ 2, 6. 

§ 7. Ex. 1. Ce, D., D, D, 0,T, O, S, B. 

Ex. a-d. Use § 8. 

5 § a Ex. 6. A(= Aj), c(= CiX A, A, o,, A4, O, 6, O, H, H, C,, 
^> 8a, 84, So, 82. 

Ex. 10. r^f Ami 82, €t, Q, Hy Om {'""^ ^^^ ^ power of a prime). 

§ 9. Ex. 4. (i) If 0^', OP' represent ti^t^, <i°«^2^t, the net 
formed from OJ/, OB^ coincides with that formed fix>m OAi, 
OBi if the triangles O^iPi, OA'Pf have equal area. 

Qi A yi 

Oa iSg ya . = a 

03 A ys , . 

1. Prove by considering the parallelepipedon 
whose sides represent r^, t^,^ r^. 

Ex. 5. The groups generated by the movements of O^, c^* B^, 
8a» ^a» ^« Aa (deluding the case a = 1) and a translation parallel 
to the line OA of §§ 7, 8 ; by a screw about a line 2 ; by a screw 
about I and a 2-flI rotation or rotatory-inversion about a line 
meeting I at right angles ; by a screw about I and an inversion 
about a point of 2. 

Ex. 6. Let P be the point whose coordinates referred to 
rectangular reference-axes through are (rr, g) ; and let Q be the 

point (a^i, y-^ where 0^1+ '/^l^i is a period. Then the function 
has the same value at all points derived from P by multiples 
of the translation OQ. Now proceed as in § 9. 

§ 10. Ex. 1. C, o ; C2, Oj, Ta ; D, 82, A ; C3, o,, 83, Dj, A, ; 
C4, 04, d4, r4, 84, 1)4» A4 ; Ca, Oe, d^, Te, h^y D,, A« ; T, 6, 6, 0, 0. 

Ex. 2. The corresponding nets have medies which are parallelo- 
grams, rectangles or rhombi, squares, rhombi with angles of 60° 
and 120°. 

Ex. 8-9. See books referred to in § 10. 

§ 11. Ex. 1. Take rectangular axes through the fixed point 
jind proceed as in § 11. 

Ex. 2. (i) The determinant of an orthogonal substitution is 
± 1. (ii) A can be derived as in § 11 from 0„|, Dm, T, O, or B. 



(ii) A = 
(iii) A> = 
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Ex. 3. The groups generated by (i) (—a:, — y, jt), {x, y, — jer), 
and (-«, y, jp^; (ii) (-jr, -ar, -y) and (y, a;, £r); (iii) (-y, ar, jt) 
and (y, a?, -jt) ; (iv) (jer, a?, y) and (-a-, -y, 5) ; (v) {x+a, y, jbt), 
(a?, y+6, A (a?, y, 5+c), and (-ar, -y, -ir); (vi) {a--x, -y, 
jbt+c) and (^a^x, — y, jt+c). 

Ex. 4. The groups generated by (i) (->y, x^ and (—a;, y); 
(ii) (a— «, — y) and (—a— a?, -y); (iii) (a— a;, — y) and (—a:, y). 

Ex. 6. The groups generated by (i) a/ = e "* a; ; (ii) a/ = 6 ** a; 

and a/ = - ; (iii) a;' = 1 7- — and 0/= - • 

X ^ ' l+a? a; 

Ex. 6. Use YllSg and then reason as in V11I7 using the 
points representing tiie poles of the substitutions instead of the 
lines Oii, OB, OC, .... 

. a a 

Ex. 7. (i) i»'= — = ^—, (u) i^^t'f^^B. 

a . a ^ 
cos-g— sinx. jr 

§ 12. Ex. 1. 6 is the group of movements bringing a regular 
tetrahedron to self-ooincidenoe. Each movement of 8 permutes 
the vertices of the tetrahedron, and no two movements of 6 
permute the vertices in the same way. 

Ex* 2. Let OA^ 07 be lines about which take place 3-al and 

6-al rotations of S. Let OA be brought to the positions OB, 

2v 
OCf ODf OE by successive rotations through -^ about OV. 

Consider the group generated by the 15 coUineations of order 2 
which leave unaltered the figure consisting of the regular pentagon 
ABODE and the line at infinity in the plane ABODE perpen- 
dicular to OF. If BO and ED meet in A\ OD and the line at 
GO meet in A"^ &c, these coUineations have as fixed point and 
line A and A'A', A' and A^A, A" and AA\ &c They all 
interchange AA'A" and the 4 similar triangles ; the permutation 
being even. 

Ex. 8. (i) Use IV I89. (ii) By IV IS^o the group consists of 
identity and 8 coUineations whose fixed points and lines are the 
vertices of a triangle and the opposite sides. 

Ex. 4. By lYlSjo the group consists of 4 perspective col- 
lineations whose fixed points and planes are the vertices of a 
tetrahedron and the opposite fitces, together with identity and the 
8 non-perspective coUineations of order 2 whose fixed lines are 
a pair of opposite edges of the tetrahedron. 

Ex. 5. Use IV 18io. 

Ex. 6. Transform the generating coUineations into (i) reflexions 
in paraUel planes ; (ii) 4 inversions \ (iii) 2-al rotations about 8 
paiaUel lines. 
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CHAPTER IX 

$ 1. Ex. 2. {a, b} 18 finite. 

Ex. 8. (i) See XIY 1. (ii) Every element of {a, b} is included 
once and only once in hVa'^^x = 19 2, •••! ^ » ^ = I| ^y •••! ^)* 
Ex. 4. Use Ex. 8 (i). 

Ex.5. a-i6-^a6 = a*-^ = 6^-'. Hence a = fti-'ofc'-^ = a**"', 
and' the order of a is finite. Now use Ex. 8. 

Ex. 6. Since arV.€^}f> = cr+*.a-^^a"6-». 6»+«=r tfr+«<r^6»+t' 
= a*'+**6»+''c"^ (14), every element of {a, 6} is of the form 
a'by<f. Now use 1 4io. 

Ex. 7. Every element of {a, b, c} is of the form a^lgA 

Ex. 9. (i) We may arrange the work as follows. The elements 
in any row are the uncancelled (unbracketed) elements of the 
preceding row multiplied on the lefb by a and h. An element 
is cancelled if it is identical with some element already found. 

a b 
db a^ ba b^ 
aV^ (aba = b^ a«6 («^ = 1) ^^ {bab=:a^ Va (ft»=l) 
ai^a {aba* = l^a) (a«&« = ba) (ah = b) {baH = al^a) (bob* = a*6) 

(b^a* = ab) Q>^a = a) 
{c?Va = 6a«) (JnO^a = d^). 
Hence we have 

{a, b) = l+a+6+a«+a5+6a+l>»+a«6+a6«+6a«+6'a+a6«a. 
(ii) Proceed as in (i) ; {a, b} is of order 24. 

Ex. 10. (i) (&a)-* = (a«&«)-S .-. a^V^-b^d^. Hence 

ab:=^a*. aH^ . b* = {a^b^)* = (&a)«. 
Therefore (bay = (a6)» = afba^b -a.ab.b=^ba. (ii) Put A = 6a, 
g = b. Since every element of {g, h) is of the form ^A^, it is 
of ord^r 20. 

Ex. 11. ah = {baf, (baf* = a(6a)»ft = 6a as in Ex. 10. 

Ex. 12. K 
ii= {a}, the group = il+'^6+^6a+il6a6+^6a6a+ .... 

Ex. 13. 20, 18. 

Ex. 14. 12, 24, 60, 16a (i) Put a = a"^ i3 = a6; then 
a* = jS« = {apf = 1. Now use Ex. 9 (i). (ii) Put a =6, /S = a*. 
Then a* = ^^ = (a^)^ = 1, a-^aa = )8a«, a'^fia = /8, ft-^afe = a, 
b^^pb = a^)3a ; .*. the group contains a normal subgroup of index 
2 simply isomorphic with (i). (iii) Put a = ob, )8 = a*ba\ Then 
since a^ = iS* = (apf = 1, B'= {a, ^} is of order 12. Now the 
group = JI+-Ha+£ra^+ JJa^+-Ha*, since b = a*a, a5 = a, 
a^fe = )8a2, o^fe = )8aa*, a*6 = a^pa^. (iv) Put a = a«6a*, p = a6. 
Then since a* = jS^ = (a)8)2 = 1, fi- = {a, jS} is of order 24. Now 
the group ^H-\-Ha-\-Ha*'\-Ha^+Ha^'\-Hc/^^Ha^, since b = p*a, 
ab = A a^ft = )3aa2, aH = a^a®, 0*6 = pa*p^(xa\ a^b = fia^p^cfi, 
a^b = ao^. 
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§ a. Ex. 1. (i) H 18 normal in O. (ii) J7= {g^^g^.^ ... } is 
cyclic of order v. 

Ex. 2. a^b^ is normal in the given group. 

Ex.8, (i) Ifa = (128)and b = (1 2)(8 4), a' =^ b> == (ab)^ = 1. 
•*. the alternating group of degree 4 generated by a and b is 
isomorphic with a' = &^ = (dbf = 1. Since both groups are of 
order 12, the isomorphism is simple. Next take a as a/:=rr+l, 

basa^=:-,&c (ii)Takea = (1284Xb = (148),&c (iii) Take 

a = (12845X b = (12)(84). Next take a as o^sat+I, b as 

4 2:r+l 
a/=-; and then a as a/ = , b as a/ = «+8, &c. (iv) Take 

a = (1284567X b = (12)(47). Next take a as ^ = flr+l, 

bas^=?; and then a = (^±f±l,^)b = (^,^^^^ 

Ex. 6. The following scheme shows the element of {a, h] 
corresponding to each element of {a, b}, and suggests the 
equivalence of apparently distinct elements of {a, h} (e. g. ha^h 
and cM>a) in cases where this equivalence is not immediately 
obviou& We must, however, verHy the equivalence in each case 
by means of the relations a* = &^ s (odr =: {p^hf = 1 ; for a 
and b might possibly be connected by relations independent of 
a« = V = (aby =r {9?hY = 1. 



1 

128466 


126468 


la 
281664 


ha* 
842616 


bo» = o»6 
ha*b = a^la. 


a 
284661 


05 
264681 


tAa 
816642 


€iba* 
426168 




846612 


an 

646812 


a*ha 
166428 


o«6a« 
261684 




466128 


468126 


t^ha 
664281 


c?ha* 
616842 




a* 
661284 


o*b 
681264 


tfila 
642816 


t^la* 
168426 




612846 


cfih 
812646 


a^la 
428166 


c?la* 
684261 





Ex. 7. Take a = (2a;, 2a;+^), b = {x, x-hy). 

Ex.8. Take a = (12846], b=(12). {a, &} is of order 120 ; 
for if a = a^ and fi = {(^) 9 {o, ^} is a normal subgroup of 
order 60 and index 2, since a* = 4* = (a)3) » = 1. 

Ex. 9. (i) Since 6 is the direct product of T and o, 6 is 
simply isomorphic with a* = )3* = {o^PY = 7* = 1> ay = ya, 
jSy = yfi. Now put a = ay, h^ Py and we have 6 simply 
isomorphic with a« = 6» = {abf = (a86)«= 1. (ii) a« = h^^{c?hY 
= {cfihY = 1. (iii) a" = 62 = (o^ft)* = {fflhf = 1. 
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§ 6. Ex. 2. The orders of H and K are ^i = fh^^4'H ••• ^^^ 
i; = n^n^n^n^n^ ... . Hence H and iThave no element in common, 
since the order of (7 = {H^ K] is yof. 

Ex. 3. (r is the direct product of {^|}, {g^^ ..*, {^j^}. 

Ex. 5. Its base is evidently [gi^i^ ..., ^|*<, ^<+i, ..., ^J- 

Ex. 6. Its base is evidently [g^i^ g^i^ ..., ^.'!* ]• 

Ex. 8. (i) [ab\ (12) ; (ii) [ah, l^\ (120, 6) ; (iii) [6. a53], (86, 2) ; 

(iv) \a^^}fi, a»], (180, 5); (v) [_ab, &c], (80, 80); (vi) [6, a6S a^he\ 
(72, 8, 8). 

Ex. 9. (m), (2, 2), (2, 2, 2), (m, 2). 

§ 7. Ex. 8. Every cyclic subgroup of order jp^ contains 
j}^~~^(j>— 1) elements of order |^, and no two such subgroups 
have an element of this order in common. 

Ex. 4. If a, &, e^ ... are elements in & of orders jp^, ^, r^, ..., 
every element of order jp^gf^f^ ... in (7 is of the form dbc .... 
SimOarly, in the case of subgroups (V 2O2). Hence the numbers 
required are LMN..., L'M'N' ..., LMN ... -^ (l>{p^qf*f^ ...). 

Ex. 6. If ^ A; are elements in (7 of orders a, (3 contained in 
the subgroups JJ, K with only identity in common, AJb is in a 
subgroup L having only identity in common with H or K. Now 
(Jiky^ =^Jff^ is in K and L, and hence p divides a. Similarly a 
divides )8, and .*. a = j8. Now use Ex. 5. 

Ex. 7. Let ^ be an element of order p in (7, and denote a^*ga* 
by hi. Then a is permutable with K= {^, ^, ..., hg^i} and 
.'. K=0. But the order of K<p9-^ (cf. V613). 

Ex. 8. (i) See V l^. (ii) Let x be the order of a relative to 
(7. Since a^ is in (7, {a^Y = 1 and x^^r or ^ r. Hence 
{(7, a} = 6?a + &a«+ ... + Go* is of order 2«r or 2«-ir. 

Ex.9, (i) 6^+^ = a-»6^a»=a-»66ia«=a-»6a».a-»&ia»=:6,5,+i. 

(ii) Since h, b^ hhi are all of order 2, &&i = &j&. Now assuming 
by &], ..., &0_i all permutable prove &, &i, ..., ^^ all permutable. 
Then by induction {b^, bgy •'•> ^m/ ^ ^^ Abelian group of order 
2* and type (1, 1, ..., 1), k <m. 

Ex. 10. (i) If the h*B are not independent, it must be possible 
to express h^ in the form hi^ih^t ... h^^^» Equating powers of 
9iJ 9%} •••> 9m ^^^ eliminating a^, a?2, ..., a;„|_i we have 

Oil ai2 . . . Qi^ 
^21 Qm • • • Q2m 

^Ml ^^^n2 • • • ^hnm 
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If the h*B generate G^ every element of the form gi^iff%^* ... ^m^** 
oan be expressed in the form hi^\h^t.,.hjJ^m, .\ tfi^^u^x 
+ a2^a;2+ — +^*im**m(* = ^» 2, ..., m), and nenoe Dx^^A^^yy^ 
+'^t'2^8+ ••• '^^imym iAij ^ii^g the cofaotor of a^ in 2>). .'. D 
must be a factor of A^. Let A^ = -^i/^' Then 

i>*-i = 1-4^1 =i>*|^^^| and hence 2>= ±1, 
(ii) The h's generate (7 if 2):^ 0. 

§ 8. Ex. 8. If [^1, g^f ..., g^ is a base of (7, every element 
of order p ia G and hence every subgroup of type (1, 1, ..., 1) 

is contained in the group whose base is [gi^^'^gj^'^f ..., gj^^ ]• 
Now use § 8. 

Ex. 4. Let gi be any element of G, Take [gi, g^^ g^j ...] as 
a base of &. Then ^| is not in the subgroup {g^f g^f ^•} of 
index p. 

Ex. 6. Prove as in Y 613 and IX T^. 

^ «• f^i^**" «y»lie Bubgroape and ^^(]j^l)^(^-"i)~ ^^ 

non-cyclic subgroups. 

Ex.7. i>2(p+l)(p«+l>+l\. 

Ex. 8. !>*• Cp* +i> + 1)*. The group contains (i>" — 1) p^ elements 
of order jp ; hence the first generator ^ of the subgroup may be 
chosen in (pP — l)p^* ways. The second generator h^ may ttien 
be chosen in (p^— l)l>^^ ways, for it may be any one of the 
(p'— 1) p^^ elements of order jfi ia G whose i^'-th power is not in 
{^}. The third generator may then be chosen in (p^~l)l>^ 
ways, for it may be any one of the (p^— l)p* elements of order 
p^ in ff whose |>-th power is not in {hi, A^}. Hence a base of 
the subgroup may be chosen in Z = (p*— l)(p^— l)(p*— l^jp** 
way& Similar reasoning shows that when the subgroup is given 
its base may be chosen in Z = (p*— l)(p— l)(p— l)j)^® ways; 
and the total number of subgroups ia X-^T. 

Ex. 9. (p-iy»2,im(m-l)C2m+!). 



CHAPTEB X 

§ 1. Ex. 6. If g, gi, g^, g^, ... are a conjugate set of elements, 
g^^gii g'^g^y g'^gzf ••• ^r® distinct commutators of & 

Ex. 6. a.g''^ag:^g^^ag.a since a'^g^^ag is permutable 
with 0. 

Ex. 7. If gag"^ = a° and hah'^ = o^, {gh) aiffh)'^ = o"^ 
= {hg) a {hg^K . •. a . g"^ h'^gh = g'^h'^gh . a. 

Ex. 8. ^nce c = a^H'^ab = a^"* = 6*"^, c is permutable with 
a and b. Every element of {a, h} is evidently of the form hva^ 
and the commutator of two such elements is a power of c by 1 4ii. 

Ex.9. {a«}; {a*-»} ; useliw- 
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§3. Ex. 4. nseVI14. 

Ex. 6. The determinant of every sobetitution in the eommatant 

18 1. 

§ 8. Ex, 1. K A = (?, A' = r. 

Ex. 2. Let H be a normal subgroup of G contained in no other 
normal subgroup. Then O/H is simple and is non-AbeUan, since 
H does not contain A. 

Ex. 8. e. g. the direct product of K and any perfect group. 

Ex. 4. Let JJ be a nonnal subgroup of index p. Since G/H is 
Abelian, H contains A. 

Ex. 5. If Yif y^t 789 ... in G/H correspond to g^ g^t g^j •- in 
0- = {^1, g2t 9Bf •••}! *he y's are permutable. .'. G/H^ {y^, y^, 
78, ...} is Abelian. 

Ex. 6. If a, & are two commutators of G and a, /9 are the 
corresponding elements of F, a, P are commutators of P. Since 
ab = &a, aft ss /9a. 

Ex. 7. (i) {a\ h}. (ii) {a, h}. (iii) If a'^^^db^c and 
ca=^acif ^^ <^i^ prove that o^a = oc, cbc=ib=^ <i^9 c^ == <i^ 
Hence by Ex. 5 A = {c, Cj}. If the H. C. F. of m and r is d, 
the order of o is mt'^d and the order of e^ relative to {e} is 

J [8-(-l)<^ (of. VI 49). Therefore A is an Abelian group of 

index 4 or 8. (iv) Cyclic of order r. 

Ex. 8. O^ or 0|^ as m is odd or even, D, T, S. 

§ 4. Ex. 1. For every element of G corresponding to such an 
element of A would be in (Z 

Ex. 2. (i) Let Oy&be any elements of G. Then ah^haCi, bh^hbc2 
where Ci, Cj are in d .*. a'^b'^ab.h^a'^b'^ahbe^ 

= a'^b^^habciC^ = a'^hb'^dbCi = h . a'^b^^ab. 
ii) The element of A corresponding to c is 1. (iii) See 14. 
iv) ft^ is in C (v) Use (iii) and (iv). (vi) If r is the maximum 
order of c as ^ runs through the elements of Gy the order of c 
divides r whatever element h may be. . *. ^^^ is always in C, and 
hence t divides r. But c^ = 1 and •*. f = r. 

Ex. 8. Use V 15g and V 17i2. 

Ex. 4. The normaliser in & of an element g corresponding to 
a is of index < 6, and its central contains {g, C} of order cy. ^ 

Ex. 6. (i) Identity ; non-cyclic of order 4 ; (ii) non-cydic of 
order 4; (iii) a'' = 6^ = c^ = 1, db^ba, bc=^cb^, (K:=^C(k 

§ 5. Ex. 1. Let a, b be any two commutators of G and a, /S the 
corresponding commutators of A. Then P is normal in A and 
.*. & is permutable with every commutator of G by X 42(i> Hence 
ab = ba. 

Ex. 2. Use X I7. 



i 
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Ex. 8. By 14 (dbY = 6«a<c*<('+i), {bay- 6<a'c*'('-») rinoe c is 
permutable with a and b. Henoe if ^ is the order of db and 
ha (1 83), rf = 1. Again ar^h'^db^ = o^, and henoe c^ = 1 if ft^ 
is in {a}. 

Ex. 4. (i) If ^ is the order of ab in Ex. 8, b^o^ = 1 since t is 
odd and er = 1. Henoe if a, /S, ... are permutable elements 
oorresponding to a, b, ... having the same orders and suoh that a 
has the same order relatiye to {fi} as a has relative to {&}, fto., 
{a, &, ...} and {a, fi^ ...} are conformaL (ii) The seoond group 
of V 83 is metabelian but not oonformal with any Abelian group. 

§ 6. Ex. 8. If ^y o^ oorrespond to the elements ^, a in any 
automorphism of &, d'^^a! oorresponds to a~^^ in the auto- 
morphism. Henoe the elements oonjugate to g correspond to 
the elements conjugate to g. 

Ex. 4. a-^6-^ = (a5)-i if aft = 6a. 

Ex. 6b The only dass of outer automorphisms admitted by (7 is 
that interchanging A and B when .A = A 

Ex. 7. No element of one of the groups can be transformed 
into an element of another. 

Ex. 9. If ^ and h are two elements of Q not in JST, ^ and h are 
permutable with each element of Ky since K is complete. Hence 
§h is permutable with each element of K and is not in JT. 

Ex. 11. If ^ is an element of order ^^ there is an auto- 
morphism of {g\ in which f corresponds to g^ where r is any one 
of the i/^'^Cp— 1) integers less than and prime to ^. If 

b~'^gb^^y b'^gV^^ \ henoe when r is chosen so that 
lJ^~^(p— 1) is the least value of 8 satisfying r* = 1 (mod 1?°), every 
automorphism of {g} is obtained by transforming by powers of ft. 

Ex. 12. The generator of order 2°~' oorresponds to the auto- 
morphism in which ^ oorresponds to g^ where r is chosen so that 
2°"^^ is the least value of 8 satisfying r* = 1 (mod 2°). The 
generator of order 2 corresponds to the automorphism in which 
g^^ corresponds to g. 

Ex. 18. A cycUc group of order 2° 8^ 5*^ ... is the direct 
product of cyclic groups of orders 2°, 8^, 5*^, ... ; now use Ex. 7. 

Ex. 14. (1) If g^gj^gi,, hig^.hjgj:=zhf,gj,; and .-. Mi = *ik- 
(") hi ^ gf\ 

Ex. 16. (i) [ar'^giay or^g%(]^i •••> a'^aj^a] is a base of a''^G^ 

Ex. 16, (i) The dements g^\ g%% >>> g^a^m are all distinct 
when for 04, x^^ ..., x^ we put any of the integers 1, 2, ..., p^ 
if and only if the determinant | a | ^ (mod |)). 

Ex. 17. g divides the order of ihe group of automorphisms of (7. 

Ex. 18. By 1 4ii the commutator of a' and ft' is (^""V', and 
.-. xs'-yr ^ (mod p\ The order of {a, ft} is i?* and the order 
of the group of automorphisms = the order of the ffenend homo- 
geneous linear group of degree 2 in the Gt'F\f\ = (l^— 1)(!>^— 1?). 

Ex. 19. 24, 24, 120. Suppose that nt corresponds to a, ft' to ft 
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in an automorphiBm. Then (i) a' may be any one of the 8 
elements of order 8, V any one of the 8 elements of order 2 ; 
(ii) a' may be any one of the 6 elements of order 4 and then 
V may be one of 4 elements of order 8, as is easily seen by 
eonsidering the simply isomorphic group O and remembering 
that {p^'hy^ = ^ 9 (^) ^^^^^ S similarly. 

§7. Ex.7. UseV20«. 

Ex. 9. If A is any element of G not in K^ there is an auto-: 
morphism of & in which gh corresponds to g. 

Ex. 10. (i) Use Ex. 9. (ii) There is only one invariant of 
Tnaximiim order. 

Ex. 14. U8eX6e. 

Ex. 16. Use Ex. 14. 

Ex. 16. Use X 613. 

Ex. 17. r contains a normal subgroup H simply isomorphic 
with (jr formed by substitutions of the type rr/ssar^+^jy while 
r/JJ is simply isomorphic with the general homogeneous linear 
group of degree m in the ff^fjp]. Now use XG^^. 

§ 8. Ex. 1. L does not displace the symbol corresponding to 
identity in &. JT contains a transitive subgroup P of the same 
degree. 

Ex. 2. (i) If r were such a group, E. would contain P' (§ 6) ; 
which is impossible, (ii) Use (i). 

Ex. 8. Use § 8. 

Ex. 4. (i) Use § 8 taking as the automorphism in which a 
corresponds to a, &a to & and A as the automorphism in which a* 
corresponds to o^ & to &. 



CHAPTER XI 

§ 1. Ex. 4. See X 1^. 

Ex. 6. If H and K are two normal subgroups of order jp, H and 
K both contain the commutant of Q since OtiH and GjE. are of 
order j>^ and Abelian. 

Ex. 6. If ^ is a normal subgroup of index p\ Q/H is Abelian ; 
.*. H contains the commutant of ff. 

Ex. 7. As in Ex. 6 each such normal subgroup contains the 
commutant. 

Ex. 8. If A is an element of a normal subgroup H of G9 H 
contains every element conjugate to A in &. Then if the O. & EL 
of H and C is of order fi, the order of J7 = fA+€^+ c^-f ••• • Now 
proceed as in § 1. 

Ex. 9. Use Ex. 8 and X8. 

Ex. 10. Let ^ be an element of O corresponding to a normal 
element of G/C, and let A be an dement of G not permutable 



\ 
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with g. Then the commutators of h and ^^ p*, ..., ^ are in C 
and are all distinct 

Ex. 11. Use Ex. 10. 

Ex. 12. (i) Let F be a normal subgroup of Q contained in no 
other normal subgroup of Q. Then ff/T is simple and is •'. of 
order jp. 

Ex. 18. Since in Ex. 12 QfT is Abelian, F contains the com- 
mutant of Q. 

Ex. 14. Let Oy & be elements of Q such that a is of order p and 

db = W. Then h^'PdbP'^ ^cf*"^ Tzahj Permat's Theorem (1 8). 
Hence the index of the lowest power of h permutable with a is 
a factor both of p— 1 and of the order of & (1 2g). 

Ex. 15. c is in every subgroup of index p in Q (Ex. 7) and 
is •'. in the normalisers of a and &. The conjugates of a in ff 
are 6"*a5' = ac^(< = 1, 2, ... , jp). .•.©? = 1. 

Ex. 16. By Ex. 15 {bay = ¥cfi when e is a multiple of p^ since 
c'' = 1 (1 4). Hence the order of ha divides ^. Ako any 
conjugate of ha such as g~^hag = g''^bg , g'^ag is of the form 
hoiTf and •'• {mi is an element of a conjugate set of 1 or jp elements. 

Ex. 17. ^ is in 0; hence {C, g} =Cp+(%p*+ ... -^Cg^ and 
is evidently Abelian of order p^'''^. If A; is any element of G 
and K, y are the elements of G/C corresponding to kj g in G^ 
K~^yK = y and .'. Jr^gk^gc (c in C). Hence g has at most p* 
conjugates in G ; and the normaliser of p in & has a central 
containing {0, g} and is of index <p^^ 

Ex. 18. Use induction and Ex. 17, so long as 

a-i/S(2a?+/S-l)^a:+/S. 

Ex. 19. G contains a subgroup H of order jp**^**"*"*"*^"*"\ By 
Ex. 18 JS contains a subgroup K of order 

jptf(2X+€-l)+l-J(#-l)(ax+€-2)-.<pX+€ 

whose central is of order pP^^*~\ This is only possible if IT is 
Abelian (X 4). 

Ex. 20. Use Ex. 19. 



§ 2« Ex. 1. Let G be the direct product of prime-power groups 
Af Bj Cy .... Find normal subgroups A% B^y (fy ... oiA, B, C, ... 
respectively such that the product of their orders is m. Then 
{A% B^y Cy ... } is a normal subgroup of order m in 6^. 

Ex. 2. The subgroups required are those corresponding in G^ to 
the series of normal subgroups in 6r/F. 

Ex. 8. (i) The subgroup required is one corresponding to a 
normal subgroup of order pl^''^ in 6r/J7. (ii) {Hy K} is of index 
iA(X < y) and .% the G. C. S. 2> of ^ and IT is of index !?»(« ^ jS) 
by y 18. The subgroup required is the subgroup of G correspond- 
ing to a normal subgroup of index jp^ in GpD. (Cfi XI h^. 
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§ 3. Ex. 2. If fi is a subgroup of index piaO- oonteinixig Kj, 
H contains K^j K^, ... since H is normal. 

Ex. 4. (i) H contains since otherwise Q = {ff, C) and is 
Abelian ; similarly K contains OL Again, every element of the 
6. G. S. of H and K is normal in H and in K and henoe in 
Q = {J7, K). (ii) Q/C is Abelian of iype (1, 1) since it is non^ 
eydic of order jr. Again, if a and & are two non-permutable 
elements of 6^, c = a'^h'^ab is permutable with a and & since 
the oommutant A is in (XI Iy). Hence cP s a'^h'^aPh = 1 
and every element of A is of order 1 or jp. 

Ex. 5. Using V I85 we see as in Ex. 4 that the central is of 
index jp^ and henoe contains the commutant 

Ex. 6. If ^ is an element of Q not permutaUe with every 
element of D, G contains p conjugates to ^ (X 1^) ; •*• the 
normaliser of ^ in G^ is of index p but does not contain D. 

Ex. 7. If ^ is any element of order <pP iaG, {g} is in some 
subgroup of index p (Ex. 1) and .% y is in F. Hence Q contains 
elements of order |j^. 

Ex. 8. As in Ex. 7 G contains an element g of order p^{r > 9)^ 

{g^^*} being of order |^ is identical with K. 



§ 4. Ex. 2. G/D is a subgroup of 6^/A. 

Ex. 8. For the |>-th power of such an element would not be in D. 

Ex. 4. Since the G.C.S. of all subgroups of index jp in G/EH 1 
(1X84), the G. G. S. of all subgroups of index p ia G containing 
EisE. But this G. G. S. contains 2>. 

Ex. 5. (i) Since the p-ih power of each element of & is in 
{A, P}j each element of G/{^ F} ib of order 1 or p. (ii) By 
Ex. 4 {A, P} contains D and by § 4 2> contains {A, P}. 

Ex. 6. II G contains two Abelian subgroups of index p^ the 
central C is of index p^ and is contained in every Abelian subgroup 
of index p (XI 84). Now proceed as in § 4. 

Ex. 7. Let ^ be a subgroup of index p not containing g^* 
Ghoose elements ^1, ^21 •- * ^a-i as in § 2 for the group H, Then 
ga satisfies the conditions that gjf* and g~^ga^^99a ^i^ "i H. 

Ex. 8. {i\ ^ii) By V ISg the G. G. S. of the normal subgroups of 
index jp or jp^ is of index jp^. Now proceed as in § 4. (iii) The 
non-normal subgroups can be divided into conjugate sets each 
containing pm subgroups (m integral). 

§ 5. Ex. 2. If JT is a subgroup of indexp in ^not normal in G^ 
H contains every subgroup conjugate to JT in G^. Now the 
number of groups conjugate to JT = the index of the normaliser 
of K== h multiple of p. But H contains ^+1 subgroups of 
index p ; hence at least one is normal in G, 

Ex. 8. The elements of G permutable with every element of K 
form a subgroup F. The Ak^lian subgroups of order p^"^^ in Ct 
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containing H are the subgroups of F corxesponding to the sub- 
groups of order p in V/K. 

Ex. 4. Let Biy B^, ..., B^ be the normal subgroups of this 
index ; A-^j A^y ..., Aj, the normal subgroups of index p. Then 
the proof runs as in § 5 using XI 2). 

§ 7. Ex. 2. Each set is of the form Wa*+'i^"' (l = 1, 2, ...,jp) 
unless 0? = y = (modj^) ; see X I5. 
Ex. 5. It is the only non-cyolic subgroup of the same order. 
Ex. 6. By 1 4 (6^0*)^+"* = 6ya«+«np. Now ifa:=iy*, M<a-8, 

we have (6^0*)^+"* = 6ya«+*""' on putting m = ^-z*"*. Hence 

by Ex. 2 every subgroup of G^ is normal except the p subgroups 

conjugate to {&}• 
Ex. 7. Every normal subgroup of Q contains the commutani 
Ex. 9. Let Oi = hya* correspond to a and &i = l^a^ to & in any 

automorphism of Q. Then since bif' = 1, r = (mod i^"') ; since 

a^~^ = 1, 0? is prime to p ; since Oi'^^'^ajfti = aj^'\ « = 1 
(1 4ii). Hence the order required is plp^'^-^jfi'^p = p° (p— 1). 

Ei. 10. Let IT be a normal cyclic subgroup of order p*. By 
XI 2] we can find normal subgroups K, JSTj, K^y ••• each of index 
jp in its successor. The first which is non-cyclic contains a 
characteristic non-cyclic subgroup of order jp* which is the normal 
subg^up required. 

Ex. 11. Abelian of type (8), (2, 1), or (1, 1, 1) ; o*^ = 6^ = 1, 
db = ha^'^'P ; {a, h} where a and b are each of order p and per- 
mutable with their commutator. Note that in a non-Abelian 
group of order jp^ the pentral and commutant coincide and are 
of o]:derjp(XIlio)* 

CHAPTEB Xn 

§ 1. Ex. 1. They are Sylow subgroups of K, 

Ex. 2. The Sylow subgroups are all conjugatOi 

Ex. 4. (i) If r^ = r^, r,- contains two normal Sylow subgroups 
Hi and J^*. (ii) Since Pj is the normaliser of Hi in G, the 
normaliser T^ of A<~^J?iA^- = fl^ in A^"^ffA<=ff is A,~^riA<. 
(iii) Since Fi is one of ^+1 conju^te subgroups in G, the 
normaliser of Fj is of otder ii-r(j^-hl)= the order of F^. 
(iv) Apply Corollary II to F^. 

Ex. 5. In the proof of Corollary II the number of quantities 
PyY, ••• ^ t must be = 1 (modjp). 

Ex. 6. The G. G. S. of H and H^, L e. of hf^Hhi ^ncL ^f^^\h 
is hf^Dihi which is of order p^. Hence G contains po-^ sub^ 
groups conjugate to H having with jS* a G. 0. S. of order pP^ 
pft'y having with H a G. 0. S. of order p^, ... . 

Ex. 7. Use V 15^3. 

Ex. 8. Use Ex. 7» 
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Ex. 9. Use Ex. 8 and IX 67, IX S^. The number is (i) 28, 
(ii) (i>» + 2jp^ + 8p« + 8jp«+8i)* + 2i)» + 2i)«+jp+l)(g8+g«+g+l) 

(r+1). 

Ex. 10. If a, & are elements of Sylow subgroups of G whose 
orders are unequal, the order of c = a'^b'^ab divides the orders 
of a and h (1 4, A and .*. c = 1. 

Ex. 11. (i) The oommutant of G^ = 1, for otherwise A would 
contain an element of order j>^-^. (ii) If p^^ is the order of Gi, the 
order of {A, ff J is Pi^Pi'f since A is normal in {A, Gi) while 
A and G^ have only identity in common. Hence ff ^ is a Sylow 
subgroup of {Ay ffj. If tiiere are ^^ + 1 Sylow subgroups of 
order p/^ in {A, Gi}, J^j + l is a factor of Pi\ Now use 
Corollary IV. 

Ex. 12. If ^ generates one of these cyclic Sylow subgroups, 
the permutation of F (VI 2) corresponding to g contains an odd 
number of cycles of even degree and is an odd permutation. 
Then the even permutations of F form a normal subgroup of 
index 2 ; which contains every permutation of odd order when g 
is of order 2. 

Ex. 18. If F and Q are Sylow subgroups of order pP and gfi, 
every element of 6r is included once among the elements FQ 
or QP, since F and Q have only identity in common. 

Ex. 14. Take H, Hi as subgroups of index p. It Hi ia not 
normal in G,Ti = Hi and Hi is not permutable with any element 
of G not in Hi. Then the proof of § 1 would show that there 
are ^+1 subgroups conjugate to Hi which is impossible. 

Ex. 15. (i) Let K be the subgroup of order t formed by the 
permutations not displacing one symbol x (VI 5). The per- 
mutations of H not displacing x evidently form the G. C. S. of 
H and K, which = 1 since t is prime to p. Hence every 
permutation of H displaces every symbol, and •*• the number 
of symbols in any transitive set of ^= the order of H. 
(ii) G = HK = KH. 

Ex. 16. If J)* is the highest power of p which divides e^ G 
contains a group of order jp* which lies in L. Hence A is a 
multiple ofp^ ; and so for every prime-power factor of e. 

Ex. 17. Let F^g'^Eg {g in 6^). Since E is normal in ^, jP 
is normal in g~^Hg ; and .*. H and g'^Hg are Sylow subgroups 
of the same order in the normaliBer B of F mG and are henoe 
conjugate in B. •*. there is an element h of B such that 
H = h'\g-^Hg)h. Then ^fft is in r and {gb)'^E{jgh) = F. 

Ex. 18. G contains ^+1 subgroups of order p^, where i^+ 1 
divides e. In this case A; = 0. 

Ex. 19. By § 1 a group G of order pq contains elements a^b of 
orders p, q. The Sylow subgroup {a} is normal, since 9^0 
(mod ^+1) unless A; = 0. Let b^'^ab ^^a". If ic = 1, a5 is of 

order pq and G is cyclic. If ic 9^:1, b'^ab^sia!^ (18) and •*• 
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k9 = 1 (mod p). K^^l (mod jp) if e < g ; for otherwise a and ¥ 
and .'. a and h would be permutable. 

Ex. 20. (i) Cyclic and dihedral; (ii) cyclic; (iii) cyclic and 
^13 — 53 -- 1^ db=^ ha^ ; (iv) cyclic and a" = i>* = 1, abz::^ha? \ 
v^ cyclic and a^® = 5^ = 1, db^^ha^ ] (vi) cyclic ; (vii) cyclic ; 
viii) cyclic and a}^ = &^ = 1, a5 = 6a^. 

£z.^. 825 = 11 . 3 . 52. No factor of 825 -f- 25 is of the form 
5A;+ly and no factor of 825 -f- 11 is of the form 11A;+1 unless 
h = Lbut 11 . 5 and 5^ are of the form 8A; + 1. 

Ez.(2^. As in Ex. 21 the group contains a normal subgroup 
of ordVf 25, 17, 13, 11, 7, 18, 127, 169, 121. 

Ex. 23. As in Ex. 21 prove that every Sylow subgroup is 
normal and use Corollary IV. (i) cyclic ; (ii) cyclic or Abelian 
of type (665, 5) ; (iii) 10 types ; see XI 1 and XI 7], . 

Ex. 24. (i) 520 = 23 . 5 . 13. The only factors of 520 -f- 13 of 
the form 13A; + 1 are 1 and 40. Hence a simple group G of 
order 520 must contain 40 subgroups of order 13, since it contains 
no normal subgroup of order 13. Similarly G contains 26 sub- 
groups of order 5. Now two groups of prime orders have only 
identity in common. Hence G contains 26(5—1) distinct 
elements of order 5 and 40(13—1) distinct elements of order 13. 
But 26 . 4 + 40 . 12 > 520. (ii) G contains 6 subgroups of order 5 
and 10 of order 8; (iii) 20 subgroups of order 19 and 76 of 
order 5 ; (iv) 45 subgroups of o]:^der 11, 11 of order 5, and 55 
of order 9 ; (v) 78 subgroups of order 7 and 14 of order 18. 

Ex. 25. (i) As in Ex. 24 a simple group G of order 616 
contains 56 . 10 elements of order 11 and 8. 6 of order 7. Since 
616 = 560+48 + 8, G contains only a single subgroup of order 
8 which is .'. normal, (ii) G contains 8 subgroups of order 7; 
(iii) 27 subgroups of order 13. 

Ex. 26. (i) As in Ex. 23 a simple group G of order 450 
contains 6 subgroups of order 25 and is .*. isomorphic with a 
simple transitive permutation-group G^ of degree 6. The 
isomorphism is simple since G is simple. G' contains no odd 
permutation, for otherwise the even permutations of G' would 
form a normal subgroup of G\ .*. 6r^ is a subgroup of the 
alternating group of degree 6 ; but 450 is not a factor of 6 ! -f- 2. 
ii) The order of G^ is not a factor of 3 1 -r 2, (iii) 5 ! ^ 2, (iv) 6 ! -r 2, 
v)6I-r2,(vi)lllT-2. 

Ex. 27. (i) As in Ex. 26 a simple group G of order 90 is simply 
isomorphic with a transitive permutation-group G' of degree 6 
containing only even permutations. By § 1 6r^ contains a per- 
mutation g of order 2 which (being even) is the product of two 
transpositions and .*. does not displace every symboL Hence g 
is contained in some sul^oup of index 6 consisting of the 
permutations of G' not dieplacing one symboL But 90 ^ 6 is 
odd. (ii) Here G' is of degree 18 and each of the 18 subgroups 
of G' not displacing one symbol is of order and degree 17, while 

BIIiTOl W. O. Q 
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there are 18 permutations of G' (not included in these 18 sub- 
groups) which displace every symbol. One of these is of order 2 
and is .*. the product of 9 transpositions and is an odd permutation. 

Ex. 29. m {a] ; {5}, {ha], {5a«}. (ii) {a, 6} ; {cbr} (r = 1, 
2, ...y 7). Note that every element of the group can be put in 
the form (fa^hv which transforms c into cb'V. 

Ex.80. {(12)(84), (14){28)}; {(284)}, {(841)}, {(412)}, 
{(1 2 8)}. 

Ex. 81. Apply Sylow's theorem to the general homogeneous 
linear group. Since the period of every mark divides p*"— 1| no 
multiplication is of order divisible hy p. 



CHAPTER Xni 

§ 3. Ex. 1. Let A be the maximum normal subgroup of G 
containing H, B the maximum normal subgroup of A containing 
IT, ... . ^en 6r, A, J9, ... , IT, ... is a composition-series containing 
H if HIb normal. 

Ex. 2. (i) A cyclic group of order p^ contains only one normal 
subgroup of index p. (ii) Use XI 6. 

Ex. 4. By XII li9 & contains only one nonnal subgroup which 
is of order |}. 

Ex. 5. Use VI 14, 16. 

Ex. 6. One composition-series is G, H, 1, and .*. the composition- 
factors are ml ^ 2 and 2. Hence if O contains a normal subgroup 
other than IT, it is of order 2. Evidently no such normal sub- 
group exists. 

Ex. 7. Use V 20. 

Ex. 8. Use Ex. 7, noticing that a cyclic group cannot have more 
than one subgroup of given order. 

Ex. 9. (i) The composition-factors of G are (xp*B, p ^'s, y r's, ... 
which can be arranged in e different orders. Now use Ex. 8. 
(ii) If all the Sylow subgroups of K are cyclic the theorem is 
true by V 202(iii). If the Sylow subgroup of order j>" is non-cyclic, 
Ex 2 (ii) shows that there is more than one composition-series of 
K in which the a composition-factors p occur last. 

Ex. 10. Let Uq be the number of distinct composition-series 
of 6r. Then the second group Gi of a compositionHBieries may 
by XI 7 be one of p cyclic subgroups of index p each giving rise 
to a single composition-series, or may be a given group of order 
l/'"^ with a cyclic subgroup of index p giving rise to Uq.^ 
composition-series. . '. tig = p + u^.^ . Now use induction. 

Ex. 11. Let Uq be the number of composition-series of &. The 
second group Gi in the series can be chosen in (|)°"^ — 1) ^ (jp— 1) 
ways by IX 8. . '. Mq = Wa-id'"-" 1) -r (p— 1\ Now use induction. 

Ex 12. UseVUj. 
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Ex. 18. G has a composition-BerieB containing a Sylow subgroup 
of order p". Now use Ex. 12. 

Ex. 14. (i) By Ex. 12 all the Sylow subgroups of 6r are normal. 
Now use Xll 1 Corollary IV. (ii) As in XI 8 we can show that 
every subgroup of ff is contained normally in some subgroup of 
higher order. 

Ex. 15. The nimiber is 1, 5, 21, 7, 8 according as the group 
is Abelian of the type (8), (2, 1), (1, 1, 1), dihedral, or dicycUc. 

Ex. 16. (i) da, (Da, 83, 03), C3, 1 and da, Oa, o, 1. (ii) 0, (O, 6, 6), 
T, D, (C2, C^, Cj), 1. (iu) H, B, 1. 

§4. Ex. 2. If Zr = iJiAi + iriA2+iIiA3+ ..., {Gr, H} ^G^h 
+ G,./^ + (r,,;i3 + .... (See V 18.) 

Ex. 8. In Ex. 2 every subgroup of H/Hi is simply isomorphic 
with a subgroup of {&,., H)/Gy and .*. with a subgroup of 
Gf^i/Gy, since G,._i contains G^ and H. Now apply to H^ the 
same reasoning as was applied to H and use Ex. 1, &c. 

Ex. 4. A and cyclic groups whose orders are the prime &ctors 
of ^N^ -r {p^-'l)d ; except in the case m = 2 and j)'' = 2 or 8 
when all the composition-factor-groups are of prime onler. 

§ 5. Ex. 2. A soluble group has a normal subgroup of prime 
index, and this must contain the commutant. 
Ex.8. UseXin43. 
Ex.4. Use XIII 84. 
Ex. 7. Use Ex. 2 and 5. 
Ex. 8. Use § 4. 
Ex. 9. Take [a] as the group IT of § 4 ; then 0/H is cyclic. 

§ 6. Ex. 1. G is the direct product of groups of order p and is 
.*. Abelian. 

Ex. 2. If /is a composition-factor of G, we have /'+^=|>r; 
and .*. ^ = 0. 

Ex. 8. Let / be a composition-factor of the alternating group. 
As in Ex. 2/<+^ = 8.4.5 m; and.*. ^ = 0. 

Ex. 4. If It is a normal subgroup of P contained in H^ its order 
is not a multiple of p ; for otherwise K would contain one Sylow 
subgroup of order i) in P, and . *. K would contain all the Sylow 
subgroups of order p, since they are all conjugate and K is normal. 
Hence since £" is of degree pkj K is intransitive (VI 6), which is 
impossible (VI 11). Now use Ex. 2. 

§ 8. Ex. 1. Prove as in § 4. 

Ex. 2. Take the composition-series {a, 5}, {a\ h], {&}, 1 of 
the group a* = 6* = {aVy = 1. 

Ex. 6. By XI 2 the chief-factor-groups are of prime order. 
Ex. 7. Use XI Ig. 
Ex. 8. Use § 6. 
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Ex. 9. (ii) Use X l^. 

Ex. 10. Use XI 7e and XHISjo. 

Ex. 11. (i) 1, 5, 21, 8, 8. (ii) 4, 8, 1. 

§ 9. Ex. 1, 2. Use § 6. 

Ex. 7. Any element permutable with a group tranafonns a 
chief-series into a chief-series. 

§11. Ex. 1. UseXinSg.g. 

Ex. 2. The group preceding identity in the series of derived 
groups. 

Ex. 8. UseX8. 

§12. Ex. 8. SeeX5]. 

Ex. 6. (i) G/Ci^i is Abelian, .*. Ov-i contains A^. (ii) The 
commutant of G/Gi,^ is Abelian (Ex. 8); .*. by X3 each 
commutator of {A^, C,_3}/Cy.3 = 1, and hence every commutator 
of {Ai, Cv-a} isinO,_3. 

Ex. 7. UseXIlg. 

Ex. 8. Prove as in XI 2. 

§13. Ex. 1. Use XIII 65. 

Ex. 2. By XIII 89 the central £" of A ^ 1, since a chief-series 
of G can be formed containing A ; while by X 8 the commutant of 
G/K is ^/K, Now every chief-factor-group of G/K is cyclic, and 
.*. the central of ^/K ^ 1. Continuing this reasoning we see that 
the class of A is finite. 



CHAPTER XIV 

§ 1. Ex. 2. (iii) Use X 6. 

Ex. 3. a^ = h^ = {ahf = 1. 

Ex. 4. They are permutable with a and h. 

Ex. 5. Let of be the lowest power of a in any subgroup H^ and 
suppose that H contains hya^ but no element h^a^ where p < y 
or p = y, (T < X. Then 1 8 shows that yu = fi where u is integral 

and that H contains the elements yya*(^'-i)-(fe*'-i)+<'(< = 1, 2, 
..., u ; i = 1, 2, ..., ?-f-A). Putting ^ = u we have I a factor of 
r+^(A^-l)-r(A;2/-l). The groups H, (a', bva'} are distinct; 

for if iJ contains t^a*, it contains (6ya*)"i(6Va«) = a«-* which is 
impossible when l> > x>0, 

Ex. 7. By Ex. 4 G contains a normal subgroup of prime index. 

Ex. 8. Suppose k a primitive root of a;* = 1 (mod X). Then 
{tty h*} is Abelian and its Sylow subgroups are all cyclic Hence 
by V202(ui) {a, b*} is cyclic; and it is normal by Ex. 4. Hence 
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§ 2. Ex. 1. Use XIV I,. 

Ex. 2. (ii) ha' is of order (I) 4f»-r (the H.C.F. of 2m and 
x{m-¥l))i (II) 2 or 4 as a; is even or odd; (III) 2; (IV) 4. 
(iii) The conjugate sets are of the form (I) a^+a^'*'^'^ and 
5a*+5a*+«"»; (II) a*+a«C««-i); ^jj ha' {x odd), 5a* (a? even) 
each form one or two conjugate sets as m is even or odd; 
(iii) a'-¥a~*'f and the elements ha' form one or two conjugate 
sets as lit is odd or even; (IV) a^-^a''; and ha* {x odd), ha' 
(x even) form conjugate sets. 

Ex. 8. Use XIV l^. 

Ex. 4. {a\ ha'\ is Abelian or of the type I as Z is even or odd 

Ex. 7. 2</>(4m) or 4</>(4in) as i» is odd or even; 2in</>(4in); 
m <t>(fn) ; Sm ^(2in). In any automorphism let a' correspond to a, 
ha' to h ; then a' and ha' satisfy the same relations as a and h. 
In group I we can have ha^ corresponding to a and ha' to & if i» 
is even. (See Footnote, p. 82.) 

Ex. 8. The normal subgroups of m are the subgroups of {a} 
and {a^ &}, {a^, ha} when m is even. Now use XIII 89 and 
induction. 

Ex. 9. Use § 1. 

§ 3. Ex. 2. Since {a} can have only one holomorph, the meta- 
cydic group is abstractly the same whatever primitive root k 
may be. 

Ex.8. Use 18. 

Ex. 5. {a, 6 « }. 

Ex. 6. It is contained in {a} or {h^a'}, 

Ex. 7, 8. Iip-l^gr.,.vw where ^ r, ..., v, w are primes not 
necessarily all distinct, every composition-series is of the form 
{a, hi {a, 5«}, {a, 5«^}, ..., {a, h<pr'-^}, {a}, 1. 

Ex. 9. If in an automorphism of G a* corresponds to a and 
hva' to 6, {hva')''^a^{hva') = a^; which gives y=l. Hence 
the order of the group of automorphisms ==jp(p— 1) = the order 
of the group of inner automorphisms = the order of G, 

Ex. 10. SeeX84. 

Ex. 11. Prove 8p = 2^-1 = 1, ig!r= T8K Since T^S' replaces 
1, p by A^y + a;, rr respectively, and Jt^-^x, x may be made equivalent 
to any two whatever of 1, 2, ... , p ; ttie group is doubly transitive. 

§ 4. Ex. 1. If gif g^j ..., g^ are elements of orders jp^S, p%^j 

*•• 9Pm^^9 9i9i — ^m i> of order «. 

Ex. 2. F is the only subgroup of its kind in ft 

Ex. 8. Since g^_j is permutable with {g^} = P„|, {^,^-1, g^} 
is of order i)°i»-i p,-°m and .•. =P^_i. Similarly {^„i-.2> ^m-i> 

Ex. 4. By XII 1 GoroUary II every Sylow subgroup of JET is 
contained in some Sylow subgroup of G. 

Q8 
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Ex. 8. As in § 4 (4) prove the existence of P^ and then use V 14. 
Ex. 9. Q contains elements whose ordM*8 divide 

!>/"*■ ^i^;+» -Pm""* but not Pr'P^^+i ...Pm°*- 

Hence G contains an element of order pJ"^^* Now proceed as 
in§4(l> 

§ 5. Ex. 1. By § 5 r is of the type o^ = 1, fti^ = a^ aft = haK 
Putting 2A =r &', we have P generated by a and V wbich satisfy 
relations of the given form since X is prime to ^9. 

Ex. 2. (i) (T = 0, y = 1 (mod P), p ia prime to X, a?(A^— 1) -r 
(ifc-l) = (f)-l)r(modX). 

(u) </)(X)x(the H.C.F. of X and ?^)- (See Footnote^ p. 82.) 

§ 6. Ex. 4. Use Corollary IV of XII 1. • 

Ex. 6. Since {ahy=:a^ a-^ha-h'^ and a-*6«a = &-« = a-«. 
/. 6* = a""* = a* and a* = 1. 

Ex, 7. fta^ = a6 = 5a6« ; .•. a* = 6^. Now use Ex. 6. 

Ex. 9 (ii). If c, d are the elements of the group of automorphisms 
correspon^g to those automorphisms in which h^ corresponds to 
a and fta to &, a to a and ba to h, then c^ = d* = (cd)^ = 1. Now 
useVISg. 

Ex. 10. UseX4i. 

§ 8. Ex. 2. (i) Generated by the elements of H excluding 
identity ; (ii) generated by the elements oP, hB, ahB. (iii) and 
(iv) The G.G. S. of all subgroups of index 2 or 4 is {a^}. Now 
consider the number of subgroups of index 2 or 4 in G/ld^} 
which is Abelian of order 2°"^ and type (1, 1, ..., 1). (v) The 
first generator of such a subgroup may be chosen in 2^— 2°'^ 
ways and then the second in 2°~^ ways. Hence the generators 
may be chosen in 2^'"i(2°— 2°"*) ways. Putting a = 8 we have 
24 ways of choosing the generators of a quaternion group. Hence 
the number of quaternion subgroups is 2^~i(2"— 2^"^) -f- 24. 

Ex. 8. If JE7 is a normal subgroup of order p, K/JE has every 
subgroup normal and is ther^ore Abelian. Hence E is the 
commutant of K. 

CHAPTER XV 

§ 1. Ex. 2. The distinct representations of the cyclic group {a} 
of order 8 are obtained by making 1, a, a^ correspond respectively 
to (1) rc'= Xf Xy x; (2) x^=^ Xy oa?, w^x ; (8) s^:= re, uflxy wrc, where 
ufi = 1. Bepresentations (2) and (8) give the same substitution- 
group. 

Ex. 8. Each of (o^y a>2y oa^y ... is ^t^* 

Ex. 4. With 0/H, where JJ 13 the normal subgroup formed 
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■ 

by the elements conesponding to {Xu X29 x^t ...) in the repre- 
sentation. 

Ex. 7. Use Vn 8. 

Ex.8. e.g. a« = 6« = (a6)2 = l. 

§ 2. Ex. 2. xJ is the sum of Xi' quantities whose modulus is 1. 
Now use the theorem 'the sum of the moduli of two or more 
complex quantities is < the modulus of their sum '• 

Ex. 8. By Ex. 2 every element of S must correspond to 

{xjy a?2> ^8> •••) i^ ^i' 
Ex. 5. Every conjugate set is self-inverse. 

§ 3. Ex. 1. Let g = gi^g%^t ... gfit* Put t'l = 1, tj = Oj, tg = Oj, 
... y t^ = a^. Then P^ = a^ or ^ Qi . Similarly jdj = 02 or 4 02, .... 

Ex. 2. Each such representation is Abelian and is uierefore 
a representation of G^/A by X8 and Xyi4. But the number 
of representations of G^/A = its order. 

Ex. 8. Use § 8. 

Ex. 4. Multiply each row by the characteristio of the element 
heading the row and do the same for the columns. If we then 
add each row to the first, every term in the first row is the same, 
and is therefore a linear factor of the determinant Do this for 
each of the n characteristics. 

Ex. 5. (i) Apply the method of Ex. 4 to the characteristics 
in the g representations of the first degree (Ex. 2). 
(ii) l + a+6+c+d+f, l+a+6— c— d-c 

Ex.6. Xjk(Xi + X9+ - +Xn) = XiX*+XaXfc+ - +X»iXfc = Xi+X2 
+ ... +Xn* ^^^ choose Xfc # 1. 
Ex. 7. As in Ex. 6. 

§ 4. Ex. 4. If H^, IT are a pair of reciprocal groups, K and 0/H 
have the same invariants. 
Ex. 5. Use Ex. 4 and IX 83. 
Ex 6. Use Ex. 4 and IX 8^. 
Ex. 7. (i) Use Ex. 6 and proceed as in XI 4. (ii) y = ier s 1. 

§5. Ex.8. Put j=l in(ii). 

Ex. 4, Put xa'* for xi" in (ii)- 
Ex.6. Use XV 8^. 

Ex. 7. (i) Two Abelian representations and ^{p^l) generated 
by substitutions of the form 

/ 2<7r . 2^w . 2^ir . 2<w \ . . 

(^cos — a?-sm — y, sm — a;+co8— y J, (-a?,y). 

(ii) Four Abelian representations and that generated by (— |f, x)^ 

( — rr, y). (iii) Four Abelian representations and those generated by 

/ 2w . 2Tr . 2ir . 2ir \ . . , 

(cos-^ic-sm g-y, smya?+cos-g-y J, (-«, y) and 

^cos^a;-8in^y, singa?+cos| y^, (-as, y). 
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Ex. 8. Taking in (i) Ci = 1, C^ = o», Cg = a+a', C^ = a*+o* ; 

Cg = 6+l»a«+6«» ; C« = bo+lwa+fta" and in (u) Q = 1, Cg = a», 

C3 = a+a^ Ci = b+ha*f Cs = ba+l>a* we have as sets of 

characteristics respectiTely 

111111 11111 

1111-1-1 111-1-1 

1-1-1 1 » -» and 1 1-1 1-1 

1 _1 -1 1 -.< i 1 1 _i _i 1 

2 2-1-100 2-2000 
2-2 1-1 

Ex. 9. Taking Ci = l, (7j = o+o'+o*, C8 = o»+a«+o»; <?« = 
h+ba+ba' + 6o» + fto* + 6o» + 6o« ; Cj = 6«o + b*a'+ 6«o» + 6«a* 
+b^a^+ b*a*, we have as sets of ehanwiteristics 



1 
1 
1 
8 
8 



1 
1 
1 



1 
1 
1 



lit 

«>> 






1 






where uP = 1, aiO^ = 2, aj + Oa + l = 0. 

Ex. 10. Taking Ci = 1, C2 = the permutations of order 3, 
C< = the permutations of order 4, C4 = the even and C5 = the 
odd permutations of order 2, we have as sets of characterisiicB 



1 


1 


1 


1 


1 


1 


1 


-1 


1 


-1 


2 


-1 





2 





8 





-1 


-1 


1 


8 





1 


-1 


-1 



Ex. 11. Taking Ci = l, C^, (7], €4 = the permutations of orders 
8, 4, 5 respectively, Cg = the even and Cg the odd permutations of 
order 2, C-, the permutations of order 6, we have as sets of 
characteristics. 

11 1 

i(l— v/S) i(l + v^ -; 

ia + ^/B) i(l-v^) - 
-1 -1 





(i) 



1 

8 

8 
4 
6 



(ii) 



1 
1 
4 
4 
6 
6 
6 







1 
-1 


-1 
1 




1 
1 
-1 
-1 


1 



1 
1 



i 
1 

2 



1 
1 

2 
2 
1 
1 








§ 6. Ex. (i) The number of elements conjugate to a normal 
element of a Sylow subgroup of order 2^ is a power of p. (ii) No 
&ctor>group of & is simple unless it is of prime order. 




APPENDIX 

In the hope that some of my readers will wish to add to existing 
knowledge of group-theory, I give a few interesting questions still 
awaiting solution.* 

1. Can a group of odd order be both non-cyclic and simple? 

2. Discuss every type of group with an Abelian commutant 
(See X 5i). 

3. Can a perfect group contain elements which are not commu- 
tators of the group ? 

4. The greatest common subgroup of the normalisers of no 
two elements of a group G is identity. Can G be simple? 

5. Can a group be simple if it cannot be generated by less than 
three independent generators? 

6. A group G has a finite number of generators, and the order 
of every element < a finite number r. Is G necessarily finite ? 

7. Can a non-Abelian group have an Abelian group of auto- 
morphisms? 

8. Can a group of order jp^ have a group of automorphisms 
whose order is idso a power of p? 

9. Can an outer automorphism permute among themselves the 
elements of each conjugate set of elements of a group, or does it 
necessarily permute some of the conjugate sets?t 

10. Find the group of automorphisms of the group in XIV 1. § 
Find also its group-characteristics. 

11. Find a proof of the theorem of XV 6 which does not involve 
the properties of irreducible groups of linear substitutions. 

12. Is it always possible to transform a finite homogeneous 
linear substitution-group into a group in which the coefficients of 
every substitution are rational functions of roots of unity? 

* I am indebted for the migority of these questions to the kindness of 
Prof. W. Bumside, who is one of the greatest authorities on the subject. 

t See X 63. 

( For the special case of the group in XI 7, see Amer, Jowm, MaUi, zxv, 
p. flo6. 
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